
Homotopy theory and the derived moduli of Stokes data

( joint with Porta

T X/p
mooth

.
D normal crossing divisor

596x( * D)/6x good sheaf of inregular values

L simplicial commutative ring
Then

,
the derived stack

Sy : dAff-, Spci = --grapads.
k

A
- &T-Stokes functors with values in Perf A

is geometric

Goal : Explain 1) what this means

2) why we care
3) ideas of proof

Plan : I Exachomy
II Stokes data : from classical to -categorical
III Sty is geometric



I Emochamy
(after MacPherson ,Traumann , lunie , Clausen-Jansen , Haine-Porta -T)

1) Emocromic spaces

E Top

T
,
(X) fundamental graupoid.

Ob TI
, (X) = points of X

Hom(x , y) : = Chamotopy classes of Cpath j.

Monochomy equivalence :

Loc(X , Set) = Fun (T ,
(X) , Set

Remark : T
,
(X) ignores simplices of dimension >I

To remedy this , we need to look at

Ty(X) : = simplicial set of all C' simplices 5 : 150 - X

Then
,
the classical monochomy equivalence upgrades to the following

TH /Haine-Porta - T)

X locally weakly contractible.Then

Loc(X , Spc) = Fun (TIx(x) , Spc) B

Question : Is there acimilar functor description for constructible sheaves ?

To think about this question in atractable way ,
let us introduce the

Ref : For CEPr , say that x EC is atomic if

Map, (x , -)
: c - Spec

commutes with colimits



cat <C full subcategory spanned by atomic objects

at
i

C C

Yameda I
Fun (Cal . op, Spc)

7 ! Li colimit preserving

Def : C is atamically generated if Li is an equivalence. In which case

C = Fun (Cat,, Spc)

Upshot : asking that a presentable category C is of the form Fun( , Spc)

amounts to ask if C is atonically generated

En (Lurie) : CECaty .
Then

Fun (Co , Spc (at = & retracts of representable functors (

Ex : XE Top locally weakly contractible
at

Loc(X , Spc) = Ty(x)
*

XE Top , P poset
(X ,P) stratified space S 8: x +Pc

where P is enclowed with the topology whose open subsets are closed

upwards subsets.

D
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Def : We say
that (X

,P) is exochomic if

(Consp(X , Spc) is atamically generated
(2) Consp(X , Spc) & Sh(X , Spc) is stable under limits and colimits

Important condition but we are not going to use it.

In that case
, if we put

Tx(X ,P) = = Comsp(X , Spc)
at
, op

we have

Consp(X , Spc) = Fun (Ty(X ,P) , Spc) ( * )

Terminology : Ty (X , P) is the stratified homotopy type of (X , P)

The equivalence (A ) is the Emochomy equivalence

2) Examples

f : V -1 & stratified space

90 = DV(- 4 &

↳
smallest element

·

2

((Y) - &
C(Y) : = come of Y

x -- x

(t + 0, y)- f(y)

Def (Linie) : (X ,P) is conical if every point of X admits an open-

neighborhoodI such that there is an hameomorphism of stratified spaces
(0

. P(u) = (z xc(y) , 9%
*



In a conical cituation
,
the atomic objects of Consp(X ,Spc) admit a

very
concrete description

Def (MacPherson-Luie (

Define a sub-simplicial set Exit (X ,P) & Ty(X) by
· Exit(X

,P)
.

= Ty(X)o = points of X

· Exit (X
,P) ,9 Tib(x),

= C' path y : x-y
whose image away from sits in a les

S
deeps statum than that of se

a the higher dimensional cells , see Lire Higher Algebra

The paths in Exit (X ,P)
,
are the exit paths of (X,P)

2

Vi

& D D

exit paths Not exit pathe

TH (Line) Every (X,P) corical is exordomic and

T(X ,P) = Exit(X ,P)

E 1 : XE Top + triangulation
~ CX set of vertices

k(98(V) set of faces such that
↳ finite subset in-

*

x

Vo (k ,+ 90 = + - k

K is a poset via the inclusion C



X + K

x - Face in the interior of which se lies

~ stratification of X whose strata are the interior of each face

Fact : (X , K) is conical and Exit (X ,K) K

⑤

Most stratified spaces are not conical

Fact (Jansen
,
Haine-Porta - T)

-

If X
->

P admits a conical refinement then (X , P)

Eiz R
is emechanic.

Furthermore
,
there is a concrete relation between Ts(X , P) and Frit(X ,R)

- -

# -

j j

The new exit-path that
appears in Exit (X , P) is inverse to

an exit path in Exit (X , R) lying in a single P-stratum .

This is a general phenomenoni
Put W : = 3 rEEmit(X ,R) in a P-skatum(
Them

Tb(X ,P) = Exit(X , R)[W + ]

Ex : P = X
,
then TIs(X) = Exit (X , R) [all arrows I

E 2 : X analytic space , X - P locally finite analytic stratification
Then (X

,P) is refined by a triangulation
Enl + Fact = (X

,P) is exochomic



3) Corsp is geometic

& ring ,
(X

,4) stratified space

-
inner graupaid

Carp(X) : dAffe -> Spa
(just keep the

A-> Cansp,~(X , MordA)
*

equivalences (

C compact germs
TH /Haine- Porta -T)

Assume that (X ,P) is exochomic and that Tp(X , 4) E Caty is compact.

Them Carsp(X) is geometric
&

Why would we care ?

· This imples the geometricity of the derived stack of perverse cheaves

· The proof of the geometricity ofStokes data is modeled on that for

for Cap .
So by undesting the method in this simple case , we know

what to look for in the Stokes situation

The proof is a combination of Enochamy with Toen-Vaquie's work

L
,
w

CEPf stable

Mc : dAffe -> Spe

A-Funst , Cui , PerfA)
st = exact functors
k = k-linear functors

Def : Mc is Toen- Laquie's moduli of objects



TH : If C is a compact object in R then Mc is geometric
The geometricity of Carp is then an immediate consequence of

TH Let (X
, P) exochomic stratified space .Then

1) C : = Consp(X , Modk) E Rw and is stable

2) #f TIx(X ,P) is compact in Caty , then

c = Consp(X ,Modk)

is compact inPr
3) M

=
= Consp(x) *

Here is a handy exochomic case where 2) holds

TH Let (X ,P) analytic with P finite and X compactifiable
Then Ty (X , P) is finite

Ex : For X algebraic and P-X ,
this gives back Lefschety's finiteness for

the homotopy type of an algebraic variety


