
II Stokes data : from classical to -categorical

1) Good formal decomposition

X/,
smood

,
D smed

Cr
, ) meromorphic flat bundle with poles along D

M. = loc . free module of finite type aver Gx ( * D)

: r
+ my(XD)er flat

Gx(xD)

Eg : a (Gx( + D) ,

c : = (0y( +D) , d - da)

E : Regular singular (thas log pole in local basis (

Deligne & Regular singular -Loc(U , () U : = X ID

(M ,5) -> Ker /r
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"good" Meromorphic = Stokes filtered local)S flat bundle S S systems

Goal : explain the bottom line of the above square

Def : We say
that (M

,5) has good formal decomposition at reCD if
(1) Gxin * r = 05Ra

6x
,xa(0xx(+4) ↳

regular singular
(2) #fD = 28; 32 = 04 wear u,

the mon zeros
as in (1) have the form er/we ,

u unit
·

the mon zeros a-b's
have the form er/we ,

u unit



Def : The a's contributing to(1) are the iregular values of CM, ) at se

Ex : Good formal decomposition always holds for X curve

Good formal decomposition is not automatic in dim > 2

However,we have the following amazing theorem

TH / Kedlaya , Morchizuki)
- : Y - X composition of blow-up above D such that it

*

(9
, )

has good formal decomposition at every point.

2) stokes filtered local systems.

To extract Stokes data from a flat bundle with good formal decomposit
we need to work in sectors that emanate from points of D

The most convenient
way

to do this is to work on the real blow-up

D, ...,Dn ineducible components of D
-

X : -> X real blow-up of X along D ;
GX
; is a fibration in circle averD ; Dz

Di
:. = k
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Ex : X = (2
,
D = (xy = 0)

Y = R2 xSxs

In general , working on * amounts to work in polar coordinates

2 : = ken Li = jxEloc(x)

The topology of Q is such that the
germs of L are the sections of I on

a product of small sectors

Our goal new is to define a filtration on the garms of L

It will be incessed by an ordered set cooked up with the irregular values

The order will
vary

when se varies

Assumption : (M ,F) good at every pointse CD

Fact : The irregular values of (M ,7) organize as a subsheaf of finite sets

59Gx(xD)/6x

A subsheaf I as above is a good sheaf of inregular values

Ish(x
, Set) -> JeSh) *, Set)

We are going to promote it'I into a sheaf of posete
Fa a

,
be (i T)p,

mile

a b e-bhas moderate growth in a small multi-sector

containing the direction s

x

↓
&



For UG * open and a
,
be (i 1) (U) , mile

abaTu

From the orders ?
s ,

we get " TESh) *, Poset

We can now define the Stokes filtration

For a section a C ii I
, put

: = (fEL/f has moderate growth along DS

The (4)
,

is the Stokes filtration of (M ,5)

The Stokes filtration satisfies two strong constrains :

TH / Mochizuki)

< ) Splitting andition :
--

XxEX
,
7 a decomposition

↳ = # Va

af[π(x)

by subspace Va such that Va E I
T(x)

- a
,
u
= 0 V
ba

(2) Induction condition :

* The Stokes filtration at x determines that at a close enough y"
More precisely , for x ED are shows that there is an open contractible

neighborhoodU of se such that

(+ T , (x) = (fy()) =a)



For y EU , we thus get a maphism of posets

k : (f(x)) x) - (f+(y)) + y)
Since L is a local system on X

,
there is a canonical parallel transport

map
1 : (= Ly

Then Vy &U YaCYp(y) , we have

La
, y

= [ (4
- b

,

x)
bETπ(x)

k(b)- a
*

We now turn the adove properties into a definition .

Def : The data of (2, 4<a) where

· Le Loc (X)

· (La)
a

is a filtation indexed by I satisfying the splitting
and induction conditions

is a T-Stokes filtered local systems *

TH / Deligne - Malgrange dim I
, Mochizuki dim > 1

S I-good meromorphic & E
I-Stokes filtered Sflat bundles local systems

(M ,
t) (2

,
(sa)a)



3) Example
S' = 2x

X = C
,
D = 20]

T =3a)
t

In

&

a b

a - b (20s0)/ne e

So as a sheaf of posets , if I looks like

39 , by

·% b) a

-

29 , by

To understand a stokes filtered local system for this I , it is enough
to understand what happens on an open ever and then see how they

glue .
We are going to use the cover U = S'19-i) and U' = s'19i) .

· At x = i
,
a and b cannot be compared , so the splitting condition

just amounts to the data of a decomposition of L into two subspaces

V and Vb

· For y
C &, the induction condition expresses the Stokes filtration

at
y
in terms of that at x .

In this case
,
the morphism k is

(a , b) - 2a(b)



We thus get
VaVb

r 39 , by

VaCVa@Vb VbCV# Vb

a[ b i b) a
-

29 , by

We proced similarly on v
39 , by

u

a(b Er b [ a

waC W# Wb WyC WaWb
-

29 , by

Wa Wb

Since the sheaf of poset it' is constant on ) and J ,
a glueing

on ( and & amounts to morphisms of filtered spaces
:

Va Vb Va Vb

Wa S ( ~ S
G (Wb O

Upshot : For the above I
,
a T-Stokes filtered local system amounts to

the data of two splittings of a vector space + C investible block

triangular matrices as above



4) x - categorical Stokes data

X/p
smooth

,
D smod

ICGx(XD) /by
good sheaf of inegular values

Fact : 7 finite analytic stratification X -1 P such that

T JE Consp(Y , Poset)

Since Poset & Caty ,
a variant of the exarchomy theorem for coefficients

in Caty allows us to review T'T as a functo

+ I : Ty(X ,
P) - Catx

x
- (π T) Post

Applying the Erothendieck construction to this functor gives wise to a
cocartesian fibration over Ty(* ,P)

9
Tb(X,P)

By definition, the fiber of this fibration over seTy * , P) is the

poset (i'T)y. So in a mutshell
,
what I does is to organize all the

inregular values and their orders in a single category
On the other hands

,
what a Stokes filtration does is to assign a vector

space to each iregular values

So for any & EPr , we are going to realize au x-categorical Stokes
data as functors from I to E.



To do this
,
we need to reinterpret Mochizuki's splitting and induction

conditions as properties of objects of Eur (C,E)

s Splitting

xETx(X , P) , put Su : = (π T)nEPoset
Let set be the underlying set of C ,

reviewed as a trial poset

Then the identity map is a morphism of posets
set

ix: - C
x

Since E has every
colimits

,
the pull-back

i : Fun( , E) - Fun (a)

admits a left adjoint

is! Fun (Da) Fun (Ca ,
)

explicitly computed as

V = (Va)
a

! (V) : 3 - E

a + Vb
b) a
x

Def : We say that F : C
-
E split at ve if Fle:S -E lies in

the essential image of in!

Remark : in ! is not essentially surjective in general
Take (n = 20 < 17 ,

then in ! (Vo , V,
) E Fun(D'

, E) is

Vo - V. V

Not
every marphiem in I looks like this ! *



(2) Induction

Let V : x - y be a maphism in Ty( *, P)
Let p : Sx-Cy be its image under i'I : Ty(X ,P) - Cata

This ky is the morphism is from Mochizuki's induction condition

Then
,
the pull-back

j : Fun (Cy , ) - Fun((x , E)
admits a left adjoint

r : Fun( ,
E)
-

Fun (Dy , a)

explicitly computed as

G: Sn + E - 4u(f) : Sy - E

a -
calim G(b)

be Da

ky(b) a

In Mochizuki's setting , the above colim is E (4
- b

,

x)
bETπ(x)

k(b)- a

Def : we say
that F : C-

,
E is cocartesian at p if the canonical map

is an isomaphism
:
ri (F(c) -- Fla

Y *

Like for Stokes filtered local systems, combining the splitting and

induction conditions give rise to thenotion of Stokes functors :

Ste
,
: = (F : C

-
& split Vx and cocartesian V p 39 Fun (3 , a)



Ex : Assume that I is the O-cheaf
From a flat bundle perspective , this means that the flat bundles

we look at only has 0 as inregular values

This means that it is regular singular
Then

, Deligne's correspondence predicts that in this situation , Stokes

functor should give back local systems on X

Let us prove it
!

We know that the fibers of the fibration P above a point

x are the inregular values at x T(X
, P)

&

Here the fibers are singletons 20h ! So

P
Ty(k , P)

Hence a Stokes functor in this case is a functor

F : T( , P) -> E

A filtration inclused by a singleton automatically split. if the splitting
condition is empty in this case

The induction condition at y : x - y collapses to the condition that

F(r) : F(x) - F(y)

is an equivalence. Hence

St
,
a
= (F : To(X ,

P) -> E sending every morphisms to equivalences)

= Fun (Ty (X , P) [all marphisms-17 , 5) Def of localization



The map of exochomic stratified spaces

(x
, p) - (X ,

+ )

is a refinement. Then we have in the first lecture that

Ty (X , P) [all morphisms 7 = Ty( *(

Furthermore
,
one shows that

Ty(Y) = T(x)

By the Exochomy equivalence , we decuce

Ste
,
q
= Fun (Tj(x) , 2) = Loc(X , a)

*

Summary :

TopologyCategory

Local system, Fun (Tf(x) , Spc)

Constructible sheave Fun (π(X ,
P)

, Spc)

system,
1Stoke filtered local Stokes functors & Fun (C

,Spc)


