
III Derived moduli of Stokes data

1) A last example

Before moving to moduli ,
let us make the following

Remark : Stokes functors make sense for every cocartesion fibration in

posets aver an abstract s-categorical base
x

Ex : N = *. Then S is just a poset , and the induction condition is empty
since ar base category has only one object

set
Let S be the underlying set of I , reviewed as a trival poset.

Let i : est - S be the identity map viewed as a map of posets .

Them

Sty
,
g

= essential image of il : Fun /St
, 5) - Fun (C

, 2)

This category is poorly behaved !

In particular ,
it has no limits nor colimits .

Let us see why

Take F: A - St
S

,
E

be a diagram and let us perform the naive

c
- Fa limit F := lim F

,
in Fun (C

,9)
L

By definition ,
VaCA

, 7 V : 52 1 Fai(V)

* The y
,

are unrelated ! In particular they are not compatible with

the marphisms of A
.
So liny, does not make sense

So there is a priori no reason for F = lim F,
to split too

*



2) The derived stack of Stokes functos

T X/p
mooth

.
D normal crossing divisor

596x( * D)/6x good sheaf of inregular values

L simplicial commutative ring
Then

,
the derived stack

St : Affq- Spa
S

A- [Stokes Junctors F : C -> PerfA I
=

is geometric *

Remark (for theexperts) : The geometricity holds also for ramified inegular
values

The proof is modeled on that for the stack of constructible sheaves

So the steps are the same .
We have to show that

Step 1 : St E P staS
,Modk

This is already a highly non-trivial statement since this says in particular
that St

S
,Made

has
every

limits and colimits

Step 2 : St

CModfe
is compact in Pri ·

Step 3 : St = Toen
. Laquié moduli of objects fa C := Sty

,
mod hD

Like for Consp(x) ,
the combination of these steps with Toen-Vaquie

geanetivity result does the job.



Our goal in these notes is now to :

· Explain the proof of Step1

· Sketch an approach of Step C using Exochany

Step

It will follow from the following

TH : In situation from the above theorem
,
take EC Pr stable

Then St C Fun (C
,9) is stable under limits and colimits.S

,
E

*

As we have seen in the above example ,
this is completely false over a point

So this is a kind of miracle of the theory
In fact ,

this is a global phenomenon that pertains to the way the order on

the inegular values interact with the stratification P

To make use of the above theorem ,
let us invoke the following

TH (Ragimav-Schlank)
Let &EP and let &C & be a full subcategory stable under limits and

colimits.Then DC Pr *

Combining both theorems gives
St Em
3

,
9

By the adjant functor theorem applied to the inclusion Sty
,
g Fun (5.9

we thus get for free a left and right adjoints



R

-

St - Fun (3,
2)

C
,
E

-
L

The existence ofL combined with some standard facts from HigherTopos theory

ensures that St
O

,

-Pr stake as soon as & is

From now on
, put E := Modk

Step 2

It will follow from

a) Reduction to show that St
Pis) , 9

is compact in Pr ex

b) Reduction to show that St is compact in Prwhen the
Slt() : 9

poles order of the inregular value are all the same

c) Proof that St is compact in Pr when the poles arcer of
Slt() : 9

the inregular value are all the same

Here we will

· Explain the reduction a) using Enochay
· Admit b)

· Explain c) in a particular case

To do this we will make use of the followingtemma trice :

L
,
w

Lemma : F : A - Prp finite diagram whose transition functors
are both left and right adjoints. Then



lim F computed in Cats
Fa is compact inPr A

is also compact in Rw *
k

a) Reduction to show that Styl
, &

is compact

For an open subset USX ,
we have St E Cat

x

In E

We are going to put all these categories in a single categorical sheaf
called the Stokes sheaf

37 : 0p() -1 Cata

u - 55/19 &
()

In particular ,

~

Sty,
= (π y3t)(x) -

29

Fact 1 : St EConsp( *, Cato

FactC : #St ECons
,
(X

, Caty) for some X- & finite analytic

FactC and Exochamy imply that i, It corresponds to a functor

F : Ty(X , y) - Cata

Via the exochomy equivalence

Consp(X , Catro) = Fun (Tro (X , i) , Cato

global section lim

germ at se EX,
evaluation at se



Hence

St = (π
-3t)(x) = him F(x)

S
,
E

nETj(X ,P)

= him (π+3t)x
nETj(X ,P)

= him St
base change

MET(x ,q)9()
, E

We have seen in Lecture I that Ty (X,Q) is a finite category

Using Step 1
,

one can show that each St
P (x)E

is an objet ofP is

stable and that the transition functors are both left and night adjoints

By the above Lemma ,
we decine that Sto

,
g

is compact inR if each

St is
P (x)E

b) Reduction to the case where the a-b
,

a
,
be I have the same

pole order .

Admitted.

C Single pole order case.
.

We illustrate it in the mast simple case

detailed at the end of 3)

X = C
,
D = 20 ,

T = (a , b) and a - b has a pole of order 2

a/bin b < a

&(a , b)
~



By using that the Stokes sheaf is a sheaf ,
we have a pullback square

St St
0

,
E Slu . E

J

St St
Plu

,
E Slunn , E

Since St
Pren's

Fun (Punv , 3) is fully faithfull ,
the following

square is also a pullback

St St
0

,
E Slu . E

J

St
Plu

,
E

Eun (Punv , a)

We can show that each anow in this square is a marphism in Pr that

admits both a left and right adjoint.

By the Lemma ,
to show that Stog is compact we are thus left to show that

St
Slu . E

S Sts/n
,
E
and Fun (unv , a)

are compact.

In a classical setting ,
we saw that a Stokes filtered local system on U and

V amants to the data of a splitting by two subobjects
Here we show that the evaluation at (i

, a) and (1
, b) yields an equivalence

St => ExE
Pr .

E

which are compact
.

Similarly Sten
,
c
= Ex



For Fun (Punv , E) ,
note that

3- 1
,14 unv

is a homotopy equivalence
Thus 9/ver and S ,

US
,

are the same from a homotopical vierpoint

The posets C ,
and C

,
are both D' = 2017 Hence

Eun (Punv , 9) = Fun (89)

Now we can show that for every CECaty compact , Fun (C
, 9) is a compact

Object of R .
Since D' is compact , so is Fun (5

, E) *


