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Introduction

This text gathers notes of a five hours course on D-modules given for the Winter
School on Derived Categories, Weyl Algebras and Hodge Theory organized by D.
Rumynin and T. Stafford on March 16-20 in Warwick. During this week, a course
on Hodge theory and algebraic geometry was given by L. Migliorini and a course
on Derived categories and constructible sheaves was given by G. Williamson. The
primary goal of the school was to explain to which extend topology, Hodge theory and
D-modules interact. The audience was not supposed to be familiar with D-modules.
The following theorem [Kas75] was used as a guideline for this course

Theorem 1. — Let M be a holonomic D-module on a complex manifold X. Then
the de Rham complex DR M of M is a perverse sheaf.

A full proof(™) of the following theorem was given

Theorem 2. — Let X be a complex manifold and let M be a complex of Dx-modules
with bounded and holonomic cohomology. Then DR M has bounded and constructible
cohomology.

This theorem is a superb application of the machinery of derived categories and
functorialities: trying to prove it for a single holonomic Dx-module sticking to X
does not lead anywhere whereas push-forward allows to argue by induction on the
dimension of X. Since push-forward is not an exact functor, we are naturally led to use
derived push-forward, thus producing complexes even if the input M is concentrated
in degree 0. Hence, derived category is the right setting for both the statement and
the proof of theorem 2.

Let us explain the content of each section of these notes. The first section introduces
the notion of D-modules on a complex manifold, DR and Sol for D-modules and state

(1 Note that we don’t claim originality in the proofs given in these notes.



2 J.-B. TEYSSIER

the Riemann-Hilbert correspondence. Section 2 has to do with functorialities for
D-modules. We give a proof of Kashiwara theorem on direct images by a closed
immersion and a proof of the commutativity of DR with push-forward. In section 3,
we explain why the characteristic variety is of fundamental importance in the theory
of D-module and how it can be used. Section 4 gives a full proof of Kashiwara
constructibility theorem, following [LM93]|. Section 5 has to do with regularity. For
meromorphic connections, we insist on the necessity of a meromorphic structure in
the analytic setting already to state a definition, and then give some fundamental
theorems leading to the algebraic Riemann-Hilbert correspondence for algebraic flat
connections.

I thank the organizers of the Winter School Derived Categories, Weyl Algebras
and Hodge Theory for giving me the opportunity to teach this course, as well as L.
Migliorini and G. Williamson for advices on what should be and what should not be in
a first course on D-modules, saving the audience from a certain number of unpleasant
computations. I also thank the students who attended the school for providing a very
pleasant and stimulating work atmosphere during the week.
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1. The formalism of D-modules

Let X be a complex manifold and let dx be the dimension of X. We denote by
TX the tangent bundle of X and by T* X the cotangent bundle of X. We denote by
Ox (resp. QL) the sheaf of sections of TX (resp. T*X) on X. If p: T*X — X
denotes the canonical projection, © x is a subsheaf of p,Op« x.

Note that ©x can be viewed as the subsheaf of derivations of End¢(Ox). More
generally Sym* © x can be viewed as the subsheaf of Home(®%Ox, Ox) of symmetric
k-linear forms restricting to derivations on each factor.

1.1. On the filtered sheaf Dx. — A holomorphic function f € Ox defines an
element of Endg(Ox) by multiplication. We say that this element is a differential
operator of order 0 and we still denote it by f.

For n > 1, we say that P € Endg(Ox) is a differential operator of order < n if for
every f € Ox, the commutator [P, f] = Pf — fP is a differential operator of order
<n-—1

Definition 1.1.1. — We denote by Dx the subsheaf of Ende(Ox) of differential
operators with finite order.

The following filtration
F"Dx := {differential operators of order < n}

turns Dx into a sheaf of filtered algebras. We say that P € Dx has order n if P has
order < n and P has not order < n — 1.

In X = C" endowed with coordinates (x1,...,z,), Ox is the free Ox-module
generated by the tangent vector fields % acting on Ox by differentiation. We have
the following

a aq a QAn
iz por @ 0 () (L)

aelNn axl

So for a general smooth X, Dx is an infinite dimensional vector bundle generated by
Ox as an Ox-algebra.
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Definition 1.1.83. — A left (resp. right) Dx-module is a sheaf of modules over Dx
(resp. DY).

In the sequel, we denote by Dx-mod (resp. DY-mod) the category of left (resp.
right) Dx-modules. Right Dx-modules are important since nature produces plenty
of them (see 1.2.2) and they are used to define direct image for left Dx-modules in a
convenient way.

1.2. A short way to define a D-module. — As a consequence of 1.1.2, a left
Dx-module is the same as an O x-module M endowed with an action

Ox @y M — M
E®@m — &-m
satisfying for every f € Ox, £, € Ox, m € M the following identities:

(1) f&-m=f-(€-m)

(2) & fm =&(f)m+ f€-m

@) [&nl-m=¢&-(n-m)—n-(§-m)

In local coordinates, relation (3) says for example that the actions of % and %
commute.

Example 1.2.1. — As a consequence of Schwarz theorem, Oy is a left Dx-module.

Similarly, a right Dy-module is the same as an Ox-module N endowed with an
action

N@Cx Ox — N
mE — m-€
satisfying for every f e Ox, £,n1€ Ox, n € N the following identities:

() n-f&=fn-§
(2) f(n-&) =&(f)m+n- fE
@B)n-[En]l=m-& -n—(n-n)-¢

Ezample 1.2.2. — For w € Q% and for ¢ € Ox, recall that we have a contraction
operation t¢ : Q§< — Q’;{l which associates to w € Q’)“{ the £ — 1 form

Lew Aoy — Oy
Eon A1 — w6, 6k-1)
The Lie derivative is the operator
Le: 0k — 0O
w —  edw + diew

It satisfies the following identities

(1) Lpew = fLew +df A Lew
(2) [:[517&2](0 = [:51 [:52(,0 — ££2££1w
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For w e wx := Qgi(x, we have in particular Lew = digw. Thus, for such w we have
Lyiew = dijew = dig fw = Le fw
Since t¢ is skew multiplicative,
te(df Aw)=E(flw—df ALew=0
So (1) gives
Liew = digew = d(frew) = df A tew + fdigw = E(flw + fLew
So the assignment w - § := —L¢w for every w € wx and every { € ©x defines a right
Dx-module structure on wy.
1.3. Left and right. —

1.8.1. From left to right. — Let M (resp. N) be a left (resp. right) Dx-module. We
see that the following formula

(n@m)-{=nE@m—n®&m
endows N®p , M with a structure of D{-module. We can thus define the DSP-module
(1.3.1) M= wx ®o, M

1.3.2. From right to left. — Let N, N’ be DYf-modules. We see that the following
formula

(€ 9)(n) =p(n-&) —p(n)-¢
endows Homo, (N, N’) with a structure of Dx-module. We can thus define the
Dx-module

(1.3.2) N'i=Homo (wx,N) = wy! ®ox N

The functors v and [ are equivalences of categories inverse to each other.

1.4. Solution and de Rham functors. — Let M € Dx-mod. We define the de
Rham complex DR M of M as

M— 0 @y M—— - —— Q¥ ®oy M ——0

where M sits in degree —dx, and where the differentials are defined in local coordi-
nates (z1,...,y) as follows

w@m—>dw®m+2dmi/\w®(j_m

Ty

We define the solution complex of M as
(1.4.1) Sol M := RHomp, (M, Ox)
For holonomic(® Dx-modules, DR M and Sol M are related by the following

(2 Let us say for now that holonomy is the right condition to put on Dx-modules to have good
finiteness properties.
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Theorem 1.4.2. — Let M be a holonomic Dx-module. There is a canonical iso-
morphism
Sol M ~ RHom(DR M, Cx)[dx]

For two different proofs of this theorem, let us mention [Meb79] and [KK81].

Example 1.4.3. — Let us take P € Dx and let us "compute" Sol(Dx/DxP). Ho-
mological algebra says we can compute it using an injective resolution of Ox or a
projective resolution of Dx/Dx P. The first option is less than tempting, since we
don’t have any favourite injective resolution of Ox as a Dx-module. However, we
have the following projective resolution

0 Dy —F

Dx Dx/DxP——0
Hence Sol(Dx/Dx P) is the complex obtained by applying Hom( - ,Ox) to
Dx -5 Dy
Since a morphism of Dx-modules with source Dy is uniquely determined by the image
of 1, Sol(Dx /Dx P) is computed as
Ox —2— 0x

Hence,
HO Sol(Dx /Dx P) ~ {f € Ox such that P(f) = 0}
and
H' Sol(Dx/Dx P) ~ Ox/P(Ox)
This explains why (1.4.1) should be called "the solution complex".

Exzample 1.4.4. — By holomorphic Poincaré lemma, DR Ox is quasi-isomorphic to
Cx[dx]
Example 1.4.5. — A flat connection on a complex manifold X is a Dx-module

whose underlying sheaf F is locally free of finite rank r. Such a Dx-module is usually
denoted by (F,V), where V is the first differential in the de Rham complex. Take
X to be a ball B in X endowed with coordinates (z1,...,z,). Let eq,...,e, be a
trivialization of £ on B. Then

V:EFE — QlB@OBE

.
e — Z Yij @ €i
i=1
where T := (v;;) € T'(B,Mat,(2})). Hence, we see that Ker V (also called the sheaf
of horizontal sections of E) identifies to the sheaf of r-uples of column vectors f € Op
satisfying

0
Y,

(1.4.6) 35;1‘ 2D

for every i = 1,...,n. By Cauchy theorem, the spaces of solutions of (1.4.6) de-
fined on B is finite dimensional and evaluation at 0 € B yields an isomorphism
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I'(B,KerV) —— C" . Hence, a basis s1,...,s, € ['(B,Ker V) gives rise to an iso-
morphism of Dg-modules O —— (E, V)5 - From 1.4.4, we deduce that DR(E, V)
is concentrated in degree —dy and that H~%x DR(F, V) is a local system.

1.5. The Riemann-Hilbert correspondence. — It can be summarized by the
following diagram

') m

(151) COHH(X) WLOCC(X)

Reg(X) D—~R> Perv(X)

DY, (D) ———— DY(X,C)

In this diagram, ~ means "is an equivalence of categories" and

Conn(X) is the category of flat connections 1.4.5 on X.
Locg(X) is the category of local systems of C-vector spaces on X.
Reg(X) is the category of regular holonomic Dx-modules (see 3.3.1 and 5.2.1).
Perv(X) is the category of perverse sheaves [BBD82] on X.
D'T’h(D x ) is the derived category of complexes of Dx-modules with bounded and
holonomic regular cohomology.

e DY(X,C) is the derived category of complexes of sheaves of C-vector spaces with
bounded and constructible cohomology.

An inverse functor to the top horizontal arrow of (1.5.1) is easy to construct. From
L € Locg(X), one defines E := Ox ®¢, L and

V:E — Q%®oyE
f®s — df®s

Let us mention that the first equivalence appeared for the first time in [Del70]. It’s
interest lies in the fact that Locg(X) is equivalent to the category of C-representations
of m (X)), whereas if X is algebraic, Conn(X) admits a purely algebraic interpretation.
Thus, Deligne’s correspondance provides a bridge between topology and algebraic ge-
ometry.

The general Riemann-Hilbert correspondence was proved by Kashiwara [Kas79|
[Kas84| and Mebkhout [Meb80]|[Meb8&4| using two different (but non trivially equiv-
alent) approaches to regularity. Note that in Kashiwara’s approach, the preservation
of regularity by duality is a triviality, but the fully-faithfullness in the Riemann-Hilbert
correspondence is a theorem. Moreover, an explicit inverse functor is constructed.

In Mebkhout’s approach, preservation of regularity by duality is a hard fact, but
the fully faithfulness is almost tautological. This approach also provides a very flex-
ible sheaf-theoretic measure of the failure of regularity, that is the irregularity sheaf
[Meb90].
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The interest of such a correspondence is not to be proved: it led to the discovery
of perverse sheaves which are now ubiquitous in topology and representation theory.
A purely sheaf-theoretic description of a (possibly irregular) D-module that would
enhance the Riemann-Hilbert correspondence to all holonomic Dx-modules is a very
active area. For a recent breakthrough, let us mention [dK13|.

2. Functorialities

2.1. Inverse image. — Let f: X — Y be a morphism of smooth manifolds and
let M € Dy-mod. Let us denote by f+*M € Dx-mod the inverse image of M by f in
the sense of D-modules. By definition, the underlying O x-module of M is

f*M = OX ®f—1oy fﬁl./\/l

where f~! is the topological inverse image. The Dx-module structure is given by
the following formula. Let z € X and y = f(z). Let x = (x1,...,2,) (resp. y =
(y1,-..,Yp)) be local coordinates on X centred at = (resp. on Y centred at y). Let
f={(f1,..., fp) be the components of f in y, and let g € Ox , and m € M,. Then
for every i = 1,...,n, we define

of;

0 dg p 2
%(QC@W) = (6mi)®m+;gﬁxi ®gjm

Thus f* : Dy-mod — Dx-mod is right exact. Let forx : Dx-mod — Ox-mod be
the functor forgetting the action of Dx. It is exact and we have

forx f* = f*fory
Since Dy-mod has enough flat objects, the left derived functor
Lf": D™ (Dy-mod) — D~ (Dx-mod)

associated to f1 is well defined. Since Dx is locally free as a Ox-module, it is flat.
Thus, any Dx-flat complex is also Ox-flat. Hence

L(f*fory) ~ Lf*Lfory ~ ILf* fory
So
forx Lft = Lf* fory

Let us define the transfer bimodule for f by Dx_,y := fTDy. Thisis a (Dx, f~'Dy)-
module. Another way to look at f* is to notice that

f+M = OX ®f71(9y fﬁlM
>~ OX ®f—1oy f_1DY ®f—1DY f_lM
~ Dx_y ®p-1py /M

Through this identification, the action of Dx on f* M is inherited from the action of
DX on 'DXHy. Thus
]LerM ~ Dx_y ®HfJ—1Dy fﬁlM

In the sequel, we write f+ for Lf*.
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Example 2.1.1. — Let i : CP — C" be the canonical inclusion (z1,...,2,) —
(x1,...,2p,0,...,0). From 1.1.2, we see that

Qp+t1 Qn
i"Den ~ D Dm( 9 > (‘3>

3
aeNIp+1,n] a$p+1 0%y,

Hence, inverse image for D-modules does not preserve coherence.

2.2. Direct image. — Let f : X — Y be a morphism of smooth manifolds.
We define a direct image functor f, for right D-modules and deduce a direct image
functor (also denoted by f,) for left Dx-modules by the formula

M —— (fy M)

Let us recall that Dx_,y := fTDy is a (Dx, f Dy )-module. Hence, for every right
Dx-module N, the sheaf N ®p, Dx_.y is a right f~1Dy-module. Hence

(2.2.1) f+N ®py f'Dy)

is a right fyf 'Dy-module. Thus, the adjunction morphism Dy —— f.f Dy
endows (2.2.1) with a structure of right Dy-module. We define(®)
fi:DHDY) — DH(DP)
N — Rf(N®p, Dx_y)

2.3. The Spencer complex. — Let X be a complex manifold. The Spencer com-
plex Sp% is a resolution of Ox as a Dx-module by locally free Dx-modules. Hence,
it is adapted to compute ®]LDX Ox. We denote by Sp% the complex whose term in

degree —k is Dy ®p, A*Ox and whose differentials are given by(®)

PRE— D(-1)TPERE + D (-1 PR[6, ] A€

i=1 i<j

(Sp%,dx) is a complex of Dx-modules. This is the Spencer complex of X. Let us
notice that H" Sp% identifies canonically to Ox.

Lemma 2.3.1. — The canonical map
(2.3.2) Spx — Ox|[0]

s a quasi-isomorphism of Dx -modules.

(3)Note that some care would be needed here since we derive a left exact and a right exact functor.
(4)where ¢ stands for &1 A -+ A &k, ? stands for &1 A --+ A é\z A A&, and

Ei,j:fl/\"‘/\fi/\"‘/\fj/\“'/\fk
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Proof. — We have to prove that Spk is acyclic in degree < 0. Let F,Spy be the
subcomplex of Sp% whose term in degree —k is

F,_1Dx ®o, A\"Ox

From 6.3 and since O is flat over Ox, the graded complex grf’ Sp% := @ gr,§ Spx
identifies to the complex

—— SymOx ®o, Ak@x —— SymOx ®o Akil@x S

with differential given by
k ,
PoEt— Y (-1)"'Ps @8
i=1

We have a canonical identification
ng Sp];( = Agym Ox (Sym Ox ®OX GX)

Let (z1,...,2,) be local coordinates centred at x € X. Then, Ox , is a free Ox ,-

module with base given by the germs at x of the a% If we denote by 7; the class of

-2 in (Sym' ©x),, the complex (grf Sp% ), identifies with the complex

—— Ak

Ox,m[T]OX’I[T]n - A’é_xlr [T]Ox,m[f;-]n N

with differential given by

k
€iy Ao A e — Z(—l)j_lriel A NEG A A,
Jj=1
So (grf" Sp%). is the Koszul complex of Ox ,[7] for the regular sequence 7y, ..., 7,.

We deduce that the projection morphism
gr’” Spk —— grf Spk = Ox[0]

is a quasi-isomorphism. Hence, grg Sp¥ is acyclic for every p > 0. Since we have
exact sequences of complexes

0 —— F,_1Sp% /FoSpx — F, Sp% /FoSpx — grj, Spx —— 0

a recursion on p shows that F, Sp% /FoSpk is acyclic. Since filtered colimits are
exact, Sp% /Fo Sp¥k is acyclic, so Spk is acyclic in degree < 0 and 2.3.1 is proven. [

2.4. DR commutes with direct image. — Let X be a manifold and let M be
a Dx-module. We denote by D(X,C) the derived category of sheaves of C-vector
spaces on X. We prove the following

Proposition 2.4.1. — There is a canonical isomorphism in D(X,C)

DR M ;)Mr ®%x OX
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Proof. — By 2.3.1, we have in D(X,C)
ME ®H5X Ox ~ M'®p, Spk
>~ M ®p, O%°
The differential in degree —k is given by

w@m@)gHZ ) (—Le,w®MBE —w@Em@E )+ (=) w@me|g, &]AE

i=1 i<y
Moreover we have an isomorphism of O x-modules
wx ®oy M®o, AN*Ox Qn*k Qo M
wem®E — ()M PuE A ) ®
The right hand side is the term of degree —k of DR M. Let us check that the following

diagram

(2.4.2) wx ®oy M X0« Ak@X e Q}ik R0« M

| |

wxy ®oy M®oy AFH1Ox —— Q"1 @0, M

commutes. Taking local coordinates (z1,...,xy,), it is enough to prove the compati-
bility for
0 0
= /\ .. /\
6 61‘1'1 é‘xlk

where I  [1,n]. For J < [1,n] with elements j; < -+ < j, let us define
dry:=dzrj A Adxj,

Let us write w = fdx; A dxye and define ) := w(€ A -). Then, the composite of the
left and down arrows of (2.4.2) gives

(24.3) WM E — (- ’“(’““)/QZ (L) & n)@mt+wE A )egm)

Since

i ~J
(—)* fdwp i,y A dai, A dore(€ A )
(—1)F fdai; A dage
(fl)k*jdxij A

W€ )

Thus

k
Z 1)7w( 5 A)REm = (fl)kZd:z:i AN® O;m

Jj=1 iel

k
= —l)kdei AN o;m

i=1
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On the other hand
(Le,w) (€ A ) = (dig,w)(E A )
= (=1)7Ydf A dzp iy A dx[c)(g A )

Y o
= (—1)J+k Qan(de\{ij} Adzi; A dajfc)(éj A )
= (—1)j+kﬁd$ij N d{l?]c
l‘ij
Thus
k
Z ng E A)®m = (—1)dn®@m
and the commutatlwty of (2.4.2) is proved. O

Corollary 2.4.4. — Let f : X — Y be a morphism of complex manifolds, and let
M be a Dx-module. There is a canonical isomorphism in D(X, C)

DR f4M ~ Rf, DRM
Proof. — From 2.4.1, we have
DR fs M ~ Rfs(M*®p, Dx-y)®p, Oy
~ Rfs(M*®p, Dx_y ®]J%7173Y f10y)
~ Rfy(M*®p, Ox)
~ Rf. DRM
O

Note that 2.4.4 is no longer true for Sol. The reason for this is that duality does not
commute with Rf,. However, it commutes in case f is proper. Thus, Sol commutes
(modulo a shift) with proper direct image.

2.5. Kashiwara’s theorem. — The goal of this section is to prove the following
theorem due to Kashiwara:

Theorem 2.5.1. — Leti : X — Y be a closed immersion of complex manifolds.
Then, i4+ induces an equivalence of categories

{Dx — mod} — {Dy — modules with support included in X}

Let us remark that this is false for coherent O x-modules. Take the inclusion 0 — C.
A coherent module on 0 is essentially the data of a positive number. However, for
k,n e N, the OF /m"(’) are two by two non isomorphic Og-modules with support O.

Let us prove 2.5.1. Because Dx-mod is equivalent to DY-mod, it is enough to
prove it for right Dx-modules, that is that i, induces an equivalence of categories

{DY¥ — mod} — {Dy¥ — module with support included in X}
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For a DyP-module N with support included in X, we define
(2.5.2) i'N = Hom;—1p, (Dx_y,i 'N)
For M € DY-mod, we have

i'is M = Hom;-1p, (Dx—y,i tix(M ®py Dxoy))
and there is a canonical map

(£)i: M — i M
m — (P->mQ®P)
For a DyP-module A" with support included in X, we have
(2.5.3) iyi'N = ix(Hom;-1p, (Dx_y,i *N) ®py Dx_y)
We thus have a canonical map
(#): i N — N
p®P — ¢(P)

/

We want to prove that (#); and (%), are isomorphisms. This is a local statement, so

one can take local coordinates (z1,...,Zn,t1,...,tq) such that X is given by ¢; =
---=t, = 0. We thus have a chain of inclusions

Xﬂw{tl:-~-:td_1:O}E--~—>{t1:0}i>Y

and canonical isomorphisms i, =~ 414 ---i4, and i ~ i!d -4}, Thus, it is enough to
prove that the (*);, and (*)l; are isomorphisms. Hence, one can suppose that X is a
hypersurface given by the equation ¢ = 0. We have

PG
Dx_y ~ @Dx <8t>

kelN
~ it (Dy/tpy)

Hence,
i'N = Hom;1p, (i"H(Dy /tDy),i N
~ i~ "Homp, (Dy /tDy,N)
~ i INH
where N¥ is the subsheaf of NV of sections killed by . Hence,
iy M ~ (M ®py Dx_y)F

-(@m(3))

Noticing that M* = M tautologically, (x); identifies M with the term k = 0 of
i'i. M. On the other hand, if m € M and if k > 0 is such that m (%)kt = 0, we have
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km (%)k_l =0, so m = 0. So (#); is an isomorphism.

Moreover, (*); is the morphism

k
(—Di* (i_lf\/‘ﬁ ®Dpy ((i) > — N

kelN
o\" o\"
n = n-| =
o(5) — (%)
Let us prove that ()} is an isomorphism at the level of the germs at z € X. We prove
the surjectivity. The injectivity is left as an exercise. Let n € N,. Since the support

of n is included in X, one can choose k > 0 such that nt* = 0. If k = 1, there is
nothing to do. Let us suppose k > 1 and let us argue by induction on k. Applying %

to ntk = 0 gives
0
(nt - kn) th=1 =0
ot

So the recursion hypothesis applies to

0 0
(2.5.4) ny = nat —kn=(1-kn+ nta
It also applies to ng = nt. From this and (2.5.4), we deduce that n is in the image of
(%);. Modulo the injectivity of (x) left to the reader, Kashiwara theorem is proved.

3. What is the characteristic variety good for?

3.1. What it is. — The characteristic variety of a coherent Dx-module M is a
conic subvariety Char(M) of T*X attached to M. It is local above X and measures
how far M is from being a flat connection. This is due to the following

Proposition 3.1.1. — M is a flat connection if and only if Char(M) is the zero
section of T*X.

For a formal definition, we refer to any book on D-modules. The characteristic
variety is a very special type of subvariety of T*X: it is involutive with respect to
the canonical symplectic structure on T*X. For an analytic proof of this result, let
us mention [SKK73|. For algebraic inclined readers, let us mention [Gab81]. We
won’t use this result, but the following consequence

Theorem 3.1.2. — The irreducible components of Char(M) have dimension > dx.

Let us mention three reasons which make the characteristic variety of fundamental
importance in the theory of D-modules.
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3.2. Duality. — The characteristic variety controls the amplitude of the DSP-
module Homp, (M, Dx), where M is a coherent Dx-module. This is the following

Theorem 3.2.1. — We have
H'Homp, (M,Dx) ~0
unless codimps x Char(M) —dx <i <0

For proofs of this theorem, we refer to [Kas76|[Bjo93|.

3.3. Holonomy. — The characteristic variety allows to single out a special type of
coherent D-modules, that is holonomic modules. This is the right "finiteness" notion
in the context of D-modules.

Definition 3.3.1. — A coherent Dx-module M is said to be holonomic if M = 0
or dim Char M = dx.

3.4. Non-characteristic restriction. — The characteristic variety gives rise to
the non-characteristic condition for morphisms of complex manifolds f : X — Y.
The slogan here is that

Any reasonable notion for coherent D-modules commutes with inverse
image by a non-characteristic morphism

We have for example the following [Kas95|

Theorem 3.4.1. — Let M be a coherent Dy -module and suppose that f : X — Y
is non-characteristic for M. Then, the canonical comparison morphism

f~1Sol M —— Sol f* M
s an 1somorphism.

The non-characteristic condition is empty for f smooth. Since f can always be
factorized as

y L oxXxy

T

X
where iy is the closed immersion given the graph of f, non-charactericity is essentially
used for closed immersions in practice. For such a morphism i : Y — X and for a
coherent D x-module M, we say that i is non-characteristic for M if for every x € Y
and every ¢ € (Char M), := Char M n T X < T3 X such that o,y = 0, we have
¢ = 0. This is the same as asking

(Char M), n (T3 X), = {0}

where Ty X is the conormal bundle of ¥ in X.
Note finally that the non-characteristic condition is open, in the sense that if it is
satisfied at x for a given X and a given M, then it is satisfied in a neighbourhood of
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(). Along these lines, if Y is non-characteristic for M, any small deformation of ¥
will be non-characteristic for M.

The bigger (Char M), is, the harder it is to find a subvariety passing through z
which is non-characteristic with respect to M. The extreme case is the case where

(3.4.2) (Char M), = T*X

In that case, a Y passing through x can never be non-characteristic. Hopefully, this
does not happen so often in the holonomic case. Since T.* X has dimension dx, the set
of points satisfying (3.4.2) is discrete in X if M is holonomic. For the same dimension
reason, the set of points z € X for which (Char M), has dimension dx —1 is empty or
has dimension at most 1 etc. Finally, the set of points of z € X for which (Char M),
is the zero space is dense open in X.

This property allows the following standard dévissage: suppose that you want to
prove a statement like

"If M holonomic satisfies (condition C to be inserted), then M satisfies P"

with C and P properties of local nature. Argue by recursion on the dimension and
pick a holonomic Dx-module M satisfying C. Holonomy implies that away from
a discrete set of points § < X such that 76X < Char M, one can find for any
x a germ of hypersurface passing through z and non characteristic for M. What
usually happens is that C commutes with non-characteristic restriction. Applying
the recursion hypothesis to all these restrictions will (if one is not to unlucky) lead
to the fact that M satisfies P away from S. One is thus reduced to analyse what
happens around a reluctant point of S. This is a first feature of how nice holonomic
D-modules are.

3.5. Functoriality and holonomy. — Let X be a complex manifold. As conse-
quence of 3.1.1 and the discussion 3.4, we have the following

Proposition 3.5.1. — Let M be a coherent Dx-module. If M is holonomic, then
M is a flat connection on a complement of a strict closed subset in X.

From holomorphic Poincaré lemma, we deduce that DR M has constructible coho-
mology on a dense open set in X. This is the starting point of the proof 4.1.1 of the
constructibility of DR for holonomic modules.

We denote by DP (Dx) the derived category of Dx-module with bounded and
holonomic cohomology. Holonomy is preserved by the usual operations on D-modules
(inverse image(®), duality, nearby cycles). Of fundamental importance in this notes is
the following [Kas76]

Theorem 3.5.2. — Let f : X — Y be a proper morphism between complexr mani-
folds. The functor fi sends D} ,(Dx) in D} (Dy).

() Take two sub vector spaces of a vector space whose intersections is {0} and move them a little.
Then there intersection stays {0}.

(6)Note that this cannot be trivial, since from 2.1.1, we know that inverse image does not preserve
D-coherence in general. So holonomic D-modules are very special coherent D-modules.
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Note that an extra assumption on the existence of good filtrations locally above
Y is needed in [Kas76]. Using the existence of canonical lattices for (possibly irreg-
ular) meromorphic connections [Mal96], Malgrange proved [Mal04] that holonomic
modules admit globally defined canonical good filtrations.

4. Kashiwara constructibility theorem

4.1. The statement and a lemma. — Following [LM93] modulo some slight
simplifications, we prove in this section the following

Theorem 4.1.1. — Let X be a complex manifold and let M € D! (Dx). Then
DRM e Db(X, C).

Note that such a statement cannot be trivial, since the modules defining DR M
are quasi-coherent Ox-modules. So they are far from being objects of D%(X, C).

The main D-module ingredient for this is the commutativity of DR with direct
image and the compatibility of holonomy with proper direct image 3.5.2. Note that
these properties are also available for coherent D-modules and not only holonomic D-
modules. Holonomy will be used through the fact 3.5.1 that a holonomic D-module
restricts to a flat connection on a dense open subset. For flat connections, con-
structibility of DR is a consequence of holomorphic Poincaré lemma.

A topological ingredient for the proof of 4.1.1 is the preservation of constructibility
by proper maps. Let us start with the following

Lemma 4.1.2. — Let (E,V) be a flat connection on a punctured polydisc DV x D*.
Let j : DN x D* — DN*1 be the canonical inclusion. Then (E,V) extends to a flat
meromorphic connection M on DN*Y with poles along D x {0} such that DR M
has bounded and constructible cohomology.

Note that the first part of the statement is an instance of the existence of Deligne
extensions. However, we will see that in our particular situation, M can be found
almost by hand using what has been proved so far in these notes.

Proof. — Define p : D x D* — D* the canonical projection. We have the following
commutative diagram

(4.1.3) Loce(D*) —2— Loce (DN x D*)
H° Sol H° Sol

N
Conn(D*) —r Conn(DV x D¥)

Since p is an equivalence of homotopy, the top horizontal arrow in (4.1.3) is an equiv-
alence of category. From Riemann-Hilbert correspondence for flat connections, the
vertical arrows in (4.1.3) are equivalences of categories. Hence, the bottom arrow
in (4.1.3) is an equivalence of category. Thus, we have (E,V) = pt(E',V’) for
(E', V') € Conn(D*). If we find a M’ for (E', V') as in 4.1.2 (case N = 0), then
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4.1.2 is proved for (E,V). Indeed M := p* M’ will be a meromorphic connection
extending (F, V), and since p is smooth, it is non-characteristic for M’, so from the
slogan 3.4

(4.1.4) p ' DRM' ~DRp* M = DRM
And we are done because p~! preserves constructibility.
Thus, we are left to suppose N = 0 from now on. Let I' be the monodromy of the

local system associated to (E, V). Choose a matrix C' with complex coefficients such
that e*7C =T. Let us define

(N V) 1= (Opa (40),d + €20

where n is the rank of E. On a small disc not containing 0, the columns of e“1°8®
form a basis for the space of solutions of (N, V). Thus, the local system associated
to (N, V) p+ is that associated to (E,V). By Riemann-Hilbert for flat connections,
there is an isomorphism of flat connections

(E, V) =~ (N, V)\D*

Taking the preimages of the canonical base of O, (+0) singles out a trivialisation of
E on D* in which the matrix of V is C'dxz/x. Let us prove that the Op(*0)-module
M of jiE generated by this basis meets our requirements.

Notice that (M, V) is a successive extension of rank 1 meromorphic connections.
One the other hand, if we have an exact sequence of meromorphic connections

0 Ml M2 M3 0
we have from the description 2.4.4 of DR a distinguished triangle

(4.1.5) DRM; — DRM; —— DR M5 ——»

So the central term of (4.1.5) lies in D%(D, C) if this is the case of the other terms.
Hence, we can suppose that

(M, V) = ( ’[‘)*(*0),d+ci—x)

where ¢ € C. The constructibility in that case is a simple computation. O

4.2. Proof of theorem 4.1.1. — We argue by induction on dxy = dim X. An
object in Dﬁol (Dyy) is a complex of vector spaces with bounded and finite dimensional
cohomology. In the case, DR is the identity functor, so 4.1.1 is true. Let us suppose
that dx > 0 and that 4.1.1 is true in dimension < dx. A recursion on the amplitude
of M allows us to reduce to the case where M is concentrated in degree 0.

From 3.5.1, we know that M is a flat connection away from a hypersurface Z in
X. Let j: X\Z — X and i : Z —> X be the canonical inclusions. From 1.4.5,
j'DRM is quasi-isomorphic to a local system. Since constructibility is a local
property, we are thus left to prove 4.1.1 in a neighbourhood of a point of 0 € Z.

We have a distinguished triangle

(4.2.1) ji ' DRM —— DRM — > iyi ' DRM —
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Since j preserves constructibility, the left term of (4.2.1) lies in D%(X, C). To prove
4.1.1, we are thus left to prove that i,i ™! DR.M lies in D%(X, C). Since i, preserves
constructibility, we are left to prove that i~ DR M lies in D%(Z, C).

By Weierstrass preparation theorem, one can find a polydisc D1 x D centred
at 0 such that the projection p : D**~1 x D — D ~1 is finite over Z. Define
Y := D4 ~1, Since

(Y x DN\Z — (Y x C)\Z

is an equivalence of homotopy, the local system j~! DR.M extends to a local system
L on (Y x C)\Z. From 4.1.2, the associated connection E, extends to a meromorphic
connection M, on (Y x P{)\Z. From Riemann-Hilbert correspondence for flat con-
nections, M, glue with M along (Y x D)\Z and define a Dy xpz-module denoted by
M. Since M and M are holonomic(”), M is holonomic. To prove the constructibility
of i~ DR M, we are left to work with M from now on (since nothing has changed in
a neighbourhood of Z!).

We define p : Y x P, — Y and still denote by j and i the inclusions of
(Y x PHO\Z — Y x P{, and Z — Y x Pl,. We thus have a distinguished trian-
gle

(4.2.2) i ' DRM — DRM — iyi ' DRM ——

Note that by construction of My, the complex j~'DR.M has constructible and
bounded cohomology, so this is also the case of the left hand side of (4.2.2). Let
us denote by D, the restriction of p to Z. Since finite and closed direct images are
exact, we have

H*Rpixi ' DRM ~ H"p,isi ' DRM
~ Hp,. i DRM
~ Py HY P DRM

From 6.5, we deduce that H*i~! DR M is constructible (resp. 0) if p,, H*i~ DR M
is constructible (resp. 0). We are thus left to prove that Rp,isi ! DRM lies in
DY(Y,C). Applying Rp, to (4.2.2) gives the distinguished triangle

(4.2.3) Rp,jij~' DRM —— Rp, DRM —— Rp,ixi ' DRM ——
Since DR commutes with direct image 2.4.4, the triangle (4.2.3) is isomorphic to
(4.2.4) Rp,jij ' DRM — DRP, M — Rp,isi~  DRM —

From 3.5.2, we know that p, M € D} (Dy). By recursion hypothesis, the middle
term of (4.2.4) lies in D%(Y,C). We are left to prove that Rp,jj ! DR.M is in
DY(Y, ©), which is a consequence of the properness of p. [

Since constructibility is preserved by duality, we deduced from 1.4.2 the following

(M) For M, this is a theorem resulting from the b-function lemma.
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Theorem 4.2.5. — Let X be a complex manifold and let M € D} (Dx). Then
SolM e Db(X,C).

5. Regularity

Regularity has at least a dozen non-trivially equivalent incarnations, which make it
a fascinating subject of study. Let us give a (non-exhaustive) list of them and a refer-
ence where they are used as a starting point. Regularity can be defined /characterized
1) Via logarithmic forms® [Del70].
2) Analytically using growth of solutions(?) [Del70].
3) Algebraically I [KK81].
4) Algebraically II [Ber].
5) Sheaf-theoretically [Meb90].
6) Using restriction to curves [Bor87|.
7) Via derived endomorphisms RHom [Tey14].
8

(
(
(
(
(
E
(8) Via nearby cycles [Tey15].

Note that (8) can be transposed to contexts where a notion of regular objects is
missing but where one has nearby cycles at one’s disposal (arithmetic D-modules,
f-adic sheaves etc). In this notes, we will put the emphasis on (1) and (5).

5.1. Dimension 1. — In what follows, we define O = O¢, O = (’3@’0 and

0 k
D = DC,O ~ @O <ax)

kelN
Let P e D\{0}. P acts by usual differentiation on O and on O. The main slogan here
is the following
The irregularity of the D-module D/DP is a measure of the difference
between the action of P on O and on O.

Let us give a precise meaning to that. We denote by Ker(P,O) and Coker(P,O)
(resp. Ker(P,O) and Coker(P, O)) the kernel and cokernel of the action of P on O

(resp. O). One can show that these C-vector spaces are finite dimensional. Applying
RHom(D/DP, - ) to the exact sequence of D-modules

0 o 0 0/0 0

gives a distinguished triangle

RHom(D/DP,0) —— RHom(D/DP,0) —— RHom(D/DP,0/0) —

(8) for meromorphic connections with poles along a normal crossing divisor.
(9 same remark as above.
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whose associated long exact sequence reads
(5.1.1)

0——+ Ker(P,0) —— Ker(P,0) —— Ker(P,0/0) U

L Coker (P, ©) ——s Coker(P, O) —— Coker(P,0/0) ——— 0
From [Mal71]|, we know that Coker(P, (5/ O) ~ 0. In accordance to the above slogan,
we thus define the irregularity number of D/DP as
irr(D/DP) := dim¢ Ker(P, O/0)

The computation of this number is quite easy for a given P, this is the following
[Mal71]

n 0 k
Theorem 5.1.2. — Suppose P = Zak (695) with a, # 0. Then(9)
k=1

irr(D/DP) = Supy (k — vz (ax)) — (n — ve(ay))

For example, Malgrange formula predicts that irr(D/D(xQ% — 1)) = 1. On the
other hand, if we define f := Zn!m"“ we see that

(ijm— >f=—ac

=0in 0O/O
So Ker(xQ% ~1,0/0) ~ Cf.
5.2. General case. — Let X be a complex manifold and let ¢ : Z — X be
an analytic subspace of X. Let us define Ox|z := i'Ox and let O= be the

Xz
formalization of Ox along Z. Mimicking the 1-dimensional case, we have the following
exact sequence of Dx-modules

0——Oxyz OJ?I\Z O@/OX‘Z%O

For M € D} ,(X), we thus have a distinguished triangle

i1 Sol(M) —— RHom(M, O;) —— RHom(M, Ox7,/Ox|7) SREIN

we define the irreqularity sheaf of M along Z as
Irry M := RHom(M, Oﬁ/(’)x‘z)[—l]

viewed as a complex on X with support in Z.

(10)In this formula, vz (f) for f € O denotes the vanishing order of f at 0.
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Definition 5.2.1. — We say that M € Db (X) is regular if Irr}, M =~ 0 for every
analytic subspace Z of X.

We denote by Reg(X) the category of regular holonomic Dx-modules on X. With
this point of view, the abelianity of Reg(X) is highly non trivial. Indeed, it amounts
to prove that if we have an exact sequence of holonomic D x-modules

(5.2.2) 0 M, My M3 0

then M; and M3 are regular if My is regular. By applying Irr}, to (5.2.2) for every
Z, we get

(5.2.3) Iy My — Tl My —— Treh My —2s
The regularity of My gives
It} M3 ~ Trry My[1]

and one is stuck a priori. However for every analytic subspaces Z71, Z5 in X, there is
for every M € D?_(X) a distinguished triangle
(5.2.4)

+1

(Irrzlng M)‘Zl2 *> (Irrzl M)|Z12 @ (Irrgg M)‘Zl2 *> (Irr212 M) *>

where Z15 1= Z1 n Zy. Hence, M is regular if Irry, M ~ 0 for every Z hypersurface
in X.

Going back to the abelianity of Reg(X), we now have to deduce the vanishing of
Irry M;,i = 1,3 from that of Irr}y, My for Z hypersurface in X. This would not be
much of an improvement if we had not the following [Meb90]

Theorem 5.2.5. — For every holonomic Dx-module M and for every hypersurface
Z in X, the complex Trr’, M is perverse.

Hence, for Z hypersurface, the triangle (5.2.3) is not only a distinguished triangle
in Db(X, C). It is an exact sequence in Perv(X). Thus, the vanishing of the middle-
term implies the vanishing of the other terms.

Let us explain why 5.2.5 cannot be obvious. For an hypersurface i : Z — X, the
sheaf O(*Z) has a canonical Dx-module structure!?). For M e D?_ (X), we denote
by M(xZ) := M ®o, O(xZ) endowed with its usual Dx-module structure. Note
that as a consequence of the b-function lemma, M(xZ) € D} (X). From [Meb04],
one has the following

Irr (M) ~ igi™! Sol(M(xZ))
This identity(*® tells us that theorem 5.2.5 cannot be trivial. For M holonomic,
M(xZ) is holonomic, so Sol(M(xZ)) is perverse. But in general, the restriction of a
perverse sheaf to a subspace has no reason to stay perverse !

Example 5.2.6. — Flat connections are regular D-modules.
(1D by usual differentiation !

(12)actually it stays true for any Z analytic but one has to be careful with the definition of the
localization functor in that case.
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Note that in Mebkhout’s approach, this is a non trivial statement since when
applied to Ox, it implies almost immediately Grothendieck comparison theorem
[Gro66] between algebraic and analytic de Rham cohomology on smooth varieties.
See [Meb04, 5] for more details.

5.3. The case of meromorphic connections. —

Definition 5.3.1. — Let X be a complex manifold and let D be a divisor in X. A
flat meromorphic connection on X with poles along D is a Dx-module whose under-
lying sheaf M is a locally free sheaf of finite rank over Ox (D).

A meromorphic connection is usually denoted by (M, V), where V is the first
differential in the de Rham complex. Note in particular that M ~ M ®e, Ox(*D),
and that V is a C-linear map

Vi M — Qx(+D) ®o, M

By definition, £ € ©x acts through V¢ := (1¢ ® id) o V. Thus, condition (2) in 1.2
translates into what is called Leibniz rule

V(fm)=df m + fVm

for every f € Ox and every m € M. Condition (3) is the flatness property of V, that
is

Vigg) = VeVe = VeVe
for every £,&' € Ox.

Let us bridge the gap between Deligne’s approach to regularity for meromorphic
connections [Del70] and Mebkhout’s approach. Let D be a normal crossing divisor.
In a local system of coordinates (x1,...,%,) centred at x € D such that D is given
by z1---xx = 0 on an open U, define

d d
Qf(log D) = Oy —+ @+ @ Oy —* @ Oydrys1 @~ @ Oyda,
1 k

As subsheaves of the Qf;(xD), the sheaves Q};(log D) do not depend on choices of
coordinates and glue into a sheaf Q% (log D) on X called the sheaf of logarithmic
differential forms on X.

Theorem 5.8.2. — Let (M, V) be a meromorphic connection on a complex mani-
fold X with poles along a mormal crossing divisor D. The following conditions are
equivalents

(1) (M,V) is regular.

(2) (M, V) is regular along D, that is

Irr}, (M, V) = Sol(M, V) p ~ 0

(3) (M, V) is generically regular along D, that is there exists a closed subset Z in D
with complement in D dense in D such that Irr}, (M, V) p\z =~ 0.

(4) For every x € D, one can find a local trivialization e of M around x such that the
entries of the matriz of V in e lies in Q% (log D).
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Note that as a consequence of a theorem of Mebkhout [Meb04, 4.3-16], the equiv-
alence between (1), (2), (3) holds for an arbitrary divisor D. Description (3) is quite
concrete but regularity is not easy to recognize in this way since one requires that
there exists trivializations such that etc. For a randomly given trivialization, the poles
of the matrix of V may be arbitrary even though the connection is regular.

We denote by Mer(X, D) the category of meromorphic connections with poles along
D and Mer,.(X, D) the subcategory of regular objects in Mer(X, D).

5.4. A warning. — The statement
"The connection (Ogsx, d) is regular at 0"

does not make sense, since 5.3.2 (4) says regularity is a notion attached to a mero-
morphic connection in a neighbourhood of 0 whereas (Og¢x,d) lives on C*. Talking
about regularity at 0 thus requires to extend Ogx to a rank one Og (#0)-bundle around
0. If such an extension (M, VM) is given, a trivialization e of M around 0 restricts
to a function f, := e px € Ogx (D¥) for r small enough, where D is the punctured
disc of radius 7. Another trivialization e’ is of the form fe where f is a germ of
meromorphic function at 0. So

fe=fe in (j*OC*)E)(/OQO(*O)X
Conversely any class of g in (jxOc# )y /Oc,0(*0)* such that ¢’/g is meromorphic at 0

will give rise to an extension of (Ogx, d). Define M := Og o(*0)g and VMg = (¢'/9)g.
For every f e Oc¢o(*0) we have

(5.4.1) VM(fg) = f'g+ FVMg = (f + %f)g

Thus there are plenty of choices to extend (Ogx,d). Such a choice does not affect
the local structure of the Og (*0)-bundle we end up with, but it affects the local
structure of the extended connection VM. As formula (5.4.1) shows, the exten-
sion associated with the constant function 1 is regular but the extension associated
with e!/* is not.

5.5. Riemann-Hilbert correspondence (algebraic version). — Let U be a
smooth complex algebraic variety and let Conn(U) be the category of algebraic flat
connections on U. In general, there are more algebraic connections on U than on U?".
Intuitively, this comes from the fact that for (E, V1), (E2, Va) € Conn(U), we have

Homconn(w) ((E1, V1), (B2, Va)) ~ Hom((E1, V1), (E2, V2))V
and the same after analytification. That is, a morphism between (E;,V;) and
(E2,V32) (resp. (Eq,V1)* and (Fs, V3)*") can be interpreted as an algebraic (resp.

analytic) solution of an algebraic linear differential equation. There are more analytic
solutions to this equation than algebraic solutions.

Ezample 5.5.1. — (Oy1,d) and (Osy,d +dz) are non isomorphic as algebraic con-
nections. The exponential function induces an isomorphism between their analytifi-
cations.



AN INTRODUCTION TO D-MODULES 25

Let (E,V) € Conn(U). Let j : U — X be a smooth compactification such that
D := X\U has normal crossing divisor. Then j,E is an algebraic Ox (*D)-module
and by applying ji to V: E — Q) ® E, we obtain a C-linear morphism

§sV 1 ju E — Q% (*D) ® j« F
satisfying the Leibniz rule. Since (Ox (#D))*® = Oxan(xD"), the analytification
((GE)™, (7= V)™)
is a meromorphic connection.

Definition 5.5.2. — We say that (E,V) is regular if one can find a smooth com-
pactification as above such that ((j4F)*", (jV)*") is regular in the sense of 5.3.2.

One can prove that if regularity is achieved for a given compactification, then it is
achieved for every compactification.

The main difference between the algebraic and analytic notions of regularity is the
following. As emphasized in 5.4, regularity of a flat connection at infinity does not
make sense in the analytic setting since we need a meromorphic structure at infinity.
In the algebraic context, such a structure is given by nature.

Ezample 5.5.3. — (Oxy,d) is regular but (Oyy,d + dz) is not.

Let Conn,eg (U) be subcategory of Conn(U) of flat regular connections on U. The
algebraic version of the "connection version" of Riemann-Hilbert correspondence is
the following [Del70]

Theorem 5.5.4. — The functor
Connyeg(U) —  Conn(U™")
(B, V) — (B V™)
s an equivalence of category.

Using GAGA and Hironaka desingularization, the essential surjectivity in theorem
5.5.4 is a consequence of the following

Theorem 5.5.5. — Let X be a complex manifold and let D be a divisor with normal
crossing divisor in X. Then the functor

Mer,ee(X, D) — Conn(X\D)
(M,V) - (Mvv)\X\D
is an equivalence of category.

Essential surjectivity in 5.5.5 is a direct consequence of the following more precise

Theorem 5.5.6. — Let X be a complexr manifold and let D be a mormal crossing
divisor in X. Define U := X\D, j : U — X the canonical inclusion and consider
(E,V) e ann(U). Then, for every section 7 of C — C/Z, there is a unique locally
free sheaf E of rank rg E in jx EM3) such that

(13)Note that since we are in the analytic category, the sheaf jy« E is huge !
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(1) The restriction v of 7+ V to E as logarithmic poles along D.
(2) The residues of V along the components of D have eigenvalues in 7(C/Z).

An extension as in 5.5.6 is called a Deligne lattice. In particular, the meromorphic
connection along D obtained from (E, %) by tensoring with Ox (+D) is regular.

Note that without a connection around, the fact that E extends over D is not
granted, even if D is a normal crossing divisor. For example, let D be the divisor
of C? given by z129 = 0 and define U := C?\D. Since C? is a Stein manifold, the
exponential exact sequence gives

Pic(C?) ~ H*(C?,Z) ~ 0
For the same reason, we have
Pic(U) ~ H*(U,Z) ~ H*(S* x S*,Z) ~ Z.

So one can find a non trivial line bundle £ on U. Such a bundle cannot be extended
to C2. As a by-product of 5.5.6, the sheaf £ cannot underlie a flat connection.

6. A few exercises
In the following exercises, the symbol F'* will denote the order filtration on Dx as
defined in 1.1.
6.1. Let X be a complex manifold. Show that F'Dx = Ox ® Ox.

6.2. Let X be a complex manifold. Let M be a Dx-module whose underlying sheaf
is Ox-coherent. Show that the underlying sheaf of M is a locally free sheaf.

6.3. Prove that for every k& > 0, the morphism
g‘rf Dx — fHO’rTLc(@{éOx, Ox)
P — fl®®fk—>[[[Pafl]7f2]7]fk]
identifies gri Dx with Sym* Ox.
6.4. For c € C, define
d
(M, V) = (Oc(x0),d + c=)
Prove) that (Sol M)y ~ 0 in D(0, C).
6.5. Let p: X — Y be a finite map between complex manifolds. Let F be a sheaf

of complex vector spaces on X such that p,F is constructible. Using proper base
change theorem, prove that F is constructible.

(14)Note that i~! Sol M is the irregularity sheaf of M at 0, s06.4 exactly says that M is regular at
0.
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