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ESTIMATES FOR BETTI NUMBERS AND RELATIVE
HERMITE-MINKOWSKI THEOREM FOR PERVERSE SHEAVES

HAOYU HU AND JEAN-BAPTISTE TEYSSIER

ABSTRACT. We prove estimates for the Betti numbers of constructible sheaves in

characteristic p > 0 depending only on their rank, stratification and wild ramification.

In particular, given a smooth proper variety of dimension n over an algebraically
closed field and a divisor D of X, for every 0 < i < n, there is a polynomial P; of
degree max{i, 2n — i} such that the i-th Betti number of any rank r local system £ on
X —D is smaller than P;(lcp (£)) - r where lcp (£) is the highest logarithmic conductor
of L at the generic points of D. As application, we show that the Betti numbers of the
inverse and higher direct images of a local system are controlled by the rank and the
highest logarithmic conductor only. We also reprove Deligne’s finiteness for simple
(-adic local systems with bounded rank and ramification on a smooth variety over a
finite field and extend it in two different directions. In particular, perverse sheaves
over arbitrary singular schemes are allowed and the bounds we obtain are uniform in
algebraic families and do not depend on {.
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Let U be a smooth variety over a finite field IF of characteristic p > 0 and let X be a
normal compactification of U such that D := X — U is an effective Cartier divisor. Let
{ # p be a prime number. A celebrated result of Deligne [Del11, EK12] states that up
to geometric isomorphism, there are only finitely many simple Q-local systems pure
of weight 0 on U with bounded rank and bounded wild ramification along D. From
the existence of companions due to Lafforgue in the curve case [Laf02] and Drinfeld in
higher dimension [Dril12], the above number is independent of {. Note that Deligne’s
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finiteness is tight to the finiteness of IF via the use of the Weil conjectures, and breaks
down when k is infinite. It is nonetheless a natural question to ask whether some of its
consequences survive over more general fields than finite fields.

The goal of this paper is to explore the cohomological aspect of this question. By
Deligne’s finiteness, we indeed know that there are only a finite number of possible
Betti numbers for local systems on U with bounded rank and bounded wild ram-
ification along D. Over an algebraically closed field, explicit bounds for the Betti
numbers of affine varieties were obtained by Katz [Ka01]. Boundedness for the Betti
numbers of tame local systems is due to Orgogozo [Orgl9]. In wild situations, ex-
plicit bounds were obtained for Artin-Schreier sheaves on affine varieties by Bombieri
[Bom78], Adolphson-Sperber [AdS88] and Katz [Ka01]. All these bounds were recently
sharpened by Zhang [Zh24] and Wan-Zhang [WZ25]. We show the following

Theorem 1.1 (Theorem 7.34). Let X be a proper smooth scheme of finite type of dimension n
over an algebraically closed field k of characteristic p > 0. Let D be a reduced effective Cartier
divisor of X and put U := X — D. Then, there exists P € IN[x]"*! with P; of degree i  for
1=0,...,mn such that for every prime { # p, everyj = 0,...,2n and every L € Loc(U, Qy)
we have

(1.1.1) W (U, £) < Ppinganj) (ep(£)) rkg, L -

In the above statement, W (U, £) is the j-th Betti number of £ and lcp (L) € Q> is
the highest logarithmic conductor of £ at the generic points of D, as defined by Abbes
and Saito [AS02, AS03, Sai08, Sail7a]. What makes the inequality (1.1.1) striking is
that while the Betti numbers are global invariants of Q,-sheaves depending on ¢, the
right hand side of (1.1.1) depends only on the local behavior of £ at the generic points
of D. So if one bounds the rank and the logarithmic conductor, the Betti numbers get
bounded independently of { as in the finite field situation. For a characteristic zero
analogue for flat bundles, see [HT22].

In the curve case, the polynomials P; can be made explicit using the Grothendieck-
Ogg-Shafarevich formula [Ray68]. For affine spaces, explicit polynomials can also be
produced. To this end, let us introduce the following
Definition 1.2. Put by(x) = 1,b1(x) = x and for n > 2, define inductively b, € IN[x]
by

n—I1 n—1
bn(x) = Y (x+2)-bilx+3)+ Y (x+3)-bilx)+ Z bi(
inmbd 2 i—nmbd 2 inmbd 2

Then, we have the following

Theorem 1.3 (Theorem 6.1). Let k be an algebraically closed field of characteristic p > 0 and
let £ # p be a prime. For every 0 < i < nand every L € Loc(AL,Q,), we have

h(AR, L) < bi(len(L)) - kg, £
where H is the hyperplane at infinity.
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In particular for A}, the estimates do not depend on the base field k nor its character-
istic. Note that the degrees of the polynomials b; are optimal as shown in Example 6.5.

It turns out that both the proof of Theorem 1.1 and the applications require more
flexibility than allowed by the conditions of Theorem 1.1, which says nothing when
singularities are involved or when X varies in a family. When L is replaced by a
constructible sheaf 7 and when X is singular, one faces the problem that some wild
ramification may hide in codimension > 1, which is typically not captured by the
logarithmic conductor. To solve this problem, we generalized the notion of ramification
boundedness in [HT25b] by using coherent sheaves instead of effective Cartier divisors.
If Q[Coh(X)] is the free Q-vector space on the set of isomorphism classes of coherent
sheaves on a scheme of finite type X over a field k, we set the following

Definition 1.4. For £ € Q[Coh(X)], we say that a constructible sheaf 7 on X has log
conductors bounded by £ if for every morphism f : C — X where C is a smooth curve
over k and every x € C, the logarithmic conductor of F|¢ at x is smaller than the
length of the torsion part of (f*£)« viewed as a module over Oc¢ 4.

Definition 1.4 captures all constructible sheaves since for every such sheaf F, there
is £ € Coh(X) such that F has log conductors bounded by £ (see [HT25b]). Moreover,
semi-continuity results for logarithmic conductors [Hu23] provide explicit bounds in
many cases, as shown by the following

Example 1.5. In the setting of Theorem 1.1, every £ € Loc(U, Q) has log conductors
bounded by (lep(£) +1) - Op.

The main result of this paper is the following

Theorem 1.6 (Theorem 7.15). Let X — S be a proper morphism with fibers of dimension
< n between schemes of finite type over a perfect field of characteristicp > 0. Let X be a
stratification on X. Then, there is a function p : Q[Coh(X)] — Qand P € IN[x]™ ! with P;
of degree i for every i = 0,...,n such that for every algebraic geometric point's — S, every
prime { # p, every £ € Q[Coh(X)], everyj =0, ...,2n and every Ls-constructible Q,-sheaf
F on Xs with log conductors bounded by &, we have

W (Xs, F) < Prninj ) (1(E)) - Rkg, F .

In this statement, Z5-constructibilty means that the restriction of F to the strata of
the stratification induced by I on Xs are locally constant and Rkg, F stands for the

maximal rank of the germs of 7. When S is the spectrum of an algebraically closed field
of characteristic p > 0, when X is smooth and £ = {U, D} with D an effective Cartier
divisor, Theorem 1.6 combined with Example 1.5 immediately implies Theorem 1.1.
Observe that to get the particular Theorem 1.1 in its sharpest form where the bounding
polynomials have decreasing degrees above n, we need to prove the more general
Theorem 1.6 directly. The reason is that allowing arbitrary singular base schemes gives
extra flexibility for a recursion on the dimension. In particular, it bypasses the use
of De Jong’s alterations [d]96] and the cohomological descent spectral sequence [Co],
which makes middle dimension cohomologies on the Ej-page contribute to beyond
middle dimension cohomologies of the abutment.
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Remark 1.7. Several variations of Theorem 1.6 can be given : one may consider
complexes with bounded constructible cohomology or perverse sheaves and one may
work with finite coefficients. See Section 7 for precise statements.

Using Sawin’s quantitative sheaf theory [SFFK21], Theorem 1.6 gives control on the
Betti numbers of inverse images (Theorem 8.5) in terms of the wild ramification. For
locally constant constructible sheaves, this specializes to the following

Theorem 1.8 (Corollary 8.6). Let f : Y — X be a morphism between projective schemes over
k algebraically closed where X is smooth. Let D be an effective Cartier divisor of X and put
U:=X—-DandV :=Y—f (D). Then there is P € N[x] of degree dim X such that for
every prime ¢ # p and every L € Loc(U, Qy), we have

Y RV, Llv) < Pllep(£)) - thg, £ .
jez
Similarly, Theorem 1.6 implies estimates for the Betti numbers of higher direct

images (Theorem 8.7). For locally constant constructible sheaves, this specializes to
the following

Theorem 1.9 (Corollary 8.8). Let f : X — Y be a projective morphism between projective
schemes over k algebraically closed where X is smooth. Let D be an effective Cartier divisor of
Xand putj: U :=X—D < X. Then, there is a function C : Q* x Nt — IN™ such that for

every prime ¢ # p and every L € Loc(U, Qy), we have

D W(Y,RH§iL) < Cllep (L), kg, £) -

ijez
Remark 1.10. All continuity results from [SFFK21] translate thanks to Theorem 1.6
into estimates for Betti numbers involving the rank and the wild ramification only.

Our next application of Theorem 1.6 is a relative perverse geometric form of Hermite-
Minkowski’s theorem in number theory according to which there are only finitely
many number fields with bounded discriminant. For more applications to charac-
teristic cycles and to wild Lefschetz type theorems, see [HHT25c]. To state the relative
perverse Hermite-Minkowski theorem, let us introduce the following

Notation 1.11. Let (X, Z) be a stratified scheme of finite type over a field k. Let
€ € Q[Coh(X)] and r > 0. We denote by Pervgr(X, £,Qy) the full subcategory of
Perv(X, Q;) spanned by objects P such that for every j € Z, the constructible sheaf
H)P is Z-constructible, has log conductors bounded by £ and satisfies Rkg, HP <.

Theorem 1.12 (Theorem 9.7). Let X — S be a projective morphism between schemes of finite
type over a finite field of characteristic p > 0. Let X be a stratification on X. Then, there is
a function N : Q[Coh(X)] x Nt x INT — INT such that for every £ € Q[Coh(X)], every
T > 0, every prime £ # p and every closed point s € S, there are up to geometric isomorphism
at most N (&, v, deg s) geometrically simple pure of weight 0 objects in Pervg(Xs, &, Qp).

When S is a point, X is normal and £ = {U, D} where D is an effective Cartier divisor
with U smooth, Theorem 1.12 reproduces Deligne’s finiteness theorem [Del11, EK12].
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For a variant building on the smooth case where U is normal, see [E17]. See also
[Dri81, FKM13, Dell5, DF13, Fl115, Yu2l, Yu23a, Yu23b] for concrete bounds in the
curve case. In a nutshell, Deligne’s approach rests upon the identification of simple
local systems with bounded rank and ramification with the irreducible components
of a scheme of finite type X over Q. The scheme X is constructed by putting all
the characteristic polynomials of the local Frobenii together. The finite type property
of X is the crucial aspect of the construction. It ultimately relies on the fact that
in the bounded rank and bounded ramification situation, only a finite number of
Frobenii are needed. Furthermore, the existence of companions [Laf02, Dri12] implies
independence in { in Deligne’s finiteness. Our approach to Theorem 1.12 is different: it
trades off the construction of X for the use of Beilinson’s singular support and Saito’s
characteristic cycle. Still, the bounds we obtain are independent of { and don’t resort to
companions. At the cost of using the Langlands correspondence [Dri88, Dri89, Laf02],
the purity assumption from Theorem 1.13 can be dropped. This is the following

Theorem 1.13 (Theorem 9.11). In the setting of Theorem 1.12, there is a function N :
Q[Coh(X)] x NT x INT — IN™ such that for every £ € Q[Coh(X)], every v > 0, every
prime £ # p and every closed point s € S, there are up to geometric isomorphism at most
N(&,r,deg s) geometrically simple objects in Pervg(xs, Es,Qy).

On the proof of Theorem 1.6. The proof of Theorem 1.6 involves a reduction to the
case where f : X — S is projective with geometrically normal fibres (Lemma 7.26).
From this point on and up to some noise coming from lower dimension, the function
1 : Q[Coh(X)] — Q is concretely constructed in Example 7.10 using the lengths at
codimension one points of the restrictions of £ € Coh(X) to the fibers of f : X — S.
Using a result of Kedlaya [Ke05] combined with some estimates (Theorem 2.15) for the
conductor of a finite direct image proved in [HT25b], we reduce to prove Theorem 1.3.
To treat the A} case, we argue by recursion on n. To simplify the explanation, assume
that n = 2. By a standard weak Lefschetz argument (Proposition 6.6), we are reduced
to estimate the Euler-Poincaré characteristic of £ € Loc(Aﬁ, A). The main idea is here
to twist £ by a generic enough Artin-Schreier sheaf A so that the discrepancy between
the x-ies of £ and its twist £’ stays in control (Proposition 6.8). To estimates the x of
L', a well-chosen pencil (Construction 5.9) reduces us to estimate the Euler-Poincaré
characteristic of the higher direct images of £’ along some map 75 : AZ — A]. By
choosing the conductor of A" at oo to be prime to p and > lcy (L), one sees that R7ta, £’
is locally constant and concentrated in degree 1 with controlled rank (Proposition 5.10).
We are thus left to control the conductor of R'7ta £’ at co. Note that this question
amounts to bound the wild ramification of some nearby cycle complex attached to
L'. To achieve this, we invoke the main result of [HT21] to take care of the locus of
the special fiber free from any wild horizontal contribution. Inspired by an argument
from [Sai21, Corollary 1.5.7] relying on a suitable radicial pullback, we show that at
the unique problematic point where [HT21] breaks down, A can be chosen so that the
nearby cycle complex of £’ vanishes (Proposition 5.11).

Linear Overview. Section 2 provides an account of Abbes and Saito theory for the
logarithmic conductor (Proposition 2.3) and recall its behaviour under inverse image
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(Theorem 2.14) and finite direct image (Theorem 2.15). In section 3, we introduce
Beilinson’s singular support and Saito’s characteristic cycle for étale sheaves. Section 4
provides a control of the wild ramification of the nearby cycle complex generalizing
the main result of [HT21] over henselian traits coming from geometric situations
(Theorem 4.7). Section 5 provides a crucial conductor estimates (Proposition 5.12) for
the higher direct image of some suitably twisted local system. Section 6 is devoted
to the proof of Theorem 1.3. In section 7, we recall some basic material from [HT25b]
and prove Theorem 1.3 and some immediate consequences. Variations of Theorem 1.3
dealing with inverse and higher direct images are obtained in section 8 by building on
the continuity results from [SFFK21]. Section 9 is devoted to the proof of Theorem 1.12.
The appendix 10 is a computation making the bounding polynomials explicit in the
A} case.
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Notation 1.14. We introduce the following running notations.

e k denotes a perfect field of characteristic p > 0.
o The letter A will refer to a finite local ring of residue characteristic ¢ # p.

e For a scheme X of finite type over k, we denote by DY (X, A) the derived
category of complexes of A-sheaves of finite tor-dimension with bounded and

constructible cohomology sheaves.

e We let Consi(X, A) be the category of constructible sheaves of A-modules of
finite tor-dimension over X and Loc¢(X, A) C Cons(X, A) the full subcategory
spanned by locally constant constructible sheaves. By [Wei%4, Lemma 4.4.14],
the germs of any £ € Loc(X, A) are automatically free A-modules of finite
rank.

e Perv¢(X, A) will denote the category of perverse sheaves of A-modules of finite
tor-dimension over X for the middle perversity function.

o Let X be a scheme of finite type over k and let A be a field of characteristic # p.
For IC € Dz’tf(X, A), we put

Rkp K := max{rk, H'Kx, wherei € Z and X — X is algebraic geometric} .

e Forr > 0, we let th::(X, N) C ch’tf(X, A) be the full subcategory spanned by

objects IC such that Rk K < 1, and similarly with perverse complexes.
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e For a finite stratification £ of X, we let Dg/tf(X,/\) C fo(X, A) be the full
subcategory spanned by Z-constructible complexes, and similarly with perverse
complexes.

2. Conductors of étale sheaves

2.1. Ramification filtrations. Let K be a henselian discrete valuation field over k. Let
O be the ring of integer of K, let mk be the maximal ideal of Ok and F the residue field
of Ok. Fix K C K*%P a separable closure of K and let Gk be the Galois group of KP
over K. Let Iy C G be the inertia subgroup and let Px C G be the wild ramification
subgroup.

Recollection 2.2. In [AS02], Abbes and Saito defined two decreasing filtrations { G} }reQ> o

and {GK,lo Jre@s, On Gk by closed normal subgroups. They are called the the rami-

fication ﬁltmtion and the logarithmic ramification filtration respectively. For r € Q>o,
put

G]l;+ - U GS and G]l‘<+log U GKlog

S>T1 S>T

Proposition 2.3 ([AS02, AS03, Sai08, Sail7a]). The following properties hold :
(1) Forany 0 <r < 1, we have

= GRog = Ik and G = Gy}

Klog — P

(2) Foranyr € on, we have
Gk C Gijog € Gk-

If F is perfect, then for any v € Qx, we have

T _ T _ T+l
K, — YKlog — G :

where Gy is the classical wild ramification subgroup as defined in [Ser68].
(3) Forany v € Q-o, the graded piece Gl , /Gy

K,log
J’_
in the center ofPK/G{< log:

K log is abelian, p-torsion and contained

Let M be a finitely generated A-module with a continuous Px-action. The module
M has decompositions

2.3.1) M=@M" and M=PMmy)
r>1 >0
into Py-stable A-submodules where M1 = Ml((())]g = MPX, and such that for every
TE Q>0/
(MG — 0 and (M (r+1))G{{+”+ — M.
G Gih
(M{O)g) Klos — 0 and (M g) Klog — M{gﬁg.

The decompositions (2.3.1) are respectively called the slope decomposition and the
logarithmic slope decomposition of M. The values r for which M") # 0 (resp. M1 og # 0)
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are the slopes (resp. the logarithmic slopes) of M. We denote by ck (M) the largest slope
of M and refer to cx(M) as the conductor of M. Similarly, we denote by lcx (M) the
largest logarithmic slope of M and refer to Ick (M) as the logarithmic conductor of M.
We say that M is isoclinic (resp. logarithmic isoclinic) if M has only one slope (resp. only
one logarithmic slope).

The following is an immediate consequence of Proposition 2.3-(2).

Lemma 2.4. Let M be a finitely generated A-module with a continuous Pyx-action. Then,

lex(M) < k(M) < lek(M) + 1.

If M is free as a A-module, then so are the Ml(;)g and the M7 in virtue of [Ka88,
Lemma 1.5]. In that case, the total dimension of M is defined by

dimtotx (M) = Z r-rka M

and the Swan conductor of M is defined by

swig(M) = Zr -rkp M{;; .
r>0
Lemma 2.5 ([AS02]). In the setting of Recollection 2.2, we have
swk (M) < dimtotg (M) < swg(M) +r1rkp M .
If the residue field F is perfect, we have
lek(M) +1 =ck(M).
swg (M) + rkx M = dimtotg (M) .

Example 2.6 ([Lau8la, Example 1.1.7]). Let{ : [F, — A be a non trivial character. Let M
be the free rank one A-module with continuous Gy-action corresponding to the Artin-Schreier
cover defined by the equation

I &

tP—t = u € K*,x € mg

— X

If m := vx(x) is prime to p, then lcx (M) = mand cx(M) =m+ 1.

Lemma 2.7 ([HT21, Lemma 1.9]). Let M and N be free A-modules of finite type with
continuous Gy-actions.

(1) If M and N are isoclinic of slope v and s respectively with v > s, then M @x N is
isoclinic of slope v and

dimtotgx (M ®A N) =rkpa N-rka M - 1.

(2) If M and N are logarithmic isoclinic of logarithmic slope v and s respectively with
T > s, then M @ N is logarithmic isoclinic of logarithmic slope v and

sSWK(M ®AN) =rkaN-tknM 1.
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Recollection 2.8. Assume that A is a field. Let M be a free A-module of finite type
with a continuous Pg-action where A contains a p-root of unity. Assume that M is
logarithmic isoclinic of logarithmic slope r. Let X(r) be the set of isomorphism classes
of finite characters

X Glr(,log/GKlog — A

As a consequence of Proposition 2.3-(3) (see also [AS11, Lemma 6.7]), the module M
has a unique direct sum decomposition

M= P M,

xeX(r)
into Pg-stable sub-A-modules such that as A-module with a continuous Gy log -action,
+
M, is a direct sum of copies of x : Gy log/GTK log A

Lemma 2.9. Assume that Ais a field. Let M be a free A-module of finite type with a continuous
Px-action where A contains a p-root of unity. Let N be a free A-module of rank 1 with a
continuous Py-action. Let v be the logarithmic slope of N and let x : G}, /Gyh ~— AX be

the corresponding character. If x ™' does not contribute to the character decomposition of M, ozg

Klog/ ~Klog

we have
swi (M) < swg(M®p N) <swg(M)+1-rtky M
Proof. We have

MeAN =P M
s>0

log QAN

(s)

By Lemma 2.7, if s < 7, the tensor product M, , ®x N is logarithmic isoclinic of

logarithmic slope v and if s > r, it is logarithmic isoclinic of logarithmic slope s.
For every v : Gk,../Gyh  — AX contributing to the character decomposition of
(v)
K log log’V
— A* which is non trivial by assumption. In particular, G|

K,log
)y ®A N and G acts on (Ml(os)or

K/log’ ~K,log

o observe that G, _actson (M ), ® N via a direct sum of copies of v @ X :

T+
/GK Jlog

10

GT’

K log acts

trivially on (M( ") )Jv ®A N without non zero fixed

log’V
points. Thus,

(M@AN) = @My ©AN
n

where v runs over the set of characters contributing to M Thus

swg(M @A N) = r~Zrk/\ Ml(gzg—l—z s-rkp Mlcs)g

s<r S>T
=Y (r—s)-rkp M{j}o, +swi(M) .
s<r

The conclusion thus follows. O
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2.10. Conductor divisors. Let X be a normal scheme of finite type over k. Let Z be an
integral Weil divisor and letn € Z be its generic point. Let K be the fraction field of
@X,n and fix a separable closure K* of K. For " € Consy(X, A), the pull-back Flspeck
is a A-module of finite type with continuous Gg-action. Using the notations from
Section 2.1, we put

cz(F) = CK('F|SPQCK) and lcz(F) == ICK(-F|SPQCK) .

Definition 2.11. Let X be a normal scheme of finite type over k and let 7 € Cons¢(X, A).
We define the conductor divisor of F by

Cx(F) =) cz(F)-Z
VA

and the logarithmic conductor divisor of F by
LCx(F) =) lez(F)-Z
z

where the sums run over the set of integral Weil divisors of X.

Remark 2.12. The above divisors are Q-Weil divisors of X. We will sometimes abuse
the notations and write C(F) instead of Cx(F) and similarly in the logarithmic case.

Definition 2.13. In the setting of Section 2.10, we define the generic conductor and the
generic logarithmic conductor of L along D respectively by

cp(L) = miax cz(L)and lep (L) = mzaxlcz(/l) .

where Z runs over the set of irreducible components of D.
The above divisors enjoy the following semi-continuity property :

Theorem 2.14 ([Hu23, Theorem 1.4,1.5]). Let f: Y — X be a morphism of smooth schemes
of finite type over k. Let D be an effective Cartier divisor on X and put U := X — D. Assume
that € :=Y xx D is an effective Cartier divisor on Y. For every L € Locys(U, A), we have

Cy((GiLN) < 7 Cx(GiL) -
If furthermore D has normal crossings, we have
LCy((GiL)Iy) < FLCx (L) -

The generic logarithmic conductor divisor satisfies the following compatibility with
finite push-forward :

Theorem 2.15 ([HT25b, Theorem 1.3]). Let f : Y — X be a finite surjective morphism of
normal schemes of finite type over k. Let D be an irreducible effective Cartier divisor on X and
put U:=X—D. Put E:=D xx Yand V=Y — E. Assume that the restriction fy, : V. — U
is étale. Then, for every L € Loc(V, A) we have

lep (fux£) < lep (fus/) +d - 1ee (£)

where d is the generic degree of f: X — Y.
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3. Singular support and characteristic cycle of étale sheaves

3.1. The singular support. Let X be a smooth scheme of finite type over k. We denote
by T*X the cotangent bundle of X. Let C C be a closed conical subset. For a point
x € X, weput TyX =T*X xxxand Cx = C xx x.

Recollection 3.2. Let h : U — X be a morphism of smooth schemes of finite type over
k. Foru € U, we say that h: U — X is C-transversal at u if

ker dhy (] Cppy) € {0} € Ty ()X

where dh,, : T} X — T;U is the cotangent map of h at u. We say that h: U — Xis

C-transversal if it is C-transversal at every point of U. For a C-transversal morphism
h: U — X, we let h°C be the scheme theoretic image of C xx U in T*U by dh :
T*X xx U — T*U.

Let f : X — Y be a morphism of smooth schemes of finite type over k. For x € X, we
say that f : X — Y is C-transversal at x if

df (o) {0} C T Y

We say that f : X — Y is C-transversal if it is C-transversal at every point of X.

Let (h,f) : Y <~ U — Xbe a pair of morphisms of between smooth schemes of finite
type over k. We say that (h, f) is C-transversal if h : U — X is C-transversal and if
f: U — Yis h°C-transversal.

Definition 3.3. In the setting of Section 3.1, we say that K € DY(X, A) is micro-supported
on C if for every C-transversal pair (h, f) : Y + U — X, themap f : U — Yis universally
locally acyclic with respect to h* .

Theorem 3.4 ([Beil6, Theorem 1.3]). For every K & D‘C’(X, N), there is a smallest closed
conical subset SS(KC) C T*X on which K is micro-supported. Furthermore, if X has pure
dimension n, then SS(KC) has pure dimension n.

Definition 3.5. The closed conical subset SS(K) is the singular support of KC.
The conductor can be detected by curves, due to the following :

Proposition 3.6 ([Sail7a, Corollary 3.9]). Let X be a smooth scheme over k. Let D be an
effective Cartier divisor on X and put j : U := X—D — X. Let L € Locys(U, A) and let
1:S — X be an immersion over k where S is a smooth curve. Assume that

(1) S meets D transversely at a single smooth point x € D.
(2) Themap i:S — Xis SS(j|L)-transversal.

(3) The ramification of j| L is non-degenerate at x.
Then, Cs((ji£)ls) = i"Cx(ji£).
Proposition 3.7 ([Sai22, Proposition 1.1.8]). Let

VL)U

j’l u lj

W—X
h
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be a cartesian diagram of smooth schemes over k such that the vertical arrows are open
immersions and such that h is separated. Let F be an object in D2(X, A\) and assume that
h: W — Xis SS(Rj.JF)-transversal. Then, the base change morphism

h*Rj.F — Rj.h*F
is an isomorphism in D2 (X, A).

3.8. The characteristic cycle. Let f : X — S be a morphism between smooth schemes
of finite type over k where S is a curve over k. Let x € X be a closed point and put
s = f(x). Note that any local trivialization of T*S in a neighborhood of s gives rise to
a local section of T*X in a neighborhood of x by applying df : T*S xs X — T*X. We
abusively denote by df this section.

We say that x is an at most C-isolated characteristic point for f : X — Sif f: X\ {x} — S
is C-transversal. In that case, the intersection of a cycle A supported on C with [df]
is supported at most at a single point in T;X. Since C is conical, the intersection
number (A, [df])1+x x is independent of the chosen local trivialization for T*S in a
neighborhood of s.

Theorem 3.9 ([Sail7b, Theorem 5.9]). Let X be a smooth scheme of finite type over k. For
every K € D%(X, A), there is a unique cycle CC(K) of T*X supported on SS(K) such that
for every étale morphism h : U — X, for every morphism f : U — S with S a smooth curve
over k, for every at most h®(SS(K))-isolated characteristic point w € U for f : U — S, we
have the following Milnor type formula

(3.9.1) —dimtot(RQg(h* K, f)) = (hW*CC(K), [df])t+uw,
where ROy (h* IC, f) denotes the stalk of the vanishing cycle of h*KC with respect to f : U — S
at a geometric point u — U above .

Definition 3.10. The cycle CC(K) from Theorem 3.9 is the characteristic cycle of K.

Example 3.11 ([Sail7b, Lemma 5.11]). Assume that X is a smooth connected curve
over k. Let K € DY (X, A) and let U C X be a dense open subset where K is locally
constant. Then, we have
CC(K) = —rkp Ky - [TXX] — Z (dimtoty (IC) — rkp Ky) - [T X]
xeX—-U
where 1 is the generic point of X.

3.12. Characteristic cycle and cohomology. The following index formula provides a
positive characteristic analogue of Kashiwara-Dubson’s formula for D-modules.

Theorem 3.13 ([Sail7b, Theorem 7.13]). Let X be a smooth projective variety over an
algebraically closed field k. For every K € DE(X, A), we have

X(X, K) = (CC(K), TxX)1+x

Remark 3.14. Assume that A is a finite field. When I is of the form j,F wherej : U —
X is an open immersion and F € D?(U, A), we have x(X, K) = x.(U, F) = x(U, F) in
virtue of [Lau81b].
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For curves, Theorem 3.13 and Example 3.11 specialize to the Grothendieck-Ogg-
Shafarevich formula [Ray68] :

Theorem 3.15. Let X be a smooth proper connected curve of genus g over an algebraically
closed field k. Let K € DY (X, A) and let U C X be a dense open subset where K is locally
constant. Then, we have

XX, K) =(2—2g) -rkp ), — Z (dimtoty (IC) —rkpa Ky)
xeX—U

where m is the generic point of X.
The combination of Remark 3.14 and Theorem 3.15 gives the following :

Corollary 3.16. Let X be a smooth proper connected curve of genus g over an algebraically
closed field k and assume that A\ is a finite field. Let U C X be an affine dense open subset and
put D := X — U. For every L € Loc(U, A), we have

ho(U, £) <tknp L,
h' (U, L) < (2g—1+|D[+D|-1lep(L)) - ka L,
h2(U, L) =0

4. Ramification of nearby cycles

4.1. In this section, the notations of Section 2.1 are in use. We further assume that
A is a finite field of characteristic £ # p. We put S := Spec Ok, denote by s its closed
point and by § an algebraic geometric point above s. We putn = SpecK and let n* be
the maximal tame cover of 1 dominated by 7 = Spec K. For a morphism of finite type
f: X = §, consider the following diagram with cartesian squares

//R\

Xq y Ayt y Xy r X —— A&
lfn l le lf lfs
1 y > M > S < S .

For K € DT (A&;, A), we denote by RY(/C, f) = UR) K| x;; (resp. RYYKC, f) = I*RJUQXHJ
the nearby cycle complex (resp. tame nearby cycle complex) of K with respect to
f: X — S. The nearby cycle complex is an object of D* (X5, A) with a Gg-action and
the tame nearby cycle complex is an object of D* (X5, A) with a G /P-action.

Definition 4.2. For K € D?(X,, A), we say that r € Qs is a logarithmic slope of
RY(/C, f) if there exists a closed point x € A5 and i € Z such that r is a logarithmic
slope of R"W, (K, f) with respect to the continuous Gy-action. We say that the logarithmic
ramification of RY (K, f) is bounded by ¢ € Q> if the action G%Og on each RW(K, f) is
trivial.
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Lemma 4.3 ((HT21, Lemma 5.3]). Let X be an object of D? (X, A) and N a locally constant
constructible sheaf of A-modules on . Then, for any closed point x € Xs, we have the following
canonical Gy / Px-equivariant isomorphism:

(4.3.1) RWL(K @R FEN, ) = (RTW (K, ) @ Ng)F¥

The proof follows is the same as [HT21, Lemma 5.3] where the residue field of Og
was assumed to be perfect. However the proof is still valid without this assumption.

Proposition 4.4 ([HT21, Lemma 5.3, Corollary 5.4]). Let X be an object of DE(XT], A).
Then, v is a logarithmic numbering slope of RY(X, f) if and only if there exists a locally
constant constructible sheaf N of A-modules on v whose ramification is logarithmic isoclinic
at s € S with v = 1cg(N) such that

RYH(K @R fEN, ) # 0.

In particular, the logarithmic ramification of RY (X, f) is bounded by c if and only if, for any
locally constant constructible sheaf N of A-modules on v whose ramification is logarithmic
isoclinicat s € S with 1cs(N') > ¢, we have

RYH (K @K i N, ) = 0.

Proof. Let N alocally constant constructible sheaf of A-modules on 1 whose ramifica-
tion is logarithmic isoclinic at s € S with r = lcg(N) such that

RYH(K @R fEN, ) # 0.

Then, there exists a closed point x € Xs such that RY! (X ®}\ fﬁ;./\/' ,f) # 0. By Lemma 4.3,
we have (RW, (K, f) @A N |ﬁ)PK # 0 for some i € Z. Suppose that R"W, (X, f) does not
have a logarithmic slope T, then all logarithmic slopes of R"W, (X, f) ® 1 N7 are positive
rational numbers. Therefore RW, (K, f) @ N 7 is purely wild, which contradicts to
the fact that (R'W, (%K, f) @A N !ﬁ)PK #£ 0. Hence R'W, (X, f) has a logarithmic slope .
Conversely, let 1 € Qx¢ be a logarithmic slope of R¥Y(X, f). Then, there exists a
closed point x € Xs such that the finite generated A-module M = @;c5 R"W, (X, f) has
a logarithmic slope r. Let N be the dual of M o+ Note that N is also a finite generated

A-module with a continuous Gg-action of isoclinic logarithmic slope r. Let A be the
locally constant constructible sheaf of A-modules on 1 which is associated to N. We
have lcs (V') = . By Lemma 4.3, we have

(4.4.1) P RWL(K @K fiN, ) = (M@ N)PX.

ez
Notice that NY @4 N is a sub Gg-representation of M ®x N and NY @A N has a
quotient with the trivial Px-action. Hence

0# (NY@AN)PK C (M®a N)PK,
Therefore, RY! (KX @ i\, ) # 0. O

Definition 4.5. Let Z be a reduced closed subscheme of X. We say (X, Z) is a semi-
stable pair over S if, étale locally, X is étale over an S-scheme

SpecR[ty, -+, tal/(try1 -+ - ta — )
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where r < d and 7t is a uniformizer of R, and if Z = Z¢|J Xs with Z¢ defined by an
ideal (t7---tm) C Rlty, - -, tal/(try1---tg—m1) (M < 1),

Definition 4.6. We say that the henselian trait S is geometric if S is the henselization
of a smooth scheme S over a perfect field of characteristic p > 0 at the generic point of
a smooth divisor.

Theorem 4.7. Assume that S is geometric. Let (X, Z) be a semi-stable pair and we assume
that X is smooth over S. Let U be the complement of Z in X and let j : U — X be the
canonical injection. Let F € Loc(U, A) such that its ramification at generic points of Zy is
tame and let 1c(F') be the maximum of the set of logarithmic conductors of F at generic points
of the special fiber Xs. Then, the logarithmic ramification of RY(F, f) is bounded by 1c(F).

Proof. The proof follows a similar strategy as [HT21, Theorem 5.7]. By Proposition 4.4,
it is sufficient to show that, for any locally constant constructible sheaf of A-modules
N on n whose ramification is logarithmic isoclinic at s with lcs(N') > Ic(F), we have

4.7.1) RY' (. F @K fiN, f) = 0.

As in step 2 of [HT21, Theorem 5.7], we reduce to the case where Z¢ = @. Since this is
an étale local question, we may assume that &s has one irreducible component. Let n
be an integer co-prime to p and 7t a uniformizer of Ox. We put S,, = Spec(Ox[T]/(T™ —
n)) and put X, = X X s Sn. We have the following diagram

(4.7.2) U, " X, S
hnl O J{gn H
U— X X,

)

We have the following isomorphism

RYHF @p AN, ) = Lim 1 Rjnshy (F @ frN).

H

(n,p)=1
Hence, it is sufficient to show that for every positive integer n > e.N) ]_ () that is
co-prime to p, we have
(4.7.3) L Rinshi (F @4 ffN) = 0.
Since S,,/ S is tamely ramified cover at s of degree n, we have
(4.7.4) n-1c(F) = ley, (hi F),
(4.7.5) n-leg(NV) =1les(Ns, —gs))-

Hence, we havelcs (Vs (5}) > lex, (hiy F)+1 > cx, (0, F). Notice that S is geometric,
f: X — S is of finite type and F and N are constructible. By spreading out, (4.7.3) is
due to Proposition 4.8 below. O
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Proposition 4.8. Let S be a smooth scheme over k, let E be an irreducible divisor of S and put
V:=S—E. Let f: X — S bea smooth morphism of finite type and consider the following
commutative diagram

U—sX—D

o la ]

VT>S<—E

with cartesian squares. Assume that D is irreducible. Let F € Loc(U, A)and N € Loc(V, A)
such that N has only one logarithmic slope at the generic point of E and 1cg(N') > cp(F).
Then there exists an open dense subset €y of E such that

(Rj«(F ®a fT/N)foWEO) =0.

Proof. This is an étale local question. Let ¢c; < ¢c; < -+ < ¢, be all slopes of the
ramification of A at the generic point of E. We have ¢; > Icg(N). Let Ey be an open
dense subset of E such that the ramification of N along E, is non-degenerate. Since
f : X — S is smooth, the ramification of f{,\" along Dy = f~1(Ey) is also non-degenerate
and ¢; < ¢ < - - < ¢, are all slopes of the ramification of 3,V at the generic point of
D. We have

(4.8.1) dimtotp (F @A fyN) = rka F - dimtotp (fy V)

Let C be a smooth curve over k and h: C — X a quasi-finite morphism such that:
(a) y = h™'(D) is a closed point of C with x = h(y) C Dy;
(b) h: C — Xis SS(jify, N )-transversal.

By [Sail7a, Corollary 3.9], we have

(4.8.2) NPy (fyNlc,) = my(h*D) - NPp (fyN).
By Theorem 2.14, we have
(4.8.3) cy(Fle,) < my(h*D) - cp(F).

By (4.8.2) and (4.8.3), and the fact that all slopes of the ramification of f{ V" at the
generic point of D is larger than that of 7, we obtain that

dimtoty ((F @ fyN)lc,) = rka F - dimtoty (fyNc,)
= rka F - my (h*(DTx(jifyN)))
= my (" (DTx(ji(F ®a fyN)))).
By [Hu23, Proposition 5.6], we obtain that, for any closed point x € Dy, we have
(4.84) SS(j1(F @A FyN))x C SS(jifyN)x = (f°SS(giN))x.

In particular, SS(j(F ®x f{N))x has dimension 1 for any closed point x € Dy. For any
closed point x € Dy, we take a smooth k-curve and an immersion h : C — X such that

(a) Cand D meet transversely at x;
(b) h: C — Xis SS(ji(F ®a fyN))-transversal.
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Since lcg (V) > cg(F) > 0, the ramifications of 3,V and F ®x 3\ at the generic of D
have slopes ¢y, ..., c; > 1. By [Sail7a, Corollary 3.9], the ramification of (F ®x f{N)|c
at x has slopes cy,...,cr > 1, in particular, is purely wild. By [Hu23, Corollary 3.12],
we obtain that (Rj.(F ®@a fyN))x = 0. Hence (Rj«(F ®a fyN))lp, =0. O

5. A conductor estimate

Recollection 5.1. In this section, A will denote a finite field of characteristic { # p. Let
X be a smooth scheme of finite type over k. Let D C X be an effective Cartier divisor
and putj: U:=X—-D — X. We denote by Q(X, D) the set of triples (S,h: S — X, x)
where S is a smooth affine connected curve over k, where h : S — X is a quasi-finite
morphism over k such that {x} = h(S) N D and such that h'(x)isa single closed point
of S.

Definition 5.2 ([Hu23, Definition 5.7]). Let C C T*X be a closed conical subset with
basis D and with pure 1-dimensional fibers over D. For £ € Loc(U,A), we say
that the ramification of £ along D is C-isoclinic by restricting to curves if for every
(S,h:S — X,x) € Q(X,D) such that h : S — X is C-transversal at s := h™'(x), the
ramification of L[s_) at s is isoclinic and we have

Cs(Lls—s)) =h"Cx(L) .
Definition 5.2 admits the following purely geometric reformulation :
Lemma 5.3 ([Hu23, Proposition 5.17]). In the setting of Definition 5.2, the following are

equivalent :
(1) the ramification of L along D is C-isoclinic by restricting to curves.

(2) The ramification of L at each generic point of D is isoclinic and SS(j; L) C TyX U C.
When C is simple enough, the inclusion in Lemma 5.3 is an equality.

Lemma 5.4 ([Hu23, Lemma 5.9]). In the setting of Definition 5.2, assume that L # 0 and
that the map IrrCom(C) — IrrCom(D) induced on the sets of irreducible components is
bijective. Then,

SS(iL) =TxX[JC.
Lemma 5.5 ([Hu23, Proposition 5.18]). Let X be a smooth scheme of finite type over k. Let
D C X be an effective Cartier divisor and put j : U := X —D — X. Let C C T*X be a closed

conical subset with basis D and pure 1-dimensional fibers over D. Let L, N € Loc(U, A)
where

(1) the ramification of N along D is C-isoclinic by restricting to curves.
(2) we have cz(N') > cz(L) for every irreducible component Z of D.
Then, the ramification of L @ A N along D is C-isoclinic by restricting to curves and

SS(GIL®AN)) =SSN C TxX| JC,
CCHI(L QAN)) =1kp L - CC(j[N) .
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5.6. Conductor estimate. The goal of what follows is to give an estimate for the
logarithmic conductor of the direct image of some twisted sheaf on A} (see Proposi-
tion 5.12). The letter A will denote a finite field of characteristic £ # p.

Lemma 5.7. Let Ai’o be the complement of the origin in AZ = Spec(k[x,yl). Let D
(resp. E) be the divisor of Ai’o defined by x = 0 (resp. y = 1). Put Z = DUE and
j:U:=AY —Z < AX. Let N € Loc(U, A) be the Artin-Schreier sheaf on U defined by

(5.7.1) Pt = A (%)m
P (y—1)

where A € k* and (m,p) = 1. Then,
CAi,o(le) —mp?-D+(m+1)-E

and the ramification of N along Z is (dy) - Z-isoclinic by restricting to curves.
Proof. Let (S,h:S — Ai’o,z) € Q(Aﬁ, Z) such thath:S — Xis (dy) - Z-transversal at
s := h™1(z). By Proposition 3.6, it is enough to show that
(5.7.2) cs(Nls—gs)) = mp2 -mg(h*D) 4+ (m+1) - mg(h*E)
where ms(h*D) (resp. ms(h*E)) is the multiplicity of h*D (resp. h*E) at s. Put
K = Frac(Os ) and Ox = Os ;. We first assume that z = (0,b) € D —{(0, 1)}. Choose a
uniformizer T of Og  such thath:S — Ai’o is given by

x—ul% uc€ Ogs,ocz 1

y—b+T.
Then, the restriction N/ Ispec(k) corresponds to an Artin-Schreier cover defined by
Alb+T)™

th—t= 5 :
(uT)mP= (b —1+T)m

Note that

b+T \™ b \™ m

Since (m,p) = 1, the coefficient of T is a unit of k. Hence, N/ [spec(k) corresponds to an
Artin-Schreier cover defined by

tp—tzw A/Ekx,uléasxs
u 4

At the cost of taking a aomp? root of A’ in k and making a change of variable, we can
suppose that A’ = 1. On the other hand, we have

! !
tp_t_1+—uT2:tp_t_ 1 > — zu
(uTx)mp (uTx)mp= ™ Tamp2—1
oy u”

N Tomp2—1
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Where we put t/ =t— W

and where u” € 0 55~ By Example 2.6, we deduce
cs(Ns_g)) = dimtots(Ns_g) = amp? = mp? - m(h*E).

We now assume that z = (a,1) € E—{(0,1)}. Choose a uniformizer T of Os ¢ such that
h:S— Aﬁ’o is given by

x— a4+uT% uc OSXIS,OLZ 1,
y—1+T.

The restriction N Vspec(K) corresponds to an Artin-Schreier cover defined by

R AT+T)™ .
(a+uTx)mp>Tm
T mp?
Since (m,p) = 1, thereis v € Oy with v = %. Hence Nlgpec(k) corre-
sponds to an Artin-Schreier cover defined by
1
th—t= .
(v)m

From Example 2.6, we deduce
cs(Nls_g)) = dimtots (M) =m+1=(m+1) - ms(h*E) .
We now assume z = (0,1) = D E. Choose a uniformizer T of Og such thath:S —
A}° is given by
x—ul% uec Osxls,ocz 1,
y— 14T,

The restriction Nlgpec(k) corresponds to an Artin-Schreier cover defined by

AT+T)™
th—t= Q* L .
ump- Toemp<+m
. 2 . . . X 2+ umpz
Since amp” + m is coprime to p, there is v € Oy such that v ™™ = NI ST

Hence Nlgpec(k) corresponds to an Artin-Schreier cover defined by

tP—t = ; .
(vT)ocmszrm

By Example 2.6, we deduce

cs(Ns_g) = dimtots(Ns_rg) = amp? + m+1 = mp? - mg(h*D) + (m+1) - ms(h*E).

g
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Corollary 5.8. In the situation from Lemma 5.7, we have
. 2,0
SS(N) = T A7 Uldy) - Z,

CCHN) = [T)ao AL +mp? - [D - (dy)] + (m+1) - [(dy) - E).

Proof. The computation of SS is a consequence of Lemma 5.4 and Lemma 5.7. Then,
the computation of CC follows from [Sail7b, Theorem 7.6]. O

Construction 5.9. Put P} = Proj(k[xo, ..., xn]) withn > 2. Let H be the hyperplane
defined by x¢p = 0 and H;, the hyperplane defined by x, = 0. Put

X1 Xn X0 X1 Xn—1
=5 kl—,...,—1| ], U, =S k|l—,—..., .
k pec( {Xo XOD " pec( {Xn Xn Xn D

X X Xn—1

Z1=—,. ., Zn1 = :
Xn Xn

Put

zZy = ’
Xn

Hence, H N Uy, is given by zg = 0. Let pr : Al — A] be the projection to the first
coordinate. Let A be a finite field of characteristic £ # p. Let V) be the Artin-Schreier
sheaf of A-modules on A] defined by the equation tP —t = Ax™ for some A € k* and
(m,p) = 1. Then, the pull-back (pr* My)lu,,n FNIRE the Artin-Schreier sheaf defined by

the equation
z m
W—t:h<l> .
o

Consider the closed pointx = (0,1,...,1) € HNUy. Let X — P} be the blow-up of P}
at x. Let E be the exceptional divisor. Let Gr(n, 2) be the grassmanniann of projective
lines in IP} and let Q — Gr(n, 2) be the universal projective line. Let ]1324 C Gr(n,2)
be the subset of projective lines passing through x. Then, there is a pull-back square

X > Q > Py
nl o
lPTk‘*] — Gr(n,2)
exhibiting X as the closed subscheme of P} x IPL‘_1 formed by couples (y, L) where

x,y € L. Furthermore, the restriction 7t|g : E — ]PL‘_1 is an isomorphism. If H’ is the

strict transform of Hand if D C IP{(‘_1 is the hyperplane 7t(H’), there is a commutative
square

(5.9.1) H & wepn .
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Proposition 5.10. In the setting of Construction 5.9, let L € Loc(A}, A) and let N be
an Artin-Schreier sheaf of A-modules on A defined by tP —t = Ax™ for some A € k* and
(m,p) = 1. Assume that m = lcoo(Ny) > ley (L) + 1. Then the map 7t : X — IPL‘_] is
universally locally acyclic relative to y,(pr* Ny @ L) at every point of E not in H'.

Proof. Since the restriction nlg : E — IPE_] is an isomorphism, it is enough by [Lau81a]
to show that for every L € IPE_1 — D, the number

dimtot( 1) ()1 (pr* My @A L) |e—1(1))

does not depend on L. Notice that for every L € IPE_1 — D, the composition

(L) —{(x, L)} - A} 25 A}
is an isomorphism. Hence, we have
Lo,y 01 pr* Mal—1 (1)) = leao (M) = m.
By Theorem 2.14 applied to the composition 7' (L) — X © P} and to £, we obtain
thatfor L € IPE*] — D, we have
lepon) 1Ll ) <lee(L) <len(L) <m—1.
By Lemma 2.5 and Lemma 2.7, for any L € P}~' — D, we deduce
dimtot(y 1) (1 (pr* M ®a L)1(1)) = W) 01(pr* My @A L)1) +1ka £
=(m-+1)-rkp L.
This concludes the proof of Proposition 5.10. O

Proposition 5.11. In the setting of Construction 5.9, let L € Loc(A}, A) and let N, be
an Artin-Schreier sheaf of A-modules on A defined by tP —t = \™ for some A € k> and
(m,p) = 1. Assume that m = lco (Ny) > len(L) + 1. Then t: X — IPE’] is universally
locally acyclic relative to y,(pr* N\ @ L) at a dense open subset of H' N E.

Proof. We are going to achieve universal local acyclicity after a suitable radicial pull-
back. We learned this argument in [Sai21, Corollary 1.5.7]. Consider the pull-back
square

Yn — X

| o I

U, —— Py

so that Yy, is the blow-up of U, at x. Hence, Yo ={(y,L) € U;, X IPE_] such thaty € L}.
Using the coordinates of U,, from Construction 5.9, the scheme Y, is the subscheme of

Uy, x P} defined by the equations

zowi = (zi — Dug, (zi — Dy = (zj— N for i #j, 1,j €{1,2,...,n—1}.
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Let W; C IPE_1 be the complement of the hyperplane defined by u; = 0. Consider the
pull-back square
Vi —— Y,
[ o |
w; — ][)E_l
In particular Vj is a locally closed subset of U,, x Wj. If we put s; = u;/uy fori #1,
then Vj ~ Spec(kl[sg, s2, ..., sn—1, s]) such that V; — U, is given by
zZy — So(S —1 ) ,
Z1 — S,
zi—sis—1)+1, 2<i<n-—1).
and V; — W is the projection on the first (n — 1)-coordinates. Put E; = Vi N E and
H{ = V; N H’. Then, Vi N '(H) = HJ U Ey is defined by so(s — 1) = 0 and if we
denote by Q its complement in Vj, the pull-back (pr* N, )|q is the Artin-Schreier sheaf
defined by the equation
m
Pt S
cor=A <So(8 -1/

Consider the cube with pull-back faces

Vi > AL
\% l > AL
% > Al
\ Y
% > A

where the top horizontal arrows are (sg, s2,...,5n—1,5) — (S0, s), the lower horizontal

arrows are (sg,s) — so and where Fry : sg — sgz. Let Z C Hj defined by the ideal
(s,sp) and letj : Q — V; — Z be the canonical inclusion. Then, Fr* j,(pr* NV, )|q is the
Artin-Schreier sheaf defined by the equation

m
PSR B
sp (s—1)

Since V] — Aﬁ is smooth, Corollary 5.8 and [Sail7b, Theorem 7.6] give
SS(Fr ju(pr* M)la) = Thy, 7 (Vi — Z) | J((H = Z) UE,) - (ds)
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and

CC(Frji(pr* Mla) = (=1)MTfy, _z (Vi — )1+ (—1)"mp? - [(H{ — Z) - (du)]
+ (=)™ (m+1) - [E; - (dw)].

By Theorem 2.14, we have
e (Frtji(Lla)) < p?-en(L) < p? - (len(£) +1) < mp? = e (Fr*jy(pr* Mila))
and
ce(Frji(Lla)) < cn(L) <len(L) +1 <m+1 = ce(Fr'ji(pr* Mla)).
By Lemma 5.7 and Lemma 5.5, we have
SS(Fr™ ji((L @A pr* M)la)) = SS(Er™ ji(pr* M)la))
and
CC(Fr™ji((£L @A pr" Mila)) = tka £ - CC(Fr*ji(pr* M)la)-

Hence Vi — Wj is SS(Fr*j,((L£ ®a pr* My)lq))-transversal. Thus, V; — W is uni-
versally locally acyclic with respect to Fr*j((£ ® pr*My)la). Since Fr is a uni-
versal homeomorphism, we deduce that Vi — W is universally locally acyclic
with respect to j((£ @ pr* My)lq). Since Z is disjoint from H’ N E, we deduce that

mw: X — IPE_] is universally locally acyclic with respect to ), (pr* Ny ®a L) at every
point of Vi N (H' N E). This concludes the proof of Proposition 5.11. O

Proposition 5.12. Let n > 2 be an integer. In the setting of Construction 5.9, let L €
Loc(AL, A) and let Ny be an Artin-Schreier sheaf of A-modules on A} defined by tP —t =
Ax™ for some A € k* and (m,p) = 1. Assume that m = lcoo(Ny) > lcy (L) + 1. Then, the
following holds :

(1) the complex Rria)(pr* Ny ®a L) is concentrated in degree 1, has locally constant
constructible cohomology sheaves and its formation commutes with base change.

(2) We have
lep (R'tay (pr* My @4 £)) < m.

Proof. With the notations from the diagram (5.9.1), we have
R7tar (pr* Na @4 L) = Rrwsjwi (pr” Ny @4 L).

Hence, (1) follows by Proposition 5.10. We now bound the logarithmic conductor of
R7ta; (pr* Ny @4 L) at the generc point & of D. To do this, observe that the proper base
change gives

(R7ty)1 (pr* Na ®a L)) gn1 = R7ta; (pr* Ny ®a L) .
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Hence, we have to bound the logarithmic conductor of R, (pr* N @, L) at &. Put

S = Spec((‘)if‘n : E) and consider the following pull-back squares
Xg 1{
E S — an 1

Since the logarithmic conductor of Rm.),(pr* N @, L) at & is smaller than the loga-
rithmic conductors of the

(R*Wrs 1 (pr* My @4 L)Is))y,y € Xz

we are left to bound the logarithmic conductors of the above Galois modules. Put
E=S8 ><]P£4 E. Since g : E — IPE*] is an isomorphism, so is the pullback 7g|¢ :
& — S. Hence, the closed subscheme £ C X meets the special fibre of g : X — S
at a unique point 7] lying over the generic point of H’ N E. By Proposition 5.11, the
map 7 : X — PP is universally locally acyclic with respect to 3 (pr* N}y ®4 £) in an
open neighborhood of the generic point of H' () E. Hence, the pull-back 7tg : X — S is
universally locally acyclic at 7] with respect to j,(pr* N) @, L)|s. In particular,

(R*Wrs (1 (pr* Ny @4 L)Is))m =~ 0.

By Theorem 4.7, the logarithmic conductor of (R*Wr (ji(pr* Ny ®a L)))y is smaller
than m for every y € Xg with y # 7. This concludes the proof of Proposition 5.12.  [J

6. Estimates for Betti numbers on affine spaces

In this section, we assume that k is algebraically closed of characteristic p > 0 and
that A is a finite field of characteristic { # p. Let A}’ = Spec(k[xy,...,xnl) and let
Py = Proj(k[xo,...,xnl) be the canonical completion of A}’ obtained by adding a
homogeneous coordinate x¢. Let j : A} — P} be the inclusion and let H := P} — A}
be the hyperplane at infinity. The goal of this subsection is to prove the following

Theorem 6.1. Let k be an algebraically closed field of characteristic p > 0 and let A be a finite
field of characteristic £ # p. For every 0 < i < nand every L € Loc(A}, ), we have

(AL, £) < bi(len(£)) - tka £
where the b; are defined in Definition 1.2.

Remark 6.2. The estimates from Theorem 6.1 do not depend on the base field k nor
the coefficients.

Theorem 6.1 will be proved in subsection 6.9. Before this, let us draw some immedi-
ate consequences.
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Corollary 6.3. Let k be an algebraically closed field of characteristic p > 0 and let A\ be a
finite field of characteristic { # p. For every L € Loc(Ay, A), we have
(AT, L) < rkp L,
h(AL, L) < ley(L) -1kp £
h2 (AL, L) < (Ien(L)* +71cn(L) +9) - tkp £
h'(AL, L) < (Icy(L) +3i—3) ﬁ(lCH(ﬁ) +3j+1) -tkp L forevery 3 <i<n.
j=1

Proof. It is a direct consequence of Lemma 10.1 and Theorem 6.1. O

Corollary 6.4. Let k be an algebraically closed field of characteristic p > 0 and let A be a
finite field of characteristic £ # p. For every 0 < i < nand every L € Loc(A}, \), we have

hE AR, £) < bi(len(£)) - rka L.

Proof. This follows from Theorem 6.1 by Poincaré duality and the fact that a A-module
and its dual have the same logarithmic slopes. O

Example 6.5. The degrees of the polynomials appearing in Theorem 6.1 are optimal.
Indeed, if m > 1 is an integer coprime to p and if A is the Artin-Schreier sheaf on A]
corresponding to tP —t = x™, then h{(A], V) =0 fori # 1and h'(A]l,N) =m —1
by Theorem 3.15. For 1 < i < n, let pr; : A} — A] be the projection on the i-th
coordinate and put

M :=pri N @p - @rpri N .
Then, M is the Artin-Schreier sheaf on A} corresponding to tP —t = x* + - - - +x{™.

By Example 2.6, we have Icy{(M) = m. On the other hand, the Kiinneth formula for
the étale cohomology [SP23, OF1P] yields

hl( EIM) :h](A]L/N)l:(m_])l
Proposition 6.6. Let n > 2 be an integer. Assume that Theorem 6.1 is valid for AE_1. For
every L € Loc(A}, A\) and everyi=0,1,...,n—1, we have
RYAL, L) < biflen(L)) - tka £
Proof. By [Sai2l, Lemma 1.3.7], there is a hyperplane D # H such that themap t: D —
Py is properly SS(Rj.L)-transversal. Put U := P} — D. The cartesian squares

Dy —— Al U,

J.DJ 0 li 0 liu

D——Pr——1U

give rise to the distinguished triangle

1) Rjx L — Rju L — L U"Rj L H,
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Since ) is an open immersion, we have
)*Rjx L ~ Rjus)p L .

Since v : D — IP}} is properly SS(Rj.L)-transversal, Proposition 3.7 gives
U'RjsL ~ Rjpxp L .

Hence, applying RI'(IP}}, —) to the above triangle yields a distinguished triangle

RT (U, RjugiL) — RI(AD, £) — RM(Dg, 5L) =5

Note that Rju.)5£L[n] is a perverse sheaf on U ~ A}. By Artin’s vanishing theorem,
we deduce

HE (U, Rjugp L) =0
fori=0,1,...,n—1. Hence,
h'(A}, £) < h'(Dy, L)

fori =0,1,...,n—1. Note that D ~ ]PL‘_l, that D H is a hyperplane of D with
complement Dy ~ A} in D. By Theorem 2.14, we have

lepan (L) <ley(L) .

Since Theorem 6.1 is valid on AEJ by assumption, we get for everyi=0,1,...,n—1,

h' (Do, pL) < bi(lepnn(pL)) - tka(tgL) < bi(ley(L)) - tka L.
This concludes the proof of Proposition 6.6. O
Proposition 6.7. Let n > 2 be an integer. Assume that Theorem 6.1 is valid for AE_]. Let
L € Loc(Al,A). Let pr: Al — Al be the first projection. Let Ny be an Artin-Schreier

sheaf of A-modules on A} defined by tP —t = Ax™ for some A € k* and (m,p) = 1. Assume
that m = lcao (NR) > ley (L) + 1. Then, we have

n—I1
X(ALpr Ny @A L) > — | Y by(m) | (m—1) - tka £

i=0

ieven

and

X(AR, pr* M @A L) < [ Y bi(m) [ (m—1)-rkp L.
i'odd
Proof. We use the setup from Construction 5.9. Let X — P} be the blow-up of P} at

x:=[0:1:---:1]. Let E be the exceptional divisor and let t : X — ]PL‘_1 be the pencil
of lines passing through x. Let H' be the strict transform of H and put D := 7t(H’). We
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have the following commutative diagram:

BT

—1 —1
D—— P! AT

By Proposition 5.12, the complex Rma (pr* Ny @ L) is concentrated in degree 1, has
locally constant constructible cohomology sheaves, its formation commutes with base
change and

(6.7.1) lep (R'7tay (pr* My @4 £)) < mL.

By proper base change combined with Theorem 3.15, we deduce

(6.7.2) rka (R'7ta  (pr* My @4 £)) = (m—1) -rkp £ .

On the other hand, we have

X(AL, pr* Ny @4 L) = xc (AR, pr* Ny @4 L) Remark 3.14

=X (AT, Rrp (pr* Ny @4 L))
= X (AT, R (pr* Ny @4 L))
= —X(/AQ_1, R'7ta, (pr* Ny ®a L)) Remark 3.14

3

(=R ATT, R ay (pr My @4 £)).

I
o

Hence, we have

n—1

— ) hYAL R'ma(pr My @4 £)) < x(AL, pri My @4 L)

=0
1even

n—I1

< Y (AR R'ma(prf Ny @4 L)),
ilodd
Since Theorem 6.1 is valid for AE*] ,we have foreveryi=0,1,...,n—1,
hHAYT, R (pr* Ny @4 £)) < bi(lep (R'mar (pr* My @4 L)) - tka (RM7tay (pr My @4 £)).
From (6.7.1) and (6.7.2), we deduce
h AT, R ta (prf Ny @4 £)) < bi(m) - (m—1) -tkp L.

This concludes the proof of Proposition 6.7. O
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Proposition 6.8. Let n > 2 be an integer. Assume that Theorem 6.1 is valid for AL‘_]. Let
pr: AT — Al be the first projection. Then, for every L € Loc(AL, A), the Euler-Poincaré
characteristic x (A}, L) is smaller than

n—I1

n—I1
> (en(£)+2) - billen(L) +3) + > (len(£) +3) - bi(len(£)) | -tka £
i=0

ilozd% ieven
and bigger than
n—1 n—1
— Z (len(£) +2) - bi(len (L) +3) + (len (L) +3) - bi(len(L)) | -rka L.
i=0 i=0

ieven iodd

Proof. Note that enlarging the finite field A does not change the Betti numbers. Hence,
we can suppose that A contains a p-root of unity. Let £ € Loc(A}, A). Observe that at
least one of the consecutive integers [lcy(L£)] + 2, [Ilcy (£)] + 3 is prime to p. Pick one
of them and denote it by m. In particular,

len(L)+T<m <lIey(L)+3.

Let V3 be an Artin-Schreier sheaf of A-modules on A] defined by the equation tP —t =
Ax™ for some A € k*. By the projection formula and Theorem 3.15, we have

X(AR, pr* Ny @a L) = (A, Rpr, (pr* Ny @4 £)) = x(AL, Ny @A Rpr, L)

X(AL, L) = x(ALRpr, L)
Since NV, is a rank 1 locally constant sheaf on A, Theorem 3.15 gives
X(AY, L) —x(AY, pr* Ny @a L) = sWoo(Ny @4 Rpr, L) —sweo(Rpr, L) .

By generic universally locally acyclicity, there is a dense open subset U C A such that

1. For every geometric point j — U, we have RI'((A})g, [’|(AL‘)9) = (Rpr, L)y

2. For every i € Z, the sheaf R'pr, L is locally constant and constructible in U.
Let N = Spec (FraC(O]SPh]L /oo)) and let N, be a geometric point over M. Put Go, =

Gal(My, /Neo) and let Py C G be the wild inertia subgroup. For s < 0and s > n—1,
we have

(R°pr, L)l5,. =0.
Lety € U. Since Theorem 6.1 is valid for A]qu , we have
rka((R*pr, L)) = rka((R* pr, L)ly) < bs(len(L)) -tk £

for every 0 < s < n—1. For A;,A; € k* with Ay —A; ¢ [F,,, the Py -representations
N, A e and N)\Z In., are not isomorphic. Hence, their induced characters (see Recollec-
tion 2.8)

XA XA, Gglog/G[TH — A"

oo,log
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are not isomorphic either. Since k is infinite, we can thus find A € k* such that x;l

does not contribute to
n—1

@(Ripr* L) -
i=0
By Lemma 2.9, for every i =0, 1,...,n— 1, we thus have
SWoo (R} pr, £) < sweo(Ny @4 Rt pr, £) < SWoo (R pr, L) +m- rka((R pr, L)lg.)-

In particular fori=0,1,...,n—1, we have

0 < sWeo(Ny @2 Ripr* L) —swoo(Ripr* L) <m- rk/\((Ripr* Lg.) -
We obtain
X(AY, L) —x(AY, pr* Ny @p L) = sWoo(Ny ®A Rpr, L) —swe(Rpr, L)

n—I1
— Z(—1 ) (sWoo (V) @A RUpr, L) —swoo (R pr, L))
i=0
n—I1

< ) (sWoolNA ®AR'pr, £) — swoo (R'pr, £))

ieven

and

X(AY, L) —x(AR, pr* Ny @p L) = sWoo(Ny ®A Rpr, L) —swe(Rpr, L)
n—1

(=) sWeo (N @4 R pr, L) — SWoo(RE pr, L))

> — ) (sWoo(Ny @A R pr, £) —sweo (R pr, £))



30 H.HU AND J.-B. TEYSSIER

Together with Proposition 6.7, we have

X( k/L) >X( ]]:/pr*N?\®/\£)_ Z b 1CH 'm'rk/\£
10dd
n—1 n—1
> — (m—1)-bi(m)+ Y m-biley(L)) | -tka £
i ven i oda
n—1 n—1
> — Z (Ien(£) +2) - bi(len (L) +3) + Z (Ien (L -bi(lcy(£)) | -tka £,
1;;(91’1 11:
and
n—1
X(AL, L) < x(AR, pr Ny @ L) + Z bi(len (L)) | -m-rka £
lé en
n—1 n—1
< D (m=1)bim)+ > m-biley(L)) | -tka £
iodd iéjgn
n—1 n—1
< | D (en(£)+2)-billen(£) +3) + Y (en(£) +3) - billen(L)) | -rka L.
i odd i &ven
This concludes the proof of Proposition 6.8. O

6.9. Proof of Theorem 6.1. We proceed by induction on n. When n = 1, Theorem 6.1

follows from Corollary 3.16. Let n > 2 and assume that Theorem 6.1 is valid for A7
In particular, Proposition 6.6 gives

h(AL, £) < bi(len(L)) - tka (L),
for every 0 < i < n —1. Hence, we are left to show that

h™(Ay, L) < br(len(L)) - tka(L).
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Let pr: Al — A] be the projection on the first coordinate. When n is odd, we deduce

—1

3

hY(AL, L) = —x (AL, L)+ Y (—1)'M(AL L),

™

=
|O

i
1

S _X( E/ﬁ) + h'l( E/E)/

M

o

L
reven

n—1 —1

< | D (en(£)+2) - billew(L)+3)+ Y (len(£) +3) - bi(len (L)) | -rka £

3

[}

_i=0 =
ieven iod

(o

n—1
+| > billen(£)) | -tka L
i=0
= bn(ICH(,C)) : I‘k/\ L.
If n is even, we have
-1
h'(A}, L) =x(AR, L) =) (—1)'h(A}, L)

i

=

Il
o

1
<X(AL L)+ ) hY(ARL)

i

I
o

R
io

Q.
Q.

—1 n—1
< (Iey(£L) +2) - bi(len(L) +3) + Z (Icy(£) +3) - bi(leyu (L)) | -rkp £
i=0

3

o

i od ieven

Q.

n—1

+| D billen(£)) | -rka L
v

< bn(lcy(L)) - tkp L.

In any case we have h"™(A}, L) < bn(ley(L)) - rka £. This concludes the proof of
Theorem 6.1.

7. Estimates for Betti numbers of étale sheaves

7.1. Bounding the ramification with coherent sheaves. Let X be a scheme of finite
type over k. We denote by Q[Coh(X)] the free Q-vector space on the set of isomorphism
classes of coherent sheaves on X. Observe that the pullback along every morphism
f: Y — X of schemes of finite type over k induces a morphism of Q-vector spaces

£ : QICoh(X)] — QICoh(Y)] .
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Assume now that X is normal and let £ € Coh(X). If X! C X denotes the set of
codimension 1 points of X, we define a Weil divisor on X by the formula

T(€):= ) lengthy (EX™)-{n)

nex?

where X;; = Spec Ox , and where £ |§?§S is the torsion part of £|x, -

Example 7.2. If R is an effective Cartier divisor of X with ideal sheaf 7y and if £ =
Ox/Zg, then T(£) =R.

If Weil(X)q is the space of Q-Weil divisors on X, the map T : Coh(X) — Weil(X)q
induces a map of Q-vector spaces

T : Q[Coh(X)] — Weil(X)q .

Definition 7.3. Let X be a scheme of finite type over k. Let K € D%(X,A) and
& € Q[Coh(X)]. We say that K has log conductors bounded by £ if for every morphism
f: C — Xover k where C is a smooth curve over k, we have

LC(HK|c) < T(f*E)

for every i € Z. We denote by D?, (X, £, A) the full subcategory of DY, (X, A) spanned

by objects having log conductors bounded by £.

The following is our main example of sheaf with explicit bound on the log conduc-
tors.

Proposition 7.4 ([HT25b, Proposition 5.7]). Let X be a normal scheme of finite type over k.
Let D be an effective Cartier divisor of X and putj : U:= X —D — X. Let L € Locg(U, A)
and £ € Q[Coh(X)]. Then

(1) If j, L has log conductors bounded by &, then LCx(j1£) < T(E).

(2) If X is smooth over k, then j, L has log conductors bounded by (Icp(£) +1) - Op.
Lemma 7.5 ([HT25b, Lemma 5.6]). Let X be a scheme of finite type over k and let £ &
Q[Coh(X)].

(1) For every K € D%(X,E, A) and every f : Y — X morphism of schemes of finite type

over k, we have f*K € DY (Y, f*E,A).

(2) Consider an exact sequence in Cons(X, A)
O0—=F1 —=F,— F3—=0.
Then F) lies has log conductors bounded by & if and only if so do F1 and Fs3.

Lemma 7.6 ([HT25b, Proposition 5.9]). Let f : X — S be a morphism between schemes of
finite type over k. Let € € Q[Coh(X)] and K € DY,(X, E, A). For every algebraic geometric
point’s — S, the complex K|x_ has log conductors bounded by i3 where is : Xs — Xis the
canonical morphism.
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7.7. Betti bound. In this paragraph, we formalize the structure of the estimates ap-
pearing in the statement of Theorem 7.15.

Definition 7.8. Let X be a scheme of finite type over k. We say that a Q-linear map
1 : Q[Coh(X)] — Q is admissible if the following conditions are satisfied :

(1) For every £ € Coh(X), we have n(€) € N.
(2) For every &1, &, € Coh(X), we have pu(&1 P &) < u(&r) + u(&).

Definition 7.9. Following [SP23, 0391], let us recall that a morphism f : X — S between
schemes of finite type over k is normal if it is flat with geometrically normal fibres.

Example 7.10. Let f : X — S be a normal morphism between schemes of finite type
over k. For £ € Coh(X), we define a function x¢: S — IN by

xe:S—IN, s+— m(T(&)),

where s — § is an algebraic geometric point above s € S and where m(T(&5)) is the
maximal multiplicity of T(&s). By [HT25b, Corollary 4.8], the quantity

ki(€) = supxe(S)
is finite. Then, the induced Q-linear map

e : Q[Coh(X)] — Q
is admissible.

Lemma 7.11. Let f : X — Y be a morphism of schemes of finite type over k and let p :
QI[Coh(X)] — Q be an admissible function. Then, o f* : Q[Coh(Y)] — Q is admissible.

Definition 7.12. Let f : X — S be a proper morphism between schemes of finite type
over k with fibres of dimension < n. Let A be a finite field or a finite extension of Qy
with £ # p. Let s — S be an algebraic geometric point and let C C D?(Xs, A) be a full
subcategory. Let p : Q[Coh(X)] — Q be an admissible function and let P € IN[x]™ .
We say that (u, P) is a Betti bound for C if for every j =0,...,2n, every £ € Q[Coh(X)]
and every K € C with log conductors bounded by &;, we have

(7.12.1) (X5, K) < Poningjan) (K(E)) - Rkn K

Remark 7.13. If (7.12.1) is satisfied for some algebraic geometric points — S localized
at s € S, then it is satisfied for every algebraic geometric point t — S localized at s.

Definition 7.14. Let P be a property of morphisms of schemes over k and letn > 0. A
P-relative stratified scheme (X/S, X) of relative dimension < n will refer to a morphism
X — S between schemes of finite type over k satisfying P such that the fibres of X — S
have dimensions < n and where X is endowed with a finite stratification X.

Theorem 7.15. Let (X/S, L) be a proper relative stratified scheme of relative dimension < n.
Then, there is an admissible function n: Q[Coh(X)] — Qand P € IN[X]™ ! with P; of degree
iforeveryi=0,...,nand such that for every algebraic geometric point s — S, every finite
field A\ of characteristic £ # p, the couple (u, P) is a Betti bound for Consy_(Xs, A\).

Definition 7.16. A Betti bound (, P) as in Theorem 7.15 will be referred as a Betti
bound for (X/S,Z).
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For the sake of the proof, we need to formulate a priori weaker

Theorem 7.17. Let (X/S, L) be a proper relative stratified scheme of relative dimension < n.
Then, there is a dominant quasi-finite map T — S between schemes of finite type over k such
that the pullback (X1 /T, L) admits a Betti bound.

7.18. Dévissage. The goal of what follows is to show that Theorem 7.15 and Theo-
rem 7.17 are equivalent and to reduce the proof of Theorem 7.17 to the case where
X — S is a normal morphism.

Lemma 7.19. Let (X/S, L) be a proper relative stratified scheme of relative dimension < n.
Assume the existence of a finite family A of jointly surjective quasi-finite morphisms Ty, — S
over k such that for every o € A, the pullback (X«/S«, L&) admits a Betti bound. Then,
(X/S, X) admits a Betti bound.

Proof. For o« € A, let hy : Xo — X be the induced morphism and let (1, P«) be a Betti
bound for (Xy/S«, Z«). By Lemma 7.11, the function

W= Z Ko © hi; : Q[Coh(X)] = Q
x€eA

is admissible. If we put P := } - Ps, one easily checks that (u, P) is a Betti bound
for (X/S, X). O

Definition 7.20. For d > 0, we say that Theorem 7.15 (resp. Theorem 7.17) holds in
absolute dimension < d if for every n > 0, Theorem 7.15 (resp. Theorem 7.17) holds
for every proper relative stratified scheme (X/S, Z) of relative dimension < n with
dim X < d.

Lemma 7.21. Let d > 0. Then Theorem 7.15 holds in absolute dimension < d if and only if
Theorem 7.17 holds in absolute dimension < d.

Proof. Immediate by Lemma 7.19 and the fact that the base scheme S is noetherian. [

Lemma 7.22. Let d > 1 and let (X/S, X) be a proper relative stratified scheme of relative
dimension < n with dim X < d. Assume that

(1) Theorem 7.15 holds in absolute dimension < d — 1.

(2) There is a closed subscheme i : Z — X of dimension < d — 1 with complement
j : W < X, an admissible function u' : Q[Coh(X)] — Q and P/ € N[J™!
with P! of degree i for i = 0,...,n such that for every algebraic geometric point
s — S, every finite field A of characteristic { # p, every £ € Q[Coh(X)] and every
J € Cons(Xs, &, A) extension by 0 of an object of Consj«5)_(Us, A), we have

hj(xgz F) < Pr'nm(j;n_j)(u'(g)) -Rkp F

foreveryj =0,...,2n.
Then, (X/S, £) admits a Betti bound.

Proof. Note that the fibres of Z — S have dimension < n. Let (nz, Pz) be a Betti bound
for (Z/S,i*L). Put

w=u'+pzo0i*:Q[Coh(X)] = Qand P =P’ +P; € N""'[x]
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and let us show that (u, P) is a Betti bound for (X/S,%). Let s — S be an algebraic
geometric point and let A be a finite field of characteristic { # p. Let £ € Q[Coh(X)]
and let 7 € Conss_(Xs, &, A). We want to show that for every j =0,...,2n, we have

(7.22.1) W (Xs, F) < Pringionj) (1(E)) - Rkp F .
Consider the localization exact sequence
0— jg!./—"|u§ —F = ig*f|zg — 0.

By Lemma 7.5-(1), the sheaf F|z_ is an object of Cons;+5)_(Zs, A) with log conductors

5

bounded by (i*£)s. Hence, for every j =0,...,2n, we have
W(Zs, Flzg) < Pzmin2n—) (Hz(i*E)) - Rkp Flze < Pz mingian—j) (1(E)) - Rkp F .

Note that j5) |y, has log conductors bounded by & by Lemma 7.5-(2). By assumption,
we deduce that

W (Xs, js1Fluy) < Proingianj) (8 (€)) - Rkajs1 Flug < P (1(€)) - Rk F .

— min(j,2n—j)
The conclusion thus follows. 4

Lemma 7.23. Let d > 1 and let (X/S,X) be a proper relative stratified scheme of relative
dimension < n with dim X < d. Assume that

(1) Theorem 7.17 holds in absolute dimension < d — 1.

(2) There is a proper morphism h : Y — X of schemes of finite type over S such that the
fibres of Y — S have dimension < n and Theorem 7.17 holds for (Y/S,%’) where ¥’
is any stratification on Y.

(3) hinduces an isomorphism above a dense open subset U C X.
Then, Theorem 7.17 holds for (X/S, Z).

Proof. Let L’ be a refinement of X such that U and Z := X — U are unions of strata of
X', It is enough to show that Theorem 7.17 holds for (X/S,Z’). Hence, we are left to
prove Lemma 7.23 in the case where U and Z := X — U are unions of strata of X.

Let g : T — S be a quasi-finite dominant map as given by Theorem 7.17 for
(Y/S,h*%). At the cost of pulling everything back to T, we can suppose that (Y/S, h*L)
admits a Betti bound. In that case, we are going to show that so does (X, Z).

By (1) combined with Lemma 7.21, we know that Theorem 7.15 holds in abso-
lute dimension < d — 1. Hence, we are left to show that Z satisfies the condition
(2) of Lemma 7.22. Since U is dense open in X, we have dimZ < dimX = d.
Lets — S be an algebraic geometric point, let A be a finite field of characteristic
¢ # p,let £ € Q[Coh(X)] and let F € Cons(Xg, &, A) extension by 0 of an object of
Consj+5).(Us, A). Since U and Z are unions of strata, F is an object of Consy_(Xs, &, A).
Hence, hi F is an object of Cons«5)_(Ys, (h*E)s5, A). Since hs : Y5 — Xz is an isomor-

phism above Us, the proper base change implies that the unit map
F — Rhg h F

is an isomorphism. Thus,
W (Xs, F) =W (Y5, hiF).
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Hence if (uy, Py) is a Betti bound for (Y/S,h*Z), we deduce
W (Xs, F) < Py min(j2n—j) (Ry(R*E)) - Rkp F .
Hence, Lemma 7.22 is satisfied with p’ = puy o h* and P/ = Py. O

Lemma 7.24. Let f : X — S be a proper morphism of schemes of finite type over k of relative
dimension < n. Then there is a dense open subset V C S and a commutative triangle

Y h s Xy
(7.24.1) \Ql
fv
\%

where h 1 Y — Xy is surjective projective and induces an isomorphism over a dense open
subset U C Xy with h™'(U) dense in Y and g : Y — V projective of relative dimension < n.

Proof. At the cost of shrinking S, we can suppose that S is irreducible with generic
point 1. At the cost of shrinking S further, we can suppose that the generic points of X
lie over n. By the Chow lemma [GD61a, Corollaire 5.6.2], there is a surjective projective
morphism h: Y — X over S such that h is an isomorphism over a dense open subset
U C X with h™'(U) dense in Y and such that Y — § is projective. In particular, for a
generic point & € Y, we necessarily have & € h™!(U). Hence, there is a generic point
v € U specializing on h(&). Thus, h'(v) specializes on & and we get h(&) = v, so that
£ lies over 1 as well. Hence, h™! (U), is dense in Y;,. By [SP23, Tag 0573], there is a
dense open subset V' C S such that for every s € V, the open set (h~T(U))s is dense in
Ys. Thus, for every s € V, we have

dimY; =dim(h ' (U))s =dimUs < n .
The conclusion thus follows. O

Lemma 7.25. Let d > 1 and assume that
(1) Theorem 7.17 holds in absolute dimension < d — 1.
(2) For every n > 0, Theorem 7.17 holds for every projective relative stratified scheme
(X/S, Z) of relative dimension < n with dim X < d.
Then, Theorem 7.17 holds in absolute dimension < d.

Proof. Let n > 0 and let (X/S,X) be a proper relative stratified scheme of relative
dimension < n with dim X < d. At the cost of replacing S by a dense open subset, we
can assume by Lemma 7.24 the existence of a proper morphism h : Y — X inducing an
isomorphism over a dense open subset U C X with h~'(U) denseinYand g:Y — S
projective of relative dimension < n. In particular,

dimY =dimh™'(U) =dimU =dimX < d.

By (2), Theorem 7.17 holds for (Y/S,X’) where X’ is any stratification on Y. Then
Lemma 7.25 follows from Lemma 7.23. O

Lemma 7.26. Let d > 1 and assume that
(1) Theorem 7.17 holds in absolute dimension < d — 1.
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(2) For every n. > 0, Theorem 7.17 holds for every projective normal relative stratified
scheme (X/S, L) of relative dimension < n with dim X < d and S integral affine over
k.

Then, Theorem 7.17 holds in absolute dimension < d.

Proof. By Lemma 7.25, it is enough to show that for every n > 0, Theorem 7.17 holds
for every projective relative stratified scheme (X/S, X) of relative dimension < n with
dim X < d. At the cost of replacing S by a dense open subset, we can assume that S is
irreducible. Let 1 be the generic point of S and let 7 — S be an algebraic geometric
point lying over 1.

Consider the normalization map o : )?%ed — X%ed and the reduction map 5 : X%ed —
Xq. By spreading out o and (37, there is a commutative diagram with cartesian squares

Xged —— vy
CXﬁ o

v

xed —— 7y

0]
B B
Xﬁ > XT > X
for fr lf
% 5 T > S

where T — S is quasi-finite flat with T integral affine over k. Since (7 : X%Ed — Xq
is radicial, finite and surjective, [GD64, Théoreme 8.10.5] implies that at the cost
of shrinking T, we can suppose that 3 is radicial, finite and surjective as well. In
particular, 3 is a universal homeomorphism by [GD64, Corollaire 18.12.11]. Since
oty : X4 — X2ed s finite and an isomorphism over a dense open subset of Uy C X&4

with o (Ug) dense in )N(%ed, we can similarly at the cost of replacing T by a further
quasi-finite flat scheme T’ over T integral affine over k suppose that « is finite and an
isomorphism over a dense open subset of U C Zt with o~ '(U) dense in Y.

To show that Theorem 7.17 holds for (X/S, L), it is enough to show that it holds for
(X7/T, Z1). By invariance of the étale topos under universal homeomorphism, it is
enough to show that it holds for (Z7/T, 3*Zt). By Lemma 7.23, it is enough to show
that it holds for (Y1 /T, L’) where £’ is any stratification on Y. We have

dimYyr =dimoa '(U) = dimU = dim Z7 = dim X7 < dimX < d..

Note that Yt is projective over T of relative dimension < n. Hence, we are left to prove
that for every n > 0, Theorem 7.17 holds for every projective relative stratified scheme
(X/S, L) of relative dimension < n with dim X < d, with S integral affine over k where
Xq is normal. Since S is reduced, at the cost of shrinking S, we can suppose by generic
flatness that X is flat over S. By [GD64, Théoreme 12.2.4] and at the cost of shrinking
S further, we can suppose that the morphism X — S is normal. The conclusion then
follows by assumption (2). O
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Lemma 7.27. Let f : X — S be a projective morphism of schemes of finite type over k with
S irreducible and with geometrically reduced generic fibre of pure dimension n. Let D C X
be a divisor. Then, there is a dense open subset V. C S and a finite surjective morphism
h: Xy — Py, sending Dy to the hyperplane Hy such that h : Xy, — IPY; is finite étale over
Ay, =Py, — Hy.

Proof. At the cost of shrinking S, we can suppose that every generic point of D is
mapped to the generic point 1 of S. By [Ke(05, Theorem 1], there exists a finite surjective
morphism hy, : X;; — PR sending Dy, in a hyperplane Hy, C Py and such that hy : X5 —
IP, is finite étale above Af := IPT} — Hy). At the cost of shrinking S, we can suppose that
the morphism hy, : Xy — P} spreads out as a finite surjective morphism h : X — Py
over S such that h: X — [Ps is finite étale above A := IPY — Hs. Since every generic
point of D is mapped to n and since h, sends Dy in H,, we have D C h~1(Hs).
Lemma 7.27 is thus proved. O

Lemma 7.28. Let n > 0 and let P € IN[x]?™ with P; of degree smaller than min(i,2n — 1)
fori=0,...,2n. Then, there is P' € IN[x]™ with P/ of degree i for i =0, ..., n such that for
everyi=0,...,2n we have P; < Pr’nm(iZn_i).

Proof. For 0 <i<mn,putP/ =x"+P;+ Py . O

7.29. Proof of Theorem 7.15. We argue by recursion on d that Theorem 7.15 holds
in absolute dimension < d. By Lemma 7.21, it is enough to show that Theorem 7.17
holds in absolute dimension < d. If d = 0, the claim is obvious. Assume that d > 1.
By Lemma 7.26, it is enough to show that for every n > 0, Theorem 7.17 holds for
every projective normal relative stratified scheme (X/S, ) of relative dimension < n
with dim X < d and S integral affine over k .

In that case, Xy, is normal. By [SP23, Tag 0357], X, is thus a disjoint union of normal
integral schemes Xj ,,..., X . Fori=1,...,m, let X; be the closure of X; , in X. At
the cost of shrinking S, we can suppose by [SP23, Tag 054Y] that X = Ji*; X;. Note
that for every i # j, the intersection X; N X; does not meet X;. Hence, at the cost
of shrinking S further, we have X = | |; X;. Thus, at the cost of considering the
flx, : Xi = S, we can further suppose that the generic fibre of f : X — S is integral. Let
0 < N < n be its dimension. At the cost of shrinking S, we can also suppose that X is
integral.

Let D C X be a divisor containing the strata of £ of dimension < dimX. By
Lemma 7.27, at the cost of shrinking S, we can suppose the existence of a finite
surjective morphism h : X — PY sending D to the hyperplane Hs such thath: X —
lPSN is finite étale over ASN = lP? —Hs. Puti: Z:= h'(Hg) — X and note that
dim Z < dim X < d. To conclude, it is enough to check that Z satisfies the conditions
of Lemma 7.22. Letj : U:=h"! (ASN) — X be the inclusion. Let 5 — S be an algebraic
geometric point, let A be a finite field of characteristic { # p, let £ € Q[Coh(X)] and
let 7 € Cons(Xz, &, /A) extension by 0 of an object of Consj-5)_(Us, A) = Loc(Us, A),
where the last equality follows from the fact that all the strata of j*Z are open subsets
of U. Since finite direct images are exact, we have

h.(Xgl"F) :h.(]P§N/h§*‘F)
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where hs ., F is the extension by 0 of a locally constant constructible sheaf on AY.
Hence, ‘
W (Xs, F) =0

for0 <j < Nandj>2Nandif 6 > 1is the genericdegreeof h : X — PY, Corollary 6.4
implies that

W (Xs, F) < ban-j(len,(hs. F)) - 8- Rkn F
for N <j < 2N. By Theorem 2.15 applied to hs : Xs — IP5, we have

ICHg(hg*Jr) < lCHg(hg*(jgg/\)) +0- ICZg(f) .

By [HT25a, Corollary 5.8] applied to ]PSN — Sand Hg C ]PSN and to the sheaf h,jiA, we
have furthermore

ley; (hs.jsiA) < lep (hadgmA) -
Put o := [lcy (hasjmA)] € IN. On the other hands, Proposition 7.4 applied to the
normal scheme Xg and to the effective Cartier divisor Zg gives

lez (F) < ¢(T(&)) < pe(€)
where c(T(&5)) is the maximal multiplicity of T(&s) and where pg : Q[Coh(X)] — Q is
defined in Example 7.10. Hence, for N < j < 2N we have
W(Xs, F) < bynoj(o+ 8- ue(E)) - 8- Rk F .

If we put Pj = 0 forj € [0,2n]\ [N,2N] and P; = & - byn—j(ac + 0 - (—)) € NIx] for
N <j < 2N, we have .

W (Xs, F) < Pj(ue(€)) - Rkp F
for 0 < j < 2n. Lemma 7.28 gives the existence of P’ € IN[x]™ with P{ of degree i

fori=0,...,nsuch that foreveryi=0,...,2n we have P; <P r’n in(i2n_i)" Hence, for

j=0,...,2n, we have

W (Xs, F) < Plingan) (1r(€)) - Rkp F .
The proof of Theorem 7.15 is thus complete.
Corollary 7.30. Let (X/S, Z) be a proper relative stratified scheme of relative dimension < n
and let a < b be integers. Then, there is an admissible function p : Q[Coh(X)] — Q and
P € IN[x] of degree n such that for every algebraic geometric point's — S, every finite field A

of characteristic £ # p, every £ € Q[Coh(X)] and every K € D E:ag’b] (Xs, &, \), we have
D WX, K) < P(u(E)) -RkA K.
jez
Proof. Immediate from Theorem 7.15 using the hypercohomology spectral sequence.
U

Corollary 7.31. Let (X/S, L) be a proper relative stratified scheme of relative dimension < n
and let a < b be integers. Then, there is an admissible function p : Q[Coh(X)] — Q and
P € NI[x] of degree n such that for every £ € Q[Coh(X)], every finite field A of characteristic

t # p and every K € Dgl’b] (X, E,\), we have
RkARf*K < P(LL(E)) -Rk/\/C .
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Proof. Immediate by proper base change theorem combined with Lemma 7.6 and
Corollary 7.30. O

Theorem 7.32. Let (X, Z) be a proper stratified scheme of dimension n over an algebraically
closed field k. Then, there is an admissible function p : Q[Coh(X)] — Q and P € IN[x]™ ]
with Py of degree i for i = 0,...,n such that for every finite field A\ of characteristic £ # p,
every £ € Q[Coh(X)], everyj = —, ..., nand every P € Pervs(X,E,A), we have

W (X, P) < Pinmrjn_j) (H(E)) - Rka P .

Proof. For 0 < i < m, let y; : X; — X be the closure of the union of the strata of £ of
dimension at most i. Then, H P is supported on X; and its restriction to X; is an
object of ConsLﬁ s(Xy, GE,N). If (ut, PY) is a Betti bound for (X;, t; ) as in Theorem 7.15,
we thus have

H (X, H'P) < PL,

min

62i5) (W (GE)) - RkA H'P

for every 0 < j < 2i. Consider the admissible function
n
W= Z uto i 1 Q[Coh(X)] - Q.

The hypercohomology spectral sequence reads
HP (X, HIP) = HPTI(X, P) .

Assume that 0 < i < n. Then, the contributions to H™}(X, P) come from H™ (X, H~"™P)
for 0 < m < n—1i. Thus,

3
l

hiXP) < Y WX H TP

2 3
L

IN

P e (LT (U E)) - RkA HH™P

min(m,2i+m)

2 3
L2

IN

P ™(1(E)) -RkA P

3
(u)

Observe that ¢; := Tnll l0 PH™ has degree n — i = min(n —1i,n +1). On the other hand,

the contributions to H'(X, P) come from H™(X, Hi"™P) for i < m < n + 1. Thus,
. n+i .
hY(X,P) < > h™XH ™P)
m=i

n+i

< Ppnlml(mm Zl)mm*i(q;_ie)) Rk HE™P
mfl
TH-l

< Y PHTL(W(E) RkAP.

m=21i
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Observe that f; := Y ™. P;Tf}i has degree n —i = min(n +i,n —1i). Thus, the

admissible function p : Q[Coh(X)] — Q and the sequence

P = (en+fn ..., e0+f0) € Nx™!
do the job. O

Remark 7.33. Theorem 7.32 holds more generally for complexes satisfying the support
condition.

When X is smooth and K is the extension by 0 of a locally constant constructible
sheaf on the complement of an effective Cartier divisor, Theorem 7.32 implies the
following

Theorem 7.34. Let X be a proper smooth scheme of finite type of dimension n over an
algebraically closed field k. Let D be a reduced effective Cartier divisor of X and putj : U =
X —D < X. Then, there exists P € N[x]™"! with P; of degree i for i =0, ..., such that for
every finite field A of characteristic { # p, every j =0, ...,2n and every L € Loc(U, A) we
have

W (W, £) < Pring2n—j) (len(£)) - tka £

Proof. By Poincaré duality, it is enough to consider the analogous statement for ht. Put
Y :={U,D}and letj : U — X be the inclusion. Let (i, P) be a Betti bound for (X, X)
whose existence follows from Theorem 7.15. Since X is smooth over k, Proposition 7.4-2
implies that j;£ has log conductors bounded by (lcp (£) 4+ 1) - Op. On the other hand,

w((lep(£) +1) - Op) = w(Op) - (lep (L) + 1) .
We conclude by using the sequence P(u(Op) - ((—) + 1)) instead of P. O

Recollection 7.35. Let X be a scheme of finite type over a field k of characteristic
p > 0 separably closed or finite and let { # p. Then, for every K € DZ(X,Qy),
there is a finite extension L/Q and an integral representative ¢ = (Kn)m>o for
K. If we put Ay = Or/mf", the sheaf Ky, is an object of ch’ft(X, Am) such that
/\m ®I/“\m+1 ,Cer] ~ ICm.

The following definition upgrades Definition 7.3 to Q-coefficients.

Definition 7.36. Let X be a scheme of finite type over a field k of characteristic p > 0
separably closed or finite and let £ # p. Let K € D2(X,Q,) and £ € Q[Coh(X)]. We
say that IC has log conductors bounded by & if there is a finite extension L/Q, and an
integral representative K¢ = (K1 )m>0 for K such that for every m > 0, the complex
Km € DE (X, Am) has log conductors bounded by £ in the sense of Definition 7.3. We
denote by D?(X, £, Q,) the full subcategory of D¢ (X, Q,) spanned by objects having
log conductors bounded by £.

Remark 7.37. Theorem 7.15, Corollary 7.30, Theorem 7.32 and Theorem 7.34 admit
immediate variants for Q, coefficients with the help of the next lemma.
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Lemma 7.38 ([FW04, Lemma 1.8]). Let X be a separated scheme of finite type over an

algebraically closed field k. For every K € DE(X,Qy) represented by Ko in the sense of
Recollection 7.35, we have

dimp, H™(X, Ko) > dimg H™(X, K] .
foranyn € Z.

Proof. By [Full, 10.1.5,10.1.17], there is a bounded complex M of free O -modules of
finite ranks such that, for any i > 0, the complex M; = M ®q, A; represents RT'(X, K;).
Let 71; be a uniformizer of O;. We take an exact sequence of bounded complexes of
O -modules

0-MI5M—My—0.

Then, for each integer n > 0, we have a long exact sequence
H™ (X, Ko) = HM (M) 15 HY (M) — H™M(X, Ko)

which induces an injection H" (M) ®p, Ag — H™(X, Ky). Hence, for any n € Z, we
have

dima, H*(X, ICp) > dima (H™" (M) ®p, Ao)
> dimg, (H* (M) ®0, Q)
— dimg, (H"(X, X)) .

14

8. Betti numbers of inverse and higher direct images

Recollection 8.1. Let X be a projective scheme of finite type over k and let i : X —
P« (E) be a closed immersion. For 1 < a < rkE, we let ] be a geometric generic
point of Gi(E, a) and let F C IPy(Eq) be the corresponding projective subspace of
dimension a — 1 over 7. Following [SFFK21, Definition 6.3], we define the complexity
toiof K € DY (X, Qy) by

ci(K) = max » W(XgNF, Klxor)
T T jeZ

In particular, we have
D WX K) <calK).
JEZ
Lemma 8.2. Let f : X — S be a projective morphism over k and let i : X — Py (E) be a closed

immersion. For every K € DY (X, Qy), thereis N(K) > 0 such that for every s € S, we have
ci, (Klx,) < N(K).

Proof. This is a direct consequence of the proper base change theorem and the con-
structibility of the higher direct images applied to the families of sections by projective
subspaces.



43

Theorem 8.3. Let (X/S, L) be a projective relative stratified scheme of relative dimension
< nandleti: X — Ps(E) be a closed immersion. Let a < b be integers. Then, there
is an admissible function p : Q[Coh(X)] — Q and P € INI[x] of degree n such that for
every algebraic geometric point's — S, every prime £ # p, every £ € Q[Coh(X)] and every

K e D)[ib](Xg &, Qy), we have
C%UC) < P(u(&)) 'Rk@z K.
Proof. For 2 < v < rk E, consider the commutative diagram

X(E,1) — X

N |
1

Fls(E, 1,1‘) —_— ]PS(E)

]

Gs(E,v) ——

with cartesian upper square where Fls(E, 1, 1) is the universal family of dimension r
projective subspaces of IPs(E). Then, Theorem 8.3 follows from Corollary 7.30 applied
to pXX : X(E,r) — Gs(E, ). O

Observation 8.4. Every continuity from [SFFK21] translates via Theorem 8.3 into some
estimate involving the rank and the wild ramification only.

We formulate below two instances of the above observation.

Theorem 8.5. Let f: Y — X be a morphism between projective schemes over k algebraically
closed. Let X be a stratification on X and let a < b be integers. Then, there is an admissible
function w: Q[Coh(X)] — Q and P € N[x] of degree dim X such that for every prime € # p,

every £ € Q[Coh(X)] and every K € Dga’b} (X, &,Qq), we have

D WY, L) <P(u(€)) -Rkg, K.

jez
Proof. Choose closed immersion i: X < Py(E)and i’ : Y < Py (E’). By Theorem 8.3,
there is an admissible function p : Q[Coh(X)] — Q and P € IN[x] of degree dim X such

that for every prime { # p, every £ € Q[Coh(X)] and every K & Dgf’d} (X, &,0Q,), we
have

¢i(K) < P(u(€)) - Rkg, K.

By [SFFK21, Theorem 6.8], there is an integer C depending only on rk E and rk E’ such
that for every prime { # p and every K € DY(X,Qy), we have

D WY, K) < cp(fK) < C-ci(K).
jeZ

The conclusion thus follows. O



44 H.HU AND J.-B. TEYSSIER

Corollary 8.6. Let f: Y — X be a morphism between projective schemes over k algebraically
closed where X is smooth. Let D be an effective Cartier divisor of X and put U := X — D and
V=Y — (D). Then there is P € (x| of degree dim X such that for every prime £ # p
and every L € Loc(U, Q,), we have

D _hV, L) <P(lep(L)) - kg, £ .
jez
Proof. Letj : U — X be the inclusion. Then, combine Proposition 7.4 and Theorem 8.5

applied to j, L. O

Theorem 8.7. Let (X/S,X) be a projective relative stratified scheme over k algebraically
closed such that S is projective. Let a < b be integers. Then, there is an admissible function
i : Q[Coh(X)] — Q and an increasing function N : Q* x Qt — IN' such that for every

prime { # p, every £ € Q[Coh(X)] and every KC € D;_a’b} (X, &,Qq), we have
D W(S,RU.L) < N(n(€),Rkg, K) .
ijez

Proof. Choose closed embeddings i: X — Py (E) and i’ : S < Py (E’). By Theorem 8.3,
there is a sub-additive function p : Q[Coh(X)] — Q and P € IN[x] of degree dim X such

that for every prime { # p, every £ € Q[Coh(X)] and every K € D Eta’b] (X,&,Qy), we
have

¢i(K) < P(u(&)) -Rkg, K.
By [SFFK21, Proposition 6.24], there is an increasing function M : N* x N* — IN*
such that for every prime ¢ # p and every K’ € D(S, Qy), we have
Y cy(HK') < Mk E, ¢y (K) .
ez
By [SFFK21, Theorem 6.8], there is C > 0 depending only on (X, 1),(S,i’) and X — S
such that for every KC € ch’ (X,Qy), we have
cy(Rfu ) < C-¢i(K).
For every prime £ # p, every £ € Q[Coh(X)] and K € D?’b} (X, &,Qq), we thus have
> WS REK) <Y cu(REK)
j,j/EZ jGZ
< M(rk E/, ey (RfK))
< M(rkE, C-¢i(K))
< M(rkE/, C - [P(1(€)) - Rkg, K1) -
The conclusion thus follows if we put N(x,y) := M(rkE’,C - [P(x) - y]). O

Corollary 8.8. Let f : X — Y be a projective morphism between projective schemes over k
algebraically closed where X is smooth. Let D be an effective Cartier divisor of X and put
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j:U:=X—D <= X. Then, there i_safunction C: Q" x INT — INT such that for every
prime { # p and every L € Loc(U, Qy), we have

D WY, R'jiL) < Cllep (L), kg, L) -
LjeZ

Proof. Combine Proposition 7.4 and Theorem 8.7 applied to j, L. O

9. Relative Hermite-Minkowski for perverse sheaves

Notation 9.1. In this section, IF denotes a finite field of characteristic p > 0 and F an
algebraic closure of IF. Let S be a scheme of finite type over IF. For a closed point s € S,
we denote by [F(s) the residue field of s and put degs := [[F(s), F]. For n > 1, there is
up to isomorphism only one degree n extension of [F(s) that we denote by [F(s),,. We
denote by S, the pullback of S to [Fy,.

Notation 9.2. We fix an isomorphism Q; ~ C. Purity will be understood with respect
to this choice of isomorphism. Let X be a scheme of finite type over a finite field IF. For
P € Perv(X,Q,) and n > 1, we denote by

tP,TL : X(IFTL) — @g
the trace function of P. Reviewed as a complex-valued function via the above choice
of isomorphism Q; =~ C, one can apply to it the usual hermitian product on CXFn)l,

Theorem 9.3 ([SFFK21, Theorem 7.13]). Let X be a geometrically irreducible quasi-projective
scheme of finite type over [F and let i : X — PPg(E) be a closed immersion. Then, there is
C1, Ca > 0 depending only on rk E such that for every prime £ # p, the following hold :

(1) For every P € Perv(X, Q) geometrically simple pure of weight 0, we have
litp 1P 1] < €1 (@) - ci(P)? - F1/2.

(2) For every P, Q € Perv(X, Q) geometrically simple pure of weight 0 not geometrically
isomorphic, we have

<tpitor > < Co-cilQp) - ci(P) - ci(Q) - [F[7/2

The following lemma could be proved by tracking the constants appearing in the
Lang-Weil estimates [LW54]. We propose here a short proof based on [Del80].

Lemma 9.4. Let f : X — S be a proper morphism of relative dimension < d between schemes
of finite type over IF. Then, there is C € IN such that for every closed point s € S, we have

Xs(IF(s))nl < C-[F(s)™.

Proof. Put C := Rk Rf.Q,. By proper base change, for every geometric point s — S and
every 0 <j < 2d, we have

WX Q) < C.
By [Del80], the complex R f*@g is mixed of weight < j. Hence for every 0 <j < 2d and
for every closed point s € S, the eigenvalues of the Frobenius Frs acting on H'(Xs, Q;)
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have weight < j. By the Lefschetz trace formula [Gro77, XIL,XV],[Del77, Rapport], we
deduce that for ever n > 1, we have

Xs(F(s)n)l = Tr(Frl, H* (X5, Q) < 2dC - [IF(s)[™?.
O

Lemma 9.5. Let X be a scheme of finite type over a field and let P € Perv(X,Qy). If P is
simple, then it is supported on some irreducible component of X.

Proof. Immediate from [KW68, Corollary 5.5]. O

The following lemma is a relative variant of [SFFK21, Corollary 7.15]. An inspection
of the proof of loc. cit. shows that it works almost verbatim in the relative setting as
well. We detail why for the sake of completeness.

Lemma 9.6. Let f : X — S be a projective morphism between schemes of finite type over [F
and let i : X — Ps(E) be a closed immersion over S. Then, there is an increasing function
N :R* x NT — INT such that for every prime { # p, every ¢ > 0 and every closed point
s € S, there is up to geometric isomorphism at most N(c, deg s) geometrically simple pure of
weight 0 objects P € Perv(Xs, Q) with ¢; (P) < c.

Proof. If T — S is a quasi-finite morphism where T is of finite type over F, then [SP23,
Tag 055B] implies the existence of a > 1 such that for every closed point t € T with
s =f(t) € S, we have [F(t) : F(s)] < a. In particular,

degt =degs - [F(t) : F(s)] < a-degs.

Hence if there is an increasing function N : R x N* — INT as in Lemma 9.6 for
the pullback fr : Xy — T, for every prime { # p, every ¢ > 0 and every closed point
t € Twith s = f(t) € S, there is up to geometric isomorphism at most N(c, a - deg s)
geometrically simple pure of weight 0 objects P € Perv(Xs, Q) with ¢ (P) < c. Since
S is noetherian, it is enough to show that Lemma 9.6 holds after pullback along a
dominant quasi-finite morphism.

By [SP23, Tag 0551], we can thus assume that S is integral affine with generic
point n and that the irreducible components X, 5, ..., X;; m of the generic fibre X, are
geometrically irreducible. For 1 < 1 < m, let X; C X be the closure of X, ;. At the
cost of shrinking S, we can assume by [SP23, Tag 054Y] that X = U™ X;. At the
cost of shrinking S further, we can assume by [SP23, Tag 0559] that the f|x, : X; — S
have geometrically irreducible fibers. By Lemma 9.5, at the cost of considering the
flx, : X; — S separately, we can assume that f : X — S has geometrically irreducible
generic fibers. At the cost of performing a further quasi-finite pullback, we can assume
that X,, admits a rational point. By spreading out, we can further assume that f : X — S
admits a section. In particular for every s € §, the set Xs(IF(s)) is not empty. By generic
flatness, we can also assume that f : X — S is flat.

Let £ # p be a prime and let s € S be a closed point. By Theorem 9.3 applied to X,
there is an integer Cy depending only on rk E and not on s nor { such that for every

P € Perv(Xs, Q) with ¢i, (P) < candeveryn > 1, we have

bl =1) < €1 e, (@) - e (P2 [F(s) /2 < C -2 272
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where we used Lemma 8.2. Hence, there is ng(c) > 1 increasing as a function of ¢
such that for every n > ny(c), every prime £ # p, every closed point s € S and every
P € Perv(X,, Q) with ¢ (P) < c, we have

3/4 < |ltpnll* <5/4.

By Theorem 9.3 applied to X, there is an integer C3 depending only on rk E and not
on s nor ¢ such that for every P, Q € Perv(X,, Q;) geometrically simple pure of weight
0 and not geometrically isomorphic with ¢;_(P), ci,(Q) < ¢, every n > 1, we have

< tpmton > < Cs-ci,(Qp) - ci, (P) - ¢i,(Q) - [F(s) ™2 < Cq-c?- 2772
Hence, thereisni(c) > 1 increasing as a function of c such that for every n > n(c), ev-
ery prime { # p, every closed point s € S and every P, Q € Perv(X,, Q;) geometrically
simple pure of weight 0 and not geometrically isomorphic with ¢, (P), ci,(Q) < ¢, we
have

|<tpn ton>|<1/2.
Put n(c) := max(ng(c),ni(c)) and let C,d € N as in Lemma 9.4 for f : X — S. By
assumption, for every closed point s € S and every n > 1, we have

1 < [Xs(F(s)n)l < C-[F(s)™.

For m > 1,let N(m) € IN be the maximal number of unit vectors x,y € C™ such that
| <x,y > | < 2/3. By the above discussion, for every prime { # p and every closed
point s € S, there are at most

N(IXs(E(s)n)) < N(C - [E(s)M) = N(C - [F[M/ddes?)
geometrically simple pure of weight 0 objects P € Perv(Xs, Q) with ¢; (P) <c. O

Theorem 9.7. Let (X/S,Z) be a relative projective stratified scheme over IF. Then, there is
a function N : Q[Coh(X)] x Nt x INT — INT such that for every £ € Q[Coh(X)], every
T > 0, every prime £ # p and every closed point s € S, there are up to geometric isomorphism
at most N(E, v, deg s) geometrically simple pure of weight 0 objects in Pervg(Xs, Es,Qy).

Proof. Follows immediately from Theorem 8.3 and Lemma 9.6. O

Remark 9.8. For £ € Coh(X), the function N : Q[Coh(X)] x N* x N* — IN* con-
structed in the proof of Theorem 9.7 is so that the induced function N¢ : Q7 x IN* x
IN* — IN* defined by
Ng(e,1,d) =N(c-&,1,d)
is increasing.
The purity assumption in Theorem 9.7 can be removed at the cost of using the
following consequence of the Langlands correspondence.

Theorem 9.9 ([Dri88, Dri89, Laf02]). Let U be a connected normal scheme of finite type over
IFq. Let £ € Loc(U, Q) and assume that L is simple with finite order determinant. Then L
is pure of weight 0.

Lemma 9.10. Let X be a scheme of finite type over IFq. Then, every simple perverse sheaf on X
is geometrically isomorphic to a simple perverse sheaf which is pure of weight 0.
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Proof. Let P € Perv(X, Q) be a simple perverse sheaf. It is enough to show that there
is a character x : G g @ex such that the twist

X P=p"x®q, P

is pure of weight 0, where p : X — Spec IF is the structural morphism. We can suppose
that X is reduced. By [KW68, Corollary 5.5], the complex P is of the form 1i.j. L[d]
where i:Y — Xis an irreducible closed subset, where j : U — Y is a smooth dense
open subset of dimension d and where £ € Loc(U, Q) is simple. By [Ful1, Corollary
6.5.6], for any character x coming from Iy, we have

Le(X - jLld]) 2 x -1 Lld] ~x-P.

Since i, preserves pure complexes of weight 0 in virtue of [BBDG18, Stabilités 5.1.14],
we can assume that Y = X. By [Del80, Proposition 1.3.4], the sheaf £ admits a twist
X - £ with finite order determinant. Then, Theorem 9.9 applied to x - £ on the smooth
connected scheme U ensures that x - £ is pure of weight 0. At the cost of twisting x - £
further by a character of weight —d coming from IFg, there is a character x coming
from IF; such that x - £ is pure of weight —d. In particular x - £[d] is pure of weight 0.
On the other hand, we have

je(x- Lld]) = x - juLld ~x-P.

Since ji. preserves pure perverse sheaves of a given weight by [BBDG18, Corollaire
5.4.3], the conclusion follows. O

Theorem 9.11. Let (X/S, X) be a relative projective stratified scheme over IE. Then, there is
a function N : Q[Coh(X)] x Nt x NT — INT such that for every £ € Q[Coh(X)], every
T > 0, every prime £ # p and every closed point s € S, there are up to geometric isomorphism
at most N (&, r,deg s) geometrically simple objects in PerVg(Xs, &, Qp).

Proof. Combine Theorem 9.7 and Lemma 9.10. O

10. Appendix : concrete estimates for A}

Lemma 10.1. In the setting of Definition 1.2, we have by(x) = x* + 7x + 9 and for every
n > 3, we have the following inequality of functions on R™ :

n—1
bu(x) < (x+3n=3) [ [(x+3i+1).
j=1

Proof. The equation b,(x) = x% + 7x + 9 is from the definition. In the rest of the proof,
we consider all polynomials with indeterminate x as functions defined in R>. For
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n > 3, we have

n—I1 n—I1 n—I1
bn(x) = (x+2) - bi(x+3) + (x+3)-bilx)+ ) bi(x)
inmoed 2 i—nmnd 2 inmoed 2
n—I1 n—I1
< > (x+2:bix+3)+ ) (x+3)-bilx+3)+ Z bi(x + 3)
rmed 2 i—nmed2 R
n—1 n—1
< ) (x+3)-bix+3)+ ) (x+3)-bi(x+3)
inmnd2 i—nmbd 2
1

Let cp(x) = 1,c1(x) = x be polynomials in Z[x]. For n > 2, we inductively define
cn(x) by

(ch (x+3) > (x+3).

Forn > 1, we see that the coefficients of c¢,,(x) are positive integers and deg(cn(x)) =n.
In particular, we have c;(x) = x2 4+ 7x +12. For n > 3, we have

(ch (x+3) ) (x+3)

:(cn_1(x+3) x+3) (x+3)
n—2 n—2
:((Zci(x—|—6> (x +6) +chx+3) (x+3)
i=0 i=0
n—2
< (Zci(x+6)> C(x+7)(x+3)
i=0
n—2

IN

( ci(x+6)) c(x+6)(x+4) =cnq1(x+3) - (x+4).
i=0

Hence for n > 3, we have cn(x) < (x +3n—3) (x + 3i+1). Notice that by(x) <
co(x),b1(x) < c1(x),ba(x) < ca(x). Suppose that for every 0 < n < k, we have
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br(x) < ck(x). Whenn = k+ 1, we have

K
br(x) = b (x) < (Z bi(X+3)> - (x+3)
=0

k
< (Z ci(x+3)> (x+3) = e (x) = ealx).
i=0

By induction, we have by (x) < cn(x) for every n > 0. Hence for every n > 3, we have

n—1
bn(x) < cn(x) < (x+3n—3) ] [(x+3i+1).
i=1
U
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