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1. INTRODUCTION

Given an algebraic flat bundle (E, V) on C\ {P,..., Py}, several algebraic structures
arising from its flat sections can be defined. The most basic one is the monodromy represen-
tation, obtained by analytic continuation of the flat sections along loops in C\ {Py, ..., Pn}.
A more sophisticated algebraic structure governing the asymptotic behaviours of the
flat sections near the P; was discovered by Stokes [24] and formalized by Deligne and
Malgrange [8, 2] by means of Stokes filtered local systems. See also [23, 5] for alternative
viewpoints in dimension 1. In a punctured neighbourhood of P;, a Stokes filtered local
system consists in a local system L whose germs are filtered by an ordered set varying in
a constructible way. In a nutshell, L encodes the flat sections of (E, V) and the filtrations
pertain to their growth order when approaching P;. Stokes filtered local systems were
discovered by Mochizuki in any dimension [17].

During the quest for derived moduli for higher dimensional Stokes filtered local
systems [21], we realized that they could be viewed as particular functors that we called
Stokes functors and that we describe now in more detail. Let X be a complex manifold
admitting a smooth compactification. Let D be a normal crossing divisor in X and put
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U =X\ D. Let t: X — X be the real-blow up along D and j: U — X the inclusion. Let
J C Ox(*D)/Ox be a good sheaf of irregular values in the sense of [17]. A point x € X
with 7t(x) € D can be thought of as a line passing through 7t(x) and a section of 7t*J near
x as a meromorphic function defined on some small multi-sector emanating from 7t(x).
For two such sections a and b, the relation

a <4 bif and only if e%? has moderate growth at x

defines an order on the germs of 7*J at x. This collection of orders upgrades 7t*J
into a sheaf of posets that turns out to be constructible for a suitable choice of finite
subanalytic stratification P of X. Then, the topological exodromy equivalence from [15, 20,
25, 12] converts 7t*J into a functor 1T, ()~(, P) — Poset from the co-category of Exit Paths
TIOOON(, P) attached to ()?, P). By design, the objects of ﬂoo(%, P) are the points of X and
the morphisms between two points x and y can be thought of as continuous paths
v: [0,1] — X such that y((0,1]) lies in the same stratum as y. Via the Grothendieck
construction, the functor ﬂoo(f(, P) — Poset corresponds to a cocartesian fibration in
posets Z — TToo (X, P). In this language, Stokes filtered local systems are special functors
F: 7 — & where € is the category of C-vector spaces. A substantial part of the present
work is devoted to the co-categorical analysis of the two conditions that make these
functors special.

Splitting condition. This condition is punctual. For x € X, let Z, € Poset be the fibre of
T — Moo (X, P) above x and consider the restricted functor Fy: Z, — &. Let iz I8t — I,
be the underlying set of Z. Let iz, ,: Fun(Z:, £) — Fun(Zy, &) be the left Kan extension
of if,x : Fun(Zy, £) — Fun(Z:, £). Then F, is requested to lie in the essential image of
iz, 1. Unravelling the definition, this means that there is V: Z¢* — & such that for every
a € 7, we have

Fe(a) ~ @ V(b).

b<ainZ,

Induction condition. If y: x — y is an exit path for (X, P), it pertains to a prescription
of Fy by Fy via y referred as induction in [18]. If y: Z, — Z, is the morphism of posets
induced by v: x — y and if y,: Fun(Z,,£) — Fun(Zy, £) is the left Kan extension of
the pull-back y*: Fun(Z,,&) — Fun(Z, £), Mochizuki’s condition translates purely
categorically into the requirement that the natural map v,(Fx) — F is an equivalence.

The splitting and induction conditions have purely categorical formulations. This
motivates the following

Definition 1.1. Let A’ be an co-category. Let Z — X be a cocartesian fibration in posets.
Let £ be a presentable co-category. A Stokes functor is a functor F: Z — & satisfying the
splitting and induction conditions. We denote by Stz ¢ C Fun(Z, £) the full subcategory
spanned by Stokes functors.

Working in a purely abstract co-categorical context rather than just with the cocartesian
fibration Z — T, (X, P) is a necessity rather than a luxury. Indeed, most arguments
needed to construct the derived moduli of Stokes filtered local systems in [21] take place
outside the initial framework of (X, D,Z). One thus needs a robust theory encompassing
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all geometric situations encountered in [21], which leads naturally to Definition 1.1.
From this respect, the present work is the minimal requirement for the proofs of [21] to
make sense.

One major obstacle to work co-categorically is to make sense of the induction condition
in a sufficiently synthetic way to minimize the amount of co-categorical data required for
its check. This is achieved through the specialization formalism developed in a first part
of the paper. The gains with this purely co-categorical approach are streamlined proofs
of crucial properties for Stokes functors: preservation under cartesian pull-back and
induction over a fixed base (Corollary 5.3.4), invariance under localization of the base
(Proposition 5.3.5), preservation under graduation (Proposition 6.4.9), explicit descrip-
tion when X has an initial object (Proposition 5.2.5), spreading out (Corollary 4.8.10),
compatibility with tensor product in Pr" (Proposition 5.6.5), categorical actions of local
systems (Corollary 5.8.5), Van Kampen (Proposition 5.5.1) and existence of t-structures
(Proposition 5.7.11).

Beside these structural results, let us highlight two theorems playing a crucial role in
[21]. Assume that X C C™ is a polydisc with coordinates (z,y) = (z1,...,2z1, Y1, ..., Yn_1)
Let D be the divisor defined by z; ---z; = 0. Let I C Ox(*D)/Ox be a good sheaf of
irregular values. A classical dévissage in the theory of Stokes data is by means of the
levels of I C Ox(*D)/Ox, that is the pole orders of the differences between the sections
of J. By design of a good sheaf of irregular values, there is a sequence

(1.0.1) m0)<m(l)<---<m(d) =0

in Z' such that for every k =0, ...,d — 1, the vectors m(k) and m(k + 1) differ only by 1
at exactly one coordinate and every ord(a —b) for a,b € J(X) distinct appears in this
sequence (such a sequence is referred to as an auxiliary sequence in [18, §2.1.2]). Fix
k=0,...,dand put

7% = Im(J — Ox(*D)/z™M Ox) .

Then, the chain of constructible sheaves on (X, D)
J=94 5997 4. 590 =«
induces a chain of P-constructible sheaves in finite posets over X
) =% 5 g4 oS 0 =«
which in turn induces a chain of cocartesian fibrations in finite posets on T, (X, P)
(1.0.2) IT=7%57%" 5 ... 57 =«.
The following definition is an axiomatization of the features of this chain :

Definition 1.2. Let A be an co-category and let p : Z — J be a morphism of cocartesian
fibrations in posets over X'. We say that p: Z — 7 is a level morphism if it is essentially
surjective and for every x € X and every a,b € Z,, we have

pla) <pd)inJy=a<binZ,.
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If we consider the fibre product : 7, .= J set x gL —=J set the classical level dévis-
sage is traditionally used to reduce the study of Z — X to thatof 7 — X and Z, — X.
This is effective since the level morphisms from (1.0.2) are so that 7 has less objects than
7 while Z,, comes with extra favorable properties. In this work, we provide a purely
categorical explanation for the level dévissage :

Theorem 1.3 (Theorem 7.2.1). Let X be an co-category and let p: Z — J be a level graduation
morphism of cocartesian fibrations in posets over X. Let € be a presentable stable oco-category.
Then, there is a pullback square

Sl‘I,g — St T.E

J J

StIp,g — Stjset’g

in CATs.

Theorem 1.3 is our main tool in [21] to reduce statements on Stokes filtered local
systems to plain local systems.

One of the key result of [21] is the presentability of Stz ¢ for £ presentable stable in
the situation coming from flat bundles. By Ragimov-Schlank’s co-categorical reflection
theorem [22], presentability is a consequence of the fact that Stz ¢ is stable under limits
and colimits in Fun(Z, £). This may seem miraculous since both the splitting and induc-
tion conditions are not stable under limits and colimits already over a point. To leverage
Ragimov-Schlank’s theorem using the level induction dévissage from Theorem 1.3,
a prerequisite is to show that the graduation and induction functors from Section 2
and Section 6 commute with limits. This is not granted since both functors are left
adjoints and have in general no reason to be right adjoints as well. By Proposition A.2.3,
this is nonetheless true when the total space Z of the cocartesian fibration in posets
I —Tls (X, P) is compact. To check compactness, we prove the following

Theorem 1.4 (Theorem A.1.2). Let X be an co-category and let A — X be a cocartesian
fibration. Assume that X is compact and that for every x € X, the fiber Ay is compact in Cato.
Then A is compact in Cats, as well.

In the situation coming from flat bundles, the fibres of Z — TT, ()N(, P) are finite posets,
which are automatically compact. On the other hand, the compactness of My (X, P)
follows from a result obtained by the authors in collaboration with P. Haine in [12,
Theorems 0.4.2 & 0.4.3]. It can be seen as a stratified generalization of theorems of
Lefschetz-Whitehead, Lojasiewicz and Hironaka on the finiteness of the underlying
homotopy types of compact subanalytic spaces and real algebraic varieties.

Linear overview. In Section 2, we start by recalling the exponential construction as
an oo-functor. In Section 3, we refine our analysis of the exponential construction
via the specialization equivalence. In Section 4 and Section 5, we separately study the
property of being cocartesian and punctually split. This leads to the basic functorialities
of the oco-categories of Stokes functors (see Corollary 5.3.4) and to their fundamental
properties such the invariance by localization (see Proposition 5.3.5), Van Kampen (see



HOMOTOPY THEORY OF STOKES DATA 5

Proposition 5.5.1) and the existence of t-structures (see Proposition 5.7.11). In Section 6
and Section 7, we develop the theory of graduation and the notion of level structure.
We study the compatibility of the graduation procedure with Stokes functors and the
interaction with their basic functorialities. Theorem 7.2.1 is in many ways the crucial
result of this section, establishing the categorical basis of the level induction technique
used in [21].

The remaining part is essentially intended as an appendix. It turns out that the
language of the specialization equivalence is a powerful categorical tool that allows
to prove structural results on cocartesian fibrations. In Theorem A.1.2, we establish a
local-to-global principle for compactness of the total space of a cocartesian fibration. In
Theorem B.2.1, we give a new and model-independent proof of Hinich’s theorem [13].
Finally, we introduce in Section C and Section D the notion of finite étale (cocartesian)
fibration. This notion plays a crucial role in the proof of the retraction lemma (see
Corollary 5.8.6) that allows to treat ramified Stokes structures in [21].

Acknowledgments. We are grateful to Enrico Lampetti, Guglielmo Nocera, Tony Pantev,
Marco Robalo and Marco Volpe for useful conversations about this paper. We especially
thank Peter ]J. Haine for fruitful collaborations on the exodromy theorems. We thank
the Oberwolfach MFO institute that hosted the Research in Pairs “2027r: The geometry
of the Riemann-Hilbert correspondence”. We also thank the CNRS for delegations and
PEPS “Jeunes Chercheurs Jeunes Chercheuses” fundings, as well as the ANR CatAG
from which both authors benefited during the writing of this paper.

2. COCARTESIAN FIBRATIONS AND THE EXPONENTIAL CONSTRUCTION

We first review some co-category theory that has been developed in the companion
paper [19]. We need this technology for two reasons: (i) to provide a streamlined
definition of the category of Stokes stratified spaces, and (ii) to show that we can functorially
attach to every Stokes stratified space a constructible sheaf of co-categories, whose global
sections is exactly the associated co-category of Stokes structures.

2.1. Dual fibrations. Following the companion paper [19] we introduce the co-category
CoCart. We start from the cartesian fibration

t: Cath]> = Fun(A', Cat.,) — Cato,

sending a functor A — X’ to its target co-category. We then pass to the dual cocartesian
fibration, in the following sense:

Definition 2.1.1. Let p: A — X be a cartesian fibration and let Y 4: X°P — Cat,, be its
straightening. The dual cocartesian fibration p*: A* — X°P is the cocartesian fibration
classified by Y 4.

Recollection 2.1.2. In the setting of the above definition, recall from [4] that objects of
A* coincide with the objects of .4, while 1-morphisms a — b in A* are given by spans

u v
a«——c—b

where u is p-cocartesian and p(v) is equivalent to the identity of p(b).
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We let
B: Cat!* — Cat
be the cocartesian fibration dual to t. Specializing Recollection 2.1.2 to this setting, we

see that objects of Catgc],* are functors A — &, and morphisms f = (f,u,v) from B — Y
to A — X are commutative diagrams in Caty, of the form

B—— By — A

(2.1.3) J J /

Y _x

where the square is a pullback. With respect to this description, B sends 4 — X to its
target (or base) X', and a diagram as above defines a B-cocartesian morphism if and only
if v is an equivalence.

We define CoCart to be the (non-full) subcategory of Cat)* whose objects are cocarte-
sian fibrations, and whose 1-morphisms are commutative diagrams as above where v
is required to preserve cocartesian edges. In this way, CoCart becomes a cocartesian
fibration over Catok such that CoCart — Cat!'* preserves cocartesian edges. Notice that
the fiber at X € Catg coincides with the co-category CoCart,y. We will also need a
couple of variants of this construction:

Variant 2.1.4. We let PosFib C CoCart be the full subcategory spanned by those cocarte-
sian fibrations A — X whose fibers are posets.

Variant 2.1.5. Let CAT,, be the co-category of large co-categories and consider the
following fiber product:

C = Fun(A', CAT,) X car,, Catos ,
where we used the target morphism t: Fun(A'!, CATs,) — CATo. In other words, objects
in C are morphisms p: 4 — X where X" is a small co-category and the fibers of p are
not necessarily small co-categories. The induced morphism t: C — Caty, is a cartesian
fibration. Inside the dual cocartesian fibration C*, we define COCART as the subcategory

spanned by cocartesian fibrations and whose 1-morphisms are diagrams (2.1.3) where v
preserves cocartesian edges.

Variant 2.1.6. We let PrFib" C COCART be the subcategory spanned by cocartesian
tibrations with presentable fibres and whose 1-morphisms are diagrams (2.1.3) that are
morphisms in COCART such that for every x € &, the induced functor vy : Bf(x) — A, is

amorphism in Pr, i.e. is cocontinuous. PrFib" is the co-category of presentable cocartesian
fibrations [19, §3.4].

Recollection 2.1.7. Both CoCart and PrFib" can be promoted to Catos-families of sym-
metric monoidal co-categories CoCart® and PrFib™®, in the sense of [19, Definition A.1].
Concretely, this provides for every X' € Catos a symmetric monoidal structure on the
fiber CoCarty and PrFibI)} of B: CoCart — Catcf and B: PrFib" — Catcl. Invoking the
straightening equivalence [14, Theorem 3.2.0.1], we find canonical identifications

(2.1.8) CoCarty ~ Fun(X, Caty) and PrFib% ~ Fun(X,Prl).
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Under these equivalences, the above symmetric monoidal structures correspond to those

induced respectively by the cartesian product on Cat,, and the tensor product on Pr" as
defined in [15, §4.8.1].

2.2. Exponential construction. Fix a presentable co-category £.

Construction 2.2.1. Let p: A — X be a cocartesian fibration. Let Y 4: X — Cat,, be its
straightening and consider the functor

Fun (Y 4(—),&): X — Prt,
where Fun, denotes the functoriality given by left Kan extensions. We write
expe(A/X) = &

for the presentable cocartesian fibration classifying Fun, (Y 4(—), £). We refer to expz (A/ X')
as the exponential fibration with coefficients in £ associated top: A — X.

Example 2.2.2. Assume that X’ = x is the category with one object and one (identity) mor-
phism. Then CoCarty ~ Caty, and PrFib% ~ Prl. In this case, expg(A) ~ Fun(A,&).

Example 2.2.3. Assume that X = A', so that we can represent ® 4 as a single functor
f: Ag — Ajy. In this case, the functor Fun (Y 4(—),&): A' — Prt is identified with the
functor

fi: Fun(Ay, &) — Fun(A4, &),
where f; denotes the left Kan extension along f. Therefore we can understand exp,(A/A')

as the presentable cocartesian fibration over A! whose objects are pairs (F,1) wherei € A!
and F: A; — £ is a functor. Besides, using [14, Proposition 2.4.4.2], we deduce that

MapFun(AO,g) (F,G) ifi=j=0,
Mapg, 4,6 (fi(F),G) ifi=0andj=1,
Mapga,e)(FG)  ifi=j=1,
@ ifi=1andj=0.

Mapexpg(A/A])((F/ 1)/ (G/J)) =

Finally, a morphism (F,0) — (G, 1) in exp¢(A/ A') is cocartesian if and only if the
induced morphism f|(F) — G is an equivalence.

Example 2.2.4. Combining the previous two points with the general properties of the
straightening equivalence, we deduce that for any morphism y: x — y in X the fibers
of expg(A/X) at x and y are canonically identified with Fun(Ay, £) and Fun(Ay, £),
and a morphism «: F — G in exp;(A/X) lying over v is cocartesian if and only if for
any choice of a cocartesian straightening f, : A, — Ay of v, « exhibits G as left Kan
extension of F along f,.

It follows from [19, Variant 3.20 & Remark 3.21] that Construction 2.2.1 can be canoni-
cally promoted to an co-functor

expg: CoCart — PrFib" .
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Let us spell out the functoriality of exp, in more concrete terms. With respect to mor-
phisms in CoCart as in (2.1.3), we will use the following notation:

(2.2.5)
B*— By Y- A expe(B/Y) A expe(By/X) LN expg(A/X)
J J / e& J J /
Yet— X Y ! X

We refer to the functor £ as the exponential induction functor.

Proposition 2.2.6. With respect to (2.2.5), we have:
(1) the functor E*: expg(Bx/X) — expe(B/Y) makes the the right square a pullback;
(2) the functor EY preserves cocartesian edges.
In particular, exp takes B-cocartesian edges in CoCart to B-cocartesian edges in PrFib".
Proof. Statement (1) simply follows unraveling the definitions, as in [19, Lemma 3.8].

Statement (2) is automatic from the definition of morphisms in PrFib", but the reader
should observe that for fixed X € Caty, the induced functor expg y: CoCarty —

PrFibY is precisely given by Construction 2.2.1. In other words, £ is the unstraightening
of the natural transformation

Funy (Y, (=), €) = Funy(Y4(-), €)

induced by left Kan extension along the natural transformation Y,: Yz, — Y 4. There-
fore, £ preserves cocartesian edges by construction. O

Corollary 2.2.7. Consider a commutative diagram in CoCart
By s
u

N/

whose diagonal squares are pullback. Then, the squares of the commutative diagram

Ay
B

A

u
v
X

vy
expg(By/Y) expg(Ay/Y)
\ EuB / gua
NY% < expg(B/X expe(A/X)

\)X/

are pullback.
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Via the identifications of the fibres of the exponential fibration supplied by Exam-
ple 2.2.2, Corollary 2.2.7 specializes to

Corollary 2.2.8. In the situation from Corollary 2.2.7 where Y is an object x € X, the squares
of the commutative diagram

Fun(B,, &) Fun(A,, &)
/
\\/} \y)
* expe(B/X) ' expg(A/X)

\\X/

are pullback, where vy, is the left Kan extension along vy: Ax — B.

Recollection 2.2.9. Assume that £ has an additional symmetric monoidal structure £%.
Then [19, Example 3.22] shows that exp, admits a natural extension

exp.: CoCart® — PrFib™“®
to a Cat-lax symmetric monoidal functors, in the sense of Definition A.3 in loc. cit.

2.3. Section functors. Given a cocartesian fibration A — X we can associate to it two
different co-categories:

Tx(A/X) =Fun,x(X, A) and IR A/ X) = Fun%™ (X, A) .

These are respectively the co-categories of sections and of cocartesian sections. It follows
from [19, Corollary 3.23 & Variant 3.24] that these constructions promote to global
functors

¥, yocart. CoCart — Caty, X Caty  and %, £ prFibt — Prt x Catk .

The same considerations of loc. cit. shows that the same holds for COCART in place of
CoCart.

Remark 2.3.1. The functor Zf{,’cart: PrFib" — Prt admits a monoidal left adjoint Triv y : Prt —

PrFib" informally given by £ — (£ x X')/X. In particular, given an object A — X of
PrFib" and &, £’ € Prt, we have

expe(A/X) ®x Trivy(E') ~ eXPeger(A/X) .

Notation 2.3.2. Often we will also write £ and Z<'* for the induced functors PrFib" —
Prl and its variants obtained composing the above functors with the canonical projection
Pr" x Catf — Pr-.

The subtlety here is in the great amount of functoriality encoded in ¥ and e
To fix ideas, let us discuss the case of PrFib" and the functor ¥ cocart although similar
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considerations will apply to both CoCart and COCART in place of PrFib" and £ in place
of Ycocart Morphisms in Prl are commutative diagrams of the form

B«*— By 4 A

N

y 1 x

where the square is a pullback and v preserves cocartesian edges. Applying %, this
diagram is sent to the composition

Funcocart( y B) Funcocart( X BX) Funcocart( X .A)

Concretely, u* takes a cocartesian section s: ) — B, considers the composition s o f
and applies the universal property of pullbacks to produce a section u*(s): X — By of
By — X. An immediate check reveals that this is again a cocartesian section, so that u*
is in fact well defined. On the other hand, v o — takes a cocartesian section t: X — By to
the composite cocartesian section vo t: X — A. That these operations can be performed

oo-functorially in PrFib" is precisely the content of [19, Corollary 3.23].

We will often be interested in taking sections of exponential constructions. The
following result is essentially a consequence of the theory of lax limits developed in [10]:

Proposition 2.3.3 (See [19, Proposition 4.1]). Let & be a presentable oo-category and let
A — X be a cocartesian fibration. There are canonical equivalences

Fun(A, &) ~ Zy(expe(A/ X)) ~ Fun,x (X, expg(A/ X)) .

Warning 2.3.4. If instead of applying Ly we use L™, we obtain a full subcategory
Fun®®@( 4, £) of Fun(A, £). We refer to objects in Fun®“( 4, £) as cocartesian functors.
We will provide a in Proposition 4.2.3 a characterization intrinsic to Fun(.A, £) of what it
means for a functor F: A — £ to be cocartesian.

3. THE SPECIALIZATION EQUIVALENCE

3.1. Global functoriality statements. Fix a cocartesian fibration p: A — X as well as a
presentable co-category £. Write

pe: expg(A/X) = X

for the structural map of the exponential construction of p. Recall from Proposition 2.3.3
that there is a canonical equivalence

(3.1.1) sp‘g(/p: Fun(A, &) ~ Fun,x (X, expg(A/ X)),

which we refer to as the specialization equivalence. When X and £ are clear out of the
context, we will use the notation sp , (or even just sp) instead of sp5 .
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The right hand side of (3.1.1) is functorial in p: A — X with respect to the morphisms
in CoCart. Explicitly, this means that to every morphism (2.1.3)

1

one can first apply exp.: CoCart — PrFib" to obtain the morphism

«—

expe(B/Y) L expg(By/X) L expg(A/X)

N

Yy X

and then apply the section functor Z: PrFib" — Pr to obtain the composition

Fun,y (Y, exps(B/Y)) =, Fun,y (X, expg(By /X)) RN Fun,y(X,expg(A/ X)) .

We defer to [19] for the justification that these operations can be performed in an oo-
functorial way. The goal of this section is to explain how this functoriality interacts
with the specialization equivalence. More precisely, observe that applying (3.1.1) to
every term in the above composition, we obtain respectively Fun(B, £), Fun(By, £) and
Fun(A, £). The following is the main result of this section:
Proposition 3.1.2.

(1) There exists a canonically commutative square

Fun,y (Y, expg(B/Y)) N, Fun,y (X, expg(By /X))
(3.1.3) JSpB JSPBX
Fun(B, €) v Fun(By, &),

providing a canonical identification L(EY) ~ u*.
(2) There exists a canonically commutative square

Fun, ¢ (X, expe (Ba /X)) s Fun, ¢ (X, expe(A/ X))

(3.1.4) [Py [P
Fun(By, &) v Fun(A4, &),

providing a canonical identification L(E)) ~ vy.

Before starting the proof, let us record a couple of handy consequences. First, recall
from Corollary 2.2.8 that the fiber of exps(A/X) at x € X is canonically identified
with Fun(Ay, £). In particular, this means that for a functor F: A — &, the value of its
specialization sp F at an object x € X is a functor

(spF)x: Ax — &
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We have:

Corollary 3.1.5. Let jy: Ax — A be the natural inclusion. Then there is a canonical identifica-
tion
(spF)x >~ jx(F).
In particular, for every a € A we have a canonical identification
(Sp F)p(a)(a) ~ F((l) ef.
Proof. The pullback square

A ——

A
L]
:

X

X

defines a morphism from A4 — X to Ay — = in CoCart. It is then enough to apply
Proposition 3.1.2-(1) to this morphism. O

Corollary 3.1.6. Consider a commutative diagram in CoCart
v
Y Ay
X

whose diagonal squares are pullback. Let £ be a presentable co-category. Then, the squares

By

Fun(By, &) —2— Fun(Ay, &) Fun(By, £) - Fun(B, &)
s o ;
Fun(B,£) «——— Fun(A4,€&) Fun(Ay,&) «—— Fun(A4,€)
v Uy

are respectively horizontally left and right adjointable.

Proof. It is enough to prove the left adjointability statement, which follows by applying
the section functor to the commutative diagram

vy
expg(By/Y) : expg(Ay/Y)
\ EuB / EUA
y < expg(B/X) al expg(A/X)

\X/

supplied by Corollary 2.2.7 and then invoke Proposition 3.1.2. O
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3.2. Some categorical calculus. As a preliminary for Proposition 3.1.2, we revisit and
extend part of the content of [11].
Recollection 3.2.1. Let f: X — ) be a functor of co-categories. The pullback
f* =X xy—: Caty,y — Caty, vy
preserves (co)cartesian fibrations and therefore it gives rise to functors
f*: Carty — Carty and  f*: CoCarty — CoCarty .

Under the straightening equivalences, we see these functors admit both a left and a right
adjoint, denoted respectively

T, f: Carty — Carty and T¢, fi¢: CoCarty — CoCarty .
Recall the following standard notation in category theory:

Notation 3.2.2. Let X be an co-category. We write Tw(X’) for the associated co-category
of twisting arrows, see [15, §5.2.1] and A: Tw(X) — & x X°P for the right fibration
constructed in [15, Proposition 5.2.1.11]. Given a functor

F: X x X°P = Cat, ,

X
JF and JF
X

for the coend and the end of F, i.e. for the colimit and the limit of the composite

we respectively write

Tw(X) 5 X x X 5 Cat,, .
Notation 3.2.3. Write ty: X x X°P — X and 7ty : X X X°P — X°P for the canonical
projections. Given two functors
F: X — Caty and G: X°P — Cat ,
we write FX G for the functor
FX G =7 (F) X yop (G) .
When A — X is a cocartesian fibration and B — X is a cartesian fibration, we write

X X
J A@B::J YA@YB and J

A@B:zj YAﬁYB.
X X

To state the first fundamental result, we need to introduce one final notation:

Notation 3.2.4. Let X’ and £ be two co-categories. For A — X a cartesian fibration, write
Y 4: X°P — Cate, for its straightening and £ for the cocartesian fibration classifying the
functor

Fun(Y 4, &): X — Caty .
Similarly, for a cocartesian fibration B — A, write Y3: X — Cat, for its straightening
and &5 for the cartesian fibration classifying the functor

Fun(Ypg,£): X°P — Cat,, .
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Notice that given a functor f: JJ — X, there are canonical equivalences

(3:2.5) FEA~ gl and B~ gl

cc —
Lemma 3.2.6. Let f: X — Y be a functor of oo-categories.

(1) For B — X a cartesian fibration and A — ) a cocartesian fibration, there is a canonical
equivalence

Y X
J ARF(B) ~ J FA)RB.
(2) For B — X a cocartesian fibration and A — Y a cartesian fibration, there is a canonical

equivalence
X

JyA&ffc(B) :J F(A)RB.

Proof. To prove (1), it suffices to fix £ € Cat, and observe that there is the following
chain of natural equivalences:

Yy
Mapc,,_ (J ARF(B),€) = L; Mapcy (Y4B Y5, )

~ Jy Mapc,, (Yee(s), Fun(Y 4,€))

> Map,y, (f5(B), £5) By [11, Prop. 6.9]
~ Mapc,y, (B, EN)
>~ Mapc,y, (B, glAl By eq. (3.2.5)

~ L{ Mapgy (Y, Fun(Yp.(4), €))

~ Mapc,, (JX (A X B,E) ,

so the conclusion follows from the Yoneda lemma. As for (2), it follows by the same
argument, using £ instead of £ and working in CoCarty, instead of in Carty. O

Next, recall the following:

Theorem 3.2.7 ([11, Theorem 4.5]). Let X be an co-category. The forgetful functor
Uy: Carty — Catoo/X
admits a left adjoint Fy.

Remark 3.2.8. Given a functor f: Y — &, we refer to Fy (f) as the free cartesian fibration
over X generated by f. It follows from the explicit description provided in [11, Definition
4.1 & Remark 4.4], that Fy satisfies the following two conditions:

(1) when f = idy, Fx(idy) = X", and the structural map is evy: X — X. In other
words, Fy(idy) classifies the functor

X,/: X — Catoo .
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(2) For a general f: JJ — X, one has the following commutative diagram

F(f) — &1 ——

y—-x

where the left square is a pullback and where the top horizontal composition is
the structural map of the cartesian fibration Fy (f).

Lemma 3.2.9. Let f: X — Y be a functor of co-categories. Then there is a canonical equivalence
fi(Fy(idx)) ~ Fy(f)

in Carty.

Proof. Indeed, for every cartesian fibration B — ), we have:

Mapc,,,, (fi(Ex(idx)), B) >~ Mapc,,  (Fx(idx), f(B))
~ Map/X(X,f*(B))
~ Map (X, B)
~ MapCarty(Fy(f),B) ,

so the conclusion follows from the Yoneda lemma. O

Finally, observe that [11, Proposition 7.1] can be rewritten as follows:
Corollary 3.2.10. Let X' be an oo-category and let A — X be a cocartesian fibration. Then

there is a canonical equivalence

X
.A EJ AXF/\{(ICL\()

in Cat.

3.3. Exponential pullback vs. global pullback. Before proving Proposition 3.1.2-(1),
let us revisit the proof of the equivalence (3.1.1) in terms of the categorical calculus we
just introduced.

Recollection 3.3.1 ([19, Proposition 4.1]). Fix a cocartesian fibration p: A — X and
a presentable co-category £. Using the equivalence Prt ~ (PrR)°P, we see that the
presentable fibration expg(A/X) — X is at the same time a cocartesian and a cartesian
fibration. Seen as a cartesian fibration, it classifies the functor

Fun(Y 4, &): X°P — PrR.



16 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

We use this second description to compute the sections of exp, ,,(A). Then the special-
ization equivalence sp , is identified with the following composition of equivalences:

Fun, y (X, expg(A/ X)) ~ Fun?y (Fx(idx), expe(A/ X))

o~ J Fun(X_,,Fun(Y 4,€)) By [11, Prop. 6.9] & Rem. 3.2.8
X

X
~ Fun (J ARFylidy),€)
~ Fun(A4, &) By Cor. 3.2.10.
We are now ready for:
Proof of Proposition 3.1.2-(1). Fix a pullback square
B—— A
(3.3.2) J l
X —1oy

where the vertical functors are cocartesian fibrations. Recall from Proposition 2.2.6-(1)
the canonical equivalence

F(expg(A/Y)) ~ expg(B/X)
We therefore obtain a canonical equivalence
Ly(expg(B/ X)) =Fun, (X, expe(B/ X))
~ Fun,y(X,expc(A/Y))
~ Func/ajr,t(Fy(f),eng(A/y)) .

Similarly,
Zy(expg(A/Y)) ~ FunFy(Fy(idy), expg (A/Y)) .
Since idy is the final object in Cat,,y, we find a canonical map

Xf: Fy(f) — Fy(idy)

in Carty between free cartesian fibrations, and unwinding the definitions we find that
the sections of the exponential pullback X(£") are canonically identified with the functor

of : Fun%y! (Fy(idy), expg(A/Y)) — Funy (Fy(f), expe (A/ V) .

Applying the same chain of equivalences of Recollection 3.3.1, we find a canonical
identification of «f with the map

Fun (Jy A &Fy(idy),g) — Fun (Jy AxFy(f),g)

induced by pullback along the canonical map

Yy y
Bfi A ZJ A&Fy(idy) —>J A@Fy(f)
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constructed out of a¢. Recall now from Lemma 3.2.9 that there is a canonical equivalence
Fy(f) =~ f{(Fx(idx)),
so that Lemma 3.2.6 and Corollary 3.2.10 supply a canonical identification

Yy y X
J Ang(f) ZJ A&ff(Fx(id)()) ZJ f*(.A) &F/y(id/y) ~ B .

Unwinding the definitions, we see that (3 is identified with u, whence the conclusion.
|

3.4. Exponential induction vs. global induction. We now deal with Proposition 3.1.2-
(2). Fix an co-category A and consider a morphism

B\;/A

in CoCarty. Applying exp.(—/X'), we find the morphism

v

expg(B/X) expe(A/X)

N

in PrFib%.
Lemma 3.4.1. The functor £ admits a right adjoint

EV i expe(A/X) — expe(B/X)
relative to X.

Proof. Since both exp¢(A/X) and expg(B/X) are cocartesian fibrations and &) pre-
serves cocartesian edges, applying [15, Proposition 7.3.2.6] shows that it is enough to
prove that for every x € X, the induced functor on the fibers at x

EVv: expg(A/X)x — expg(B/X)x

admits a right adjoint. However, Corollary 2.2.8 identifies this functor with the left Kan
extension
vyt Fun(Ay, &) — Fun(By, €),

which is tautologically left adjoint to the restriction v. The conclusion follows. O

At this point, Proposition 3.1.2 immediately follows from the following more precise
statement:

Proposition 3.4.2. Keeping the same notations as above, both diagrams

Zx(E))

Fun, x (X, expg(A/ X)) Fun, x (X, expg(B/ X))

lSPA JSPB

Fun(A, &) Fun(B, &)
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and
x(&

Fun,y (X, expg(B/ X)) RGN Fun, y (X, expg(A/ X))

JSPA JSPB

Fun(B, &) v Fun(A, &)

are canonically commutative.

Proof. Since &) is left adjoint to £* by Lemma 3.4.1, it follows that Zy(&)) is left
adjoint to Ly (£¥*). Since sp 4 and spy are equivalences, it is then enough to prove the
commutativity of the second diagram. Notice that since v preserves cocartesian arrows,
it induces a natural transformation

CXVI’Y"AXX,/ %’YBXX,/

of functors X' x A°P — Cat,. Following the construction of the specialization equiva-
lence (see Recollection 3.3.1), we reduce to check that the map

X X
AZJ’ Ang(id/y) %J’ BXF;{(idX) ~ B

induced by «, is canonically identified with v. This follows from Corollary 3.2.10 and
the Yoneda lemma. O

3.5. Change of coefficients. It follows from [19, Variant 3.20 & Remark 3.21-(1)] and
the functoriality of the tensor product of presentable co-categories that the exponential
construction exp, depends functorially on £. In other words, we have a bifunctor

exp: CoCart x Prl — PrFib" ,
that sends a pair (p: A — &, £) to the presentable fibration p: exp.(A/X) — X.

Let f: £ — £’ be a morphism in Pr' and fix a cocartesian fibration p: A — X. The
functor f induces morphisms

FA/ X expg(A/X) — expe/(A/X) and f: Fun(A, &) — Fun(A4, &),

in PrFib" and in Pr", respectively. Here we wrote f in place of the more accurate f o (—),
to keep the notations light. These two operations are related by the following relation:

Proposition 3.5.1. Keeping the above notations, the diagram

A/ X
Fun, v (X, expg (A/ X)) ") Fun,y (X, exper(A/ X))

o o

Fun(A, &) f Fun(A, &)

commuites.

Proof. This simply follows unraveling the chain of equivalences in Recollection 3.3.1 and
observing that they are natural in £. O

Finally, let us observe that f4/% is natural in A — X’:
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Proposition 3.5.2. Let

= By — A

1

be a morphism in CoCart and let f: £ — D be a morphism in Pr". Then the diagram

u EY
expe(B/Y) &£ expe(By/X) —— expo(A/X)
st/y JfBX/X JfA/X

expp(B/Y) L expp(By/X) SN expp(A/X)

commutes and the left square is a pullback. In particular, the diagram

*

Fun(B,£) —— Fun(By, &) —— Fun(A, &)

[ [ [
Fun(B,D) —*— Fun(By,D) —*— Fun(A4,£)

commutes.

Proof. The first half simply follows from the bifunctoriality of exp: CoCart x Prt —

PrFib". The second half follows applying £ and combining Propositions 3.1.2 and 3.5.1.
Alternatively, the second half can be proven directly observing that, since f commutes
with colimits, it also commutes with the formation of arbitrary left Kan extensions. [

4. COCARTESIAN FUNCTORS

4.1. The space of specialization morphisms. Fix a cocartesian fibration p: A — X as
well as a presentable co-category £. Write

pe: expe(A/X) = X
for the structural morphism of the exponential construction of p. Recall from Proposi-
tion 2.3.3 that there is a canonical equivalence
spi,p: Fun(A, &) ~ Fun,x (X, expg(A/ X)),

which we refer to as the specialization equivalence. When X, p and & are clear out of the
context, we drop the decorations and write sp instead of sp‘f\, .

Remark 4.1.1. Recall from Example 2.2.2-(1) that the fiber of exp.(A/X) atx € X is
canonically identified with Fun(Ay, £). In particular, for F: A — &, the value (sp F)x of
the section sp F on x is a functor (sp F)x: Ax — £. Denoting by jx: A — A the natural
inclusion, Corollary 3.1.5 supplies a canonical identification (sp F)yx =~ j(F).

Definition 4.1.2. Let F € Fun(.A, £) be a functor and let y: x — y be a morphism in X'.
The space of specialization morphisms for F relative to vy is the space SP,, (F)

(sp F)x LN (spFly
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where 3 is a pg-cocartesian lift of v in expz(A/&’). In this case, we say that « is a
specialization morphism for F relative toy.

Remark 4.1.3. Since exp.(A/X) is also a cartesian fibration, there is a dual notion of
cospecialization morphism, that are obtained choosing pg-cartesian lifts of vy.

We immediately discuss a fundamental example.

Notation 4.14. Let p: A — X be a cocartesian fibration. For o: A™ — X, write
As = A" Xy A and py: A; — A™ for the induced cocartesian fibration. Notice that
Proposition 2.2.6 provides a canonical and functorial identification

expe(A/X)s ~ expe(As/A™) .

Example 4.1.5. Let p: A — X be a cocartesian fibration and let y: x — y be a morphism
in X. Choose a straightening
fr Ay — Ay
for py: A, — Al. The functor f fits in the following triangle
f

Y Ay
A4
A
where j, and j, denote the canonical inclusions of the fibers of p inside A. This triangle
is not commutative but we can choose a natural transformation

A

Stjx —jyofy
in Fun(Ay, £) with the property that for every a € Ay the morphism sy(a): jx(a) —
jy(fy(a)) is p-cocartesian in A. Applying the contravariant functor Fun(—, £) we obtain
a natural transformation

s*1jx — ) ojy
of functors from Fun(A, £) — Fun(Ay, £). There is therefore an induced Beck-Chevalley
morphism

(416) Xfg: fy,g O];'Z — ]:; .

Unraveling the definition of exp.(A/X) we see that for every F: A — &, the induced
morphism
otg,s (F) 2 fy i (F) —= 3y (F)

is a specialization morphism for F relative to y.

Remark 4.1.7. Let p: A — X be a cocartesian fibration and let F: A — &£ be a fixed
functor. Since pg: expo(A/X) — X is a cocartesian fibration, it immediately follows
that the space SP, (F) is contractible. Observe that, in the setting of Example 4.1.5, neither
f nor s are uniquely determined in a strict sense (although the spaces of choices for
the pair (f, s) is contractible). Every such choice gives rise to an element SP, (F), whose
underlying specialization morphism is o (F). The contractibility of SP, (F) shows that
the actual choices for f and s are immaterial as they give rise to equivalent specialization
morphisms, and this in a homotopy unambiguous way.
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Example 4.1.8. We maintain the notation introduced in Example 4.1.5. It is worth
unpacking the specialization equivalence when X = A'. Write A' = {y: x — y} and
fix a cocartesian fibration p: A — A' together with a straightening f,: Ay — Ay and a
natural transformation s: jx — jy o f, as in Example 4.1.5. Notice that Tw(A') can be

represented as
X
VAN
X Y Y
PN
X Y,

where the vertical arrows are the objects of Tw(A'). In other words, Tw(A') is equivalent
to Span = {* « * — x}. It follows that the chain of equivalences of Recollection 3.3.1 in
this case simply asserts that the square

Fun(A, &) — " Fun(Ay, &)

| -

evy

Fun(A',Fun(A,, £)) — Fun(A,, ).

is a pullback. Unraveling the definitions, we see that the left vertical map sends F: A — &
to s*: ji(F) — 3 (j5(F)). Vice-versa, given
Fe: Ay —= &, Fy: Ay = &
and a natural transformation
o: Fy — f;(Fy) ,
we can produce a functor F: A — & together with the following data:
(1) equivalences Bx: Fx =~ j5(F) and By: Fy ~jj(F);
(2) whenever ¢: a — f,(a) is a p-cocartesian morphism in A, an equivalence
Ba: F($) =~ afa)
in Mapg (Fx(a), Fy(fy(a))).

The above analysis allows to obtain an improvement on Corollary 3.1.5. To state it,
we need to first introduce the following:

Notation 4.1.9. Let y: x — y be a morphism in X. Let F € Fun(A,, &) and G €
Fun(Ay, £) and let «: F — G be a morphism in exp¢(A/X) lying over y. We can factor

& as

X0 X1

F G’ G,

where o is pg-cartesian. Unraveling the definitions, we see that for every p-cocartesian
lift : a — b of v, &y induces a canonical equivalence o;(¢$): G'(a) ~ G(b), and in
particular we obtain a well defined morphism

x(p) = ax1(dp) o xo(a): Fla) — G(b)
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in €.

Corollary 4.1.10. Let F: A — & be a functor and let ¢: a — b be a p-cocartesian morphism
in A. Then there is a canonical identification

F(d) = (spFlp(g) (¢)
of morphisms in £.

Proof. Using Proposition 3.1.2-(1) we can assume without loss of generality that X = A'.
Choose a straightening f,: Ax — Ay together with a morphism s: j, — jyof, asin
Example 4.1.5. Using Corollary 3.1.5 we see that (sp F), can be factored as

1) — £G5(F) — j5(F),

where the second morphism is pg-cartesian. With these choices, the notation introduced
in Notation 4.1.9 collapses to (sp F),(¢)(a) = s*(a), so the conclusion follows from the

analysis of the specialization equivalence over A' carried out in Example 4.1.8. O

4.2. Cocartesian functors. We fix as usual a cocartesian fibration p: A — X and a
presentable co-category £. We let pg: expo(A/X) — X be the canonical projection.

Definition 4.2.1. Let F: A — &£ be a functor and let y: x — y be a morphism in X'. We
say that F is cocartesian at vy if every specialization morphism for F relative to y is an
equivalence in Fun(Ay, £).

We say that F is cocartesian if it is cocartesian at every morphism y of X. We write
Fun®( 4, £) for the full subcategory of Fun(.A, £) spanned by cocartesian functors.

Remark 4.2.2. Recall from Remark 4.1.7 that SP,, (F) is a contractible space. In particular,
in order to check that F is cocartesian at v, it is enough to check that there exists one
specialization morphism « that is an equivalence.

We now collect a couple of elementary facts concerning these objects. We keep the
cocartesian fibration p: A — X and the presentable co-category £ fixed in all the
following statements:

Proposition 4.2.3. Let F: A — & be a functor and let y: x — y be a morphism in X. The
following statements are equivalent:

(1) Fis cocartesian at y;
(2) the specialization spF: X — expg(A/X) takesy to a pg-cocartesian edge;

(3) let fy: Ax — Ay be any straightening for py: A, — Al. Then the canonical Beck-
Chevalley transformation (4.1.6)

fy 3% (F) = 3y (F)

is an equivalence.
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Proof. Any element of SP,, (F) corresponds to a factorization

(sp F)x

AN /

spF

inside exp;(A/X’), where $3 is pg-cocartesian and « is the associated specialization
morphism. It follows that (sp F), is pg-cocartesian if and only if « is an equivalence.
This shows that (1) & (2). The equivalence (2) & (3) follows now from Example 4.1.5. [

Corollary 4.2.4. Denoting Y 4: X — Cato, the straightening of the cocartesian fibration
A — X, there are canonical equivalences

Funcocart(AIS) ~ Z?cart(expg(A/X)) ~ 11/,1%1’1 Funz(TA, &)

In particular:
(1) Fun®( A, &) is presentable;

(2) if € is stable, Fun“®"( A, £) is stable.

Proof. Combining the specialization equivalence (3.1.1) and the equivalence (1) & (2)
of Proposition 4.2.3, we see that Fun®®"(4, £) coincides with the full subcategory of
Fun, (X, expg(A/ X)) spanned by cocartesian sections This proves the first equiva-
lence, and the second follows directly from [14, Proposition 3.3.3.1]. For point (1) it is
now sufficient to observe that the functor Fun,(Y 4, £): X — Caty, takes values in Prl,
so the conclusion follows from [14, Propositon 5.5.3.13]. Similarly, point (2) follows from
[15, Theorem 1.1.4.4]. O

Warning 4.2.5. There is another natural condition that we can impose on a functor
F: A — &£: namely, we can ask that F takes p-cocartesian arrows in A to equivalences in
&. This condition cuts a full subcategory Fun'(A4, £) of Fun(A, £), that however does
not coincide with Fun®®"(4, £). Indeed, [14, Corollary 3.3.4.3] yields an identification

Fun’(A, £) ~ Fun (Co;lrimYA,S) ~ l)%g}Fun*(YA,S) ~ Y (expe(A/ X)),
where I denotes the functor of cartesian sections.
Corollary 4.2.6. A functor F: A — & is cocartesian at every equivalence of X.
Proof. Immediate from the equivalence (1) & (2) of Proposition 4.2.3 and [14,2.4.1.5]. O
Corollary 4.2.7. Let
Y
Yo Y1
/ Y2 \
X —— Z.

be a commutative triangle in X. Let F: A — & be a functor, and assume that it is cocartesian at
Yo. Then F is cocartesian at -y if and only if it is cocartesian at y;.

Proof. Immediate from the equivalence (1) & (2) of Proposition 4.2.3 and from [14,
2.4.1.7]. O
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Corollary 4.2.8. Let p : A — X be a cocartesian fibration. Lety : x — y be a morphism in X
Let £ be a presentable oo-category. Then, the full subcategory of Fun(.A, £) spanned by functors
cocartesian at -y is stable under colimits.

Proof. This follows from the equivalence (1) & (3) in Proposition 4.2.3 and the fact that
the functors fy |, j5 and j;; commute with colimits. (]

Proposition 4.2.9. Let p: A — X be a cocartesian fibration and let £ be a presentable co-
category. Then Fun®*®"( A, £) is stable under colimits Fun(A, £). In particular, Fun®“"( A, £)
is a coreflective subcategory of Fun(.A, £), that is the inclusion

(4.2.10) Fun®®(A, £) — Fun(A4, £)
admits a right adjoint.

Proof. We know from Corollary 4.2.4 that Fun®®"(A, £) is presentable. It is thus enough
to check that Fun®®( 4, £) is stable under colimits in Fun(.4, £), which follows from
Corollary 4.2.8. O

Definition 4.2.11. Let p: A — X be a cocartesian fibration and let £ be a presentable
oo-category. We denote by

(—)°cart, Fun(A, £) — Fun®@( 4, &)

the right adjoint of the inclusion (4.2.15), and refer to (—)%"* as the cocartesianization
functor.

Remark 4.2.12. The functor (—)%"" can be explicitly computed in some specific situa-
tions. See Corollary 4.6.12.

Under extra stability and fiberwise compactness conditions, Corollary 4.2.8 and
Proposition 4.2.9 have the following counterparts for limits :

Lemma 4.2.13. Let p : A — X be a cocartesian fibration and let y : x — y be a morphism in
X such that A, is compact and A, is proper (see Definition A.1.1). Let £ be a presentable stable
oo-category. Then, the full subcategory of Fun(.A, £) spanned by functors cocartesian at vy is
closed under limits.

Proof. This follows from the equivalence (1) & (3) in Proposition 4.2.3 and the fact that
the functors fy , j% and jj; commute with limits in virtue of Proposition A.2.3. O

Proposition 4.2.14. Let p : A — X be a cocartesian fibration with compact and proper fibers.
Let € be a presentable stable co-category. Then Fun®“"( A, £) is stable under limits Fun(A, £).
In particular Fun®“®™( A, ) is a reflective subcategory of Fun(A, £), that is the inclusion

(4.2.15) Fun®®( A, £) — Fun(A4, £)
admits a left adjoint.

Proof. We know from Corollary 4.2.4 that Fun®“"(A, £) is presentable. It is thus enough
to check that Fun®( A4, £) is stable under limits in Fun(A4, £), which follows from
Lemma 4.2.13. O
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4.3. Functoriality of cocartesian functors. We fix as usual a cocartesian fibrationp: A —
A& and a presentable co-category £. We saw in Corollary 4.2.4 that there is a canonical
equivalence

Funcocart(A,g) ~ Zcocart(expg(A/X)) .
Therefore, it follows from [19, Corollary 3.23] that this construction depends functorially

on the cocartesian fibration A — X seen as an element of CoCart. We now make this
explicit in terms of the lax functoriality of Fun(A, £) ~ Z(expg(A/X))in A — X.

Proposition 4.3.1. Let

u

B,‘\{ Y .A
|~
' x

B
|
y
be a morphism in CoCart. Then:

(1) if F: B — & is a cocartesian functor, the same goes for u*(F): By — &;

(2) if G: Bx — & is a cocartesian functor, then the same goes for vi(G): A — £.
In particular the functors

u*: Fun(B,&) — Fun(By, &) and vi: Fun(By, &) — Fun(A, &)
restrict to well-defined functors
u': Fun®®@(B, ) — Fun®“"(By, £) and  v: Fun®®(By, £) — Fun®©@™(4,&).
This proposition results of the following two more precise lemmas:

Lemma 4.3.2. Let

be a pullback square in Cat.,, where the vertical morphisms are cocartesian fibrations. Fix a
morphism vy in X and a functor F: B — &. Then u*(F) is cocartesian at vy if and only if F is
cocartesian at f(7y).

Proof. Under the specialization equivalence (3.1.1) and Proposition 3.1.2-(1), the state-
ment follows from Proposition 4.2.3 and from [14, Proposition 2.4.1.3-(2)] applied to the
square

expe(A/X) £, expg(B/Y)

J J

X f V,

which is a pullback thanks to Proposition 2.2.6-(1). O
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Lemma 4.3.3. Let X’ be an oco-category and consider a morphism
A : B
X

in CoCarty. Let vy be a morphism in X and let F: A — & be a functor. If F is cocartesian at vy,
then the same goes for v(F).

Proof. In virtue of Proposition 4.2.3, we have to prove that the section
sp(vi(F)): X — expe(B/X)

takes y to a cocartesian edge in exp.(B/&’). Using Proposition 3.1.2-(2), we find a
canonical identification

sp(wi(F)) ~ &’ osp(F),
where £): expo(A/X) — expg(B/X) is the exponential induction functor. The conclu-
sion now follows from Proposition 2.2.6-(2), that guarantees that £ preserves cocartesian
edges. O

We conclude with a handy consequence:
Corollary 4.3.4. In the setting of Lemma 4.3.2, the composition
ucocart — (_)cocart O Uy Funcocart( B g) — Funcocart( A 5)
is right adjoint to the pull-back functor u*: Fun®"( A4, £) — Fun®“"(j3,¢).

Proof. The functors at play are well-defined from Proposition 4.3.1-(1) and Defini-
tion 4.2.11. Corollary 4.3.4 is then a routine computation. O

Lemma 4.3.5. Let
B By 4 A

N

Yyt x

be a morphism in CoCart. Assume that A — X and B — X have compact and proper fibers,
and that £ is presentable stable. Then, the functors

u*: Fun®@(B, &) — Fun“(By, £) and vy Fun®@t(By, £) — Fun®@t( 4, &)

commute with limits and colimits.

Proof. From Proposition 4.2.9 and Proposition 4.2.14, Fun®®“™(3, £) and Fun““"(By, £)
are stable under limits and colimits in Fun(B, £) and Fun(By, £) respectively. Hence, it
is enough to show that the functors

u*: Fun(B, &) — Fun(By, ) and vi: Fun(By, &) — Fun(A4, &)

commute with limits and colimits. For the former, this is obvious. For the latter, this
follows from Proposition A.2.3. O
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4.4. Van Kampen for cocartesian functors. Consider the following general fact:

Lemma 4.4.1 (Van Kampen for filtered functors). Let X,: I — Cato, be a diagram with
colimit X. Let p: A — X be a cocartesian fibration and set

.A. ::XQ X/\g.AI—)CatOO.
Then the canonical morphism
colim A; — A
i€l
is an equivalence. In particular, for every presentable co-category & the canonical morphism
(4.4.2) Fun(A4, &) — .ligr}a Fun®(A4;, &)
iel®

is an equivalence.

Proof. Since p: A — X is a cocartesian fibration, it is in particular an exponentiable
fibration thanks to [1, Lemma 2.15]. In particular, the functor

P (Cate) /v — (Catoo) /4

is a left adjoint. It follows in particular that it preserves all colimits. Now the conclusion
follows from the fact that for every co-category C, the forgetful functor

(Cats) /¢ — Catoo

is conservative and preserves all colimits. O

To prove a Van Kampen result for cocartesian functors, we need a couple of categorical
preliminaries. Recall the following definitions:

Definition 4.4.3. The maximal spine of the standard n-simplex A™ is the sub-simplicial
set formed by the consecutive 1-simplexes A |\, Af ), ..., AT .

Remark 4.4.4. Notice that the maximal spine of A? coincides with A}. On the other
hand, for n > 3 every horn AT cointains the maximal spine of A™.

Definition 4.4.5. Let C be a quasi-category and let S C C be a collection of 1-simplexes.
We say that S is closed under identities if whenever f: x — y belongs to S, then id, and id,
belong to S as well.

Construction 4.4.6. Let C be a quasicategory and let S C C be a collection of 1-simplexes.
Define Cs as the full sub-simplicial set of C defined by the following condition: an
n-simplex o: A™ — C belongs to Cs if and only if the restriction of o to the maximal
spine of A™ factors through S.

Lemma 4.4.7. Let C be a quasi-category and let S C C be a collection of 1-simplexes. If S is
closed under identities, then Cs is the smallest full sub-quasicategory of C containing C.

Proof. Let C’ be the smallest full sub-quasicategory of C containing C. It immediately
follows from Remark 4.4.4 that Cs is a quasi-category, and therefore that C’ C Cs.
Vice-versa, iteratively applying the lifting condition against inner horns we deduce
that any sub-quasicategory containing S must contain Cs. Thus, C’ = Cs as full sub-
quasicategories of C. U
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Notation 4.4.8. Let f: JV — X be a morphism of quasicategories. We denote by S¢ the
collection of 1-simplexes of & that lie in the essential image of f.

Lemma 4.4.9. Let X,: I — Caty be a diagram with colimit X. Let fi: X; — X be the
structural morphisms and define
S = U Sfi .

iel
Then S is closed under identities and the inclusion Xs C X is an equivalence in Cato.
Proof. That S is closed under identities simply follows from the definitions. Notice

that X is itself an co-category and that the inclusion i: Xs — &’ is fully faithful. By
definition, every f; factors as

%il Xi%XS.

Therefore, the universal property of the colimit provides a canonical map p: X — X’s
together with an equivalence i o p ~ idy. This implies that i is essentially surjective.
Being already fully faithful, it follows that it is an equivalence. O

We are now ready for:

Proposition 4.4.10 (Van Kampen for cocartesian functors). Let X,: I — Caty, be a diagram
with colimit X. Let p: A — X be a cocartesian fibration and set

Ae =Xy xy A: 1 — Caty .

Let £ be a presentable oo-category. Then the equivalence of Lemma 4.4.1 restricts to an equiva-
lence

Funcart( 4, £) ~ 11rr11 Fun®oct( 4, £).
i€

Proof. Using Proposition 4.3.1-(1), we see that the canonical map (4.4.2) induces a well
defined map between cocartesian functors making the diagram

Fun(A, &) hrrll Fun(A;, &)
J 1€
Funcocart( .A, (c;) N hgl Funcocart( -Ai/ g) .

Since the top horizontal arrow is an equivalence and the vertical ones are fully faithful, it
follows that the bottom horizontal functor is fully faithful as well. To conclude the proof,
it is enough to show that a functor F: A — & is cocartesian if and only if for every i € I
its image in Fun(A;, £) is cocartesian. The “only if” follows from Proposition 4.3.1-(1).
For the converse, observe first that combining Corollary 4.2.7 and Lemma 4.4.9 we
deduce that F is cocartesian if and only if it is cocartesian at every morphism in the
essential image of the structural map fi: X; — &’. At this point, the conclusion follows
from Lemma 4.3.2. O
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4.5. Change of coefficients for cocartesian functors. Fix a cocartesian fibrationp: A —
X and let f: £ — £’ be a morphism in Prl. Recall from Section 3.5 that this induces a
transformation

FA/ X expe(A/X) — expg, (A/X)

in PrFib". In particular:

Proposition 4.5.1. The transformation £/ ¥ preserves cocartesian edges. Therefore, the induced
functor
f: Fun(A, &) — Fun(A4, &)

preserves cocartesian functors and induces a well defined morphism
f: Fun®@( 4, &) — Fun®(4,&") .

Proof. Since f4/% is a morphism in PrFib", it automatically preserves cocartesian edges.
The second half follows then from the identification f ~ Xy (f4/%) supplied by Proposi-
tion 3.5.1. O

We now study the change of coefficients via the tensor product in Prl. Recall that for
every pair of presentable co-categories £ and £’ and for every co-category A, there is a
canonical equivalence

Fun(A,£) @ &' ~Fun(A,E® &) .

Under suitable finiteness assumptions, we are going to see that this equivalence pre-
serves cocartesian functors.

Definition 4.5.2. Define Pr™R as the (non full) subcategory of Pr" whose objects are pre-
sentable co-categories and morphisms are functors that are both left and right adjoints.

Definition 4.5.3. Let PrFib"" be the full subcategory of PrFib" corresponding to Fun (X, Pr'R)
under the straightening equivalence (2.1.8).

Example 4.5.4. Letp: A — X be a cocartesian fibration with compact and proper fibers
(see Definition A.1.1). Let £ be a stable presentable co-category. Then the exponential
fibration pg: expo(A/X) — X defines an object in PrFib™®: indeed, we have to check
that for every morphism y: x — y in X and any choice of a straightening f,: A, — Ay,
the induced functor

fy,: Fun( Ay, £) — Fun(Ay, &)

commutes with limits and colimits, and this follows from Proposition A.2.3.
Our main use of Pr“® will be through the following lemma from [12, 2.7.9].

Lemma 4.5.5. Let A be a small co-category and let Co: A — PrR be a diagram of co-categories.
Then,

(1) The limits of Co when computed in Pr®, Prl, or CAT, all agree.
(2) For any presentable oo-category &, the natural morphism
ImE®Cy — £ Q@ Im Cy
xXEA xXEA

in Prl is an equivalence. (Here, both limits are computed in Pr").
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Lemma 4.5.6. Let X' be an oo-category and let £ be a presentable co-category. Then commuta-
tive diagram

prt Y, prFibt
[Fme [amivae
prt Y, prFibt
is horizontally right adjointable on objects of PrFib"“R. That is, for every object p: A — X of
PrFib"“R, the Beck-Chevalley transformation
I A/X) @ E — LA @y Trivy(€))
is an equivalence.

Proof. Let Y 4: X — Prl be the straightening of A — X". From [14, 3.3.3.2], the Beck-
Chevalley transformation reads as the following natural morphism in Pr"

(){IEIEAX) ®RE — llerE(AX ®RE).
Then, Lemma 4.5.6 follows from Lemma 4.5.5. O

Corollary 4.5.7. Let p: A — X be an object of CoCart with proper and compact fibers. Let
E, &' be presentable co-categories such that & is stable. Then, the canonical transformation

Fun®®( 4, E) @ &' — Fun®(4,E @ E')
is an equivalence.
Proof. Recall from Remark 2.3.1 that there is a canonical equivalence
expe(A/X) @x Trivy(£) ~ expgge (A/X) .

By Example 4.5.4 the exponential fibration exp,(A/ X ) belongs to PrFib"~. Thus, the
conclusion follows applying L9 to the above equivalence and using Lemma 4.5.6. [

4.6. Cocartesian functors in presence of an initial object. We saw in Proposition 4.2.9
that the inclusion of cocartesian functors inside all functors always admits a right adjoint
(—)cocart. The goal of this section is to provide an explicit description of this functor in
the special case where the base X admits an initial object. We start with the following
construction:

Construction 4.6.1. Fix a cocartesian fibration p: A — X and let y: x — y be a mor-
phism in X. Define

Y: =y ojx1: Fun(Ay, &) — Fun( Ay, £) .
Write e for the counit of the adjunction jx; = j;. It induces a natural transformation
&y = el Vi 035 = i
Fix now a straightening

fr Ay — Ay
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for py: A, — A' together with a natural transformation s: jx — j, o f as in Example 4.1.5.
Write 1, for the unit of jx,  j; and consider the transformation

fi(nx) Xf,s (x1)

Bro: fi — s fioji oy 2 oy =T

Proposition 4.6.2. In the setting of Construction 4.6.1, the diagram

f! O];z Bf,s(]x) ]; ij,l Oj;t

Jj;(ex)

Iy

Xf,s

is canonically commutative. If in addition x is an initial object of X, then the natural transfor-
mation By: fy — ¥, is an equivalence. In this case, for every F € Fun(A, £), the morphism

Jy(ex): dyixdx (F) = jy (F)
is a specialization morphism for T relative toy.

Proof. For what concerns the commutativity, a standard diagram chase reduces it to the
triangular identities for jo, - j5. We leave the details to the reader. We check that (3
is an equivalence under the assumption that x is an initial object of X'. Unraveling the
definitions, we reduce ourselves to check that for every a € 4, the canonical functor
induced by the pair (f, s)

(4.6.3) Ax x4, (Ay)7a = Ax X4 Ay (a)

is cofinal. We are going to show that it is an equivalence. To do this, [14, 2.2.3.3] ensures
that it is enough to show that (4.6.3) is a pointwise equivalence over Ay. The restriction
of (4.6.3) above b € A, reads as

(4.6.4) MapAy(f(b), a) — Map 4 (jx(b),jy(a)) .

Since x is an initial object in X', Map ,.(x,y) is contractible. Thus, every morphism
jx(b) = jy(a) lies over y: x — y. Since s: jx(b) — jy(f(b)) is a p-cocartesian lift of v, [14,
2.4.4.2] implies that (4.6.4) is an equivalence.

O

For a general morphism y: x — y in X, we can always replace p: A — X by
py: Ay, — Alin order to ensure that the hypothesis of Proposition 4.6.2 is satisfied. This
yields:

Definition 4.6.5. Let p: A — X be a cocartesian fibration. Let F € Fun(A, &) be a
functor and let y: A — X be a morphism in X. Letj,: A, = A, jyx: Ax — Ay and
jyy: Ay — Ay be the natural functors. Observe that j, o j, y ~ j,, and similarly for x.
The strict induction functor relative to <y is the functor

YAy = j;‘/,y 0jyxi: Fun(Ay, £) — Fun(Ay, £).
The strict specialization morphism for F relative vy is the natural transformation

5P, (F) =35y (e03): YauG2F) = 3 (F),
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where ¢, denotes the counit of the adjunction jy ;1 =357 -
When A is clear from the context, we write v, and spy(F) instead of v 4; and sp 4 v

Remark 4.6.6. The terminology is due to the fact that neither y 4, nor sp 4 , (F) depend
on the choice of a straightening of p: 4 — X.

Proposition 4.6.2 leads to a complete understanding of Fun®®"( .4, £) when X has
an initial object. Before stating the main result of this section, let us collect a couple of
general facts:

Proposition 4.6.7. Let X and ) be small co-categories and let

c—2-D

o b

X -y
be a pullback square in CATo,, with p being a cocartesian fibration. If f is a final functor, then
the induced pull-back functor

2 Fun®5™(Y, D) — Funf%™ (X, C)

is an equivalence of co-categories.

Proof. Let Yp and Y be the straightenings of p: D — Y and of q: C — X, respectively.
Since the given square is a pullback, there is a natural equivalence Y ~ Yp o f. We find:

Fun®5*(Y, D) ~ 1i)r(n Yp By [14, Prop. 3.3.3.1]
~ lijr}n Ypof f is cofinal
~ li)r)n Ye
~ Func/(;\?art(X, C) By [14, Prop. 3.3.3.1],
and the conclusion follows. O

In the particular case where C = exp.(B/)), we find:

Corollary 4.6.8. Let

be a pullback in Cats, with p being a cocartesian fibration. Let £ be a presentable co-category.
If f is a final functor, then

(4.6.9) u*: Fun®@(B, £) — Fun®™( 4, £)
is an equivalence.

Proof. Apply Proposition 4.6.7 to exp.(B/)) and use Proposition 3.1.2-(1). O



HOMOTOPY THEORY OF STOKES DATA 33

Observation 4.6.10. Recall from Corollary 4.3.4 that u* admits a right adjoint u$°™*. It

follows formally that in the situation of Corollary 4.6.8, the u$°“®"! realizes the inverse of

u*.

Corollary 4.6.11. Let X be an oco-category with an initial object x. Let p: A — X be a
cocartesian fibration and let £ be a presentable co-category. Then:

(1) the functor j.,: Fun(Ay, &) — Fun(A, £) factors through Fun®"(A, £).

(2) The adjunction
jx,: Fun(Ay, &) S Fun(A, ) iy

restricts to an equivalence of co-categories between Fun(Ay, £) and Fun®"( A, £).

Proof. We prove (1). Let F € Fun(.Ay, £) and let y: y — z be a morphism in X'. We need
to show that jy (F) is cocartesian at y. Since x is initial in X', we can find a commutative
triangle

Y
Y\

X

Z.

in X. From Corollary 4.2.7, it is enough to prove that j.(F) is cocartesian at vy and ;.
Equivalently, we can suppose that y = x. Now we apply Proposition 4.6.2 to jy,(F):
notice that since x is initial, the inclusion {x} — X’ is fully faithful and therefore that
jx: Ax — Ais fully faithful as well. Thus, the unit transformation F — j}jx(F) is an
equivalence, and therefore the strict specialization morphism provided by Proposi-
tion 4.6.2 is an equivalence as well.

We now prove (2). Since Fun®“"( 4, £) is fully faithful inside Fun(A, £) and since
jx, factors through Fun®®@™( 4, £), we see that the adjunction jy; - j; descends to an
adjunction

jx1: Fun(Ay, &) S Fun(A4,€): iy .

It is therefore enough to prove that j; is an equivalence. Since the inclusion {x} — X
is final, this follows from the limit-description of cocartesian functors provided in
Corollary 4.2.4. See also Corollary 4.6.8 below. O

Corollary 4.6.12. Let X be an oco-category with an initial object x. Let p: A — X be a
cocartesian fibration and let £ be a presentable co-category. Then there is a natural equivalence

(_)cocart ~ jx,! ° ]:2

of functors from Fun(A, £) to Fun®“™( 4, £).
Proof. Fix F € Fun®“( A4, £) and let G € Fun(A, £). We have
Mappun(A,g) (F,G) ~ MapFun(A,g) (Gx1jx(F), G)
>~ Mapg, 4, ¢) x(F), i (G))
>~ Mapg, eocart 4, ¢) (ix,3x (F), Ix, 3% (G))
~ Mapgyoer g (F, it (G))

By Cor. 4.6.11
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where the last two equivalences are again due to Corollary 4.6.11. Therefore, j o j; is
right adjoint to the inclusion of Fun®®"( 4, £) into Fun(.A, £), whence the conclusion.
O

For later use, let us extract the formal argument used to prove Corollary 4.6.11-(2):

Lemma 4.6.13. Let
A—-5 B

| P
X 15y
be a pullback in Cato,, with p being a cocartesian fibration. Let £ be a presentable oco-category.
Assume that u*: Fun®“( 4, £) — Fun®(B, £) is an equivalence of co-categories. Then,
the following conditions are equivalent:
(1) The functor w;: Fun(B, £) — Fun(A, &) preserves cocartesian functors;

(2) The adjunction, - u* restricts to an equivalence of co-categories between Fun®™( A, £)
and Fun®™(B, £);

(3) For every F € Fun®“(13,£), there is a natural equivalence w,(F) ~ uS(F).

Proof. Notice that both (2) and (3) imply tautologically (1). Since Fun®™( 4, £) is a full
subcategory of Fun(.A, £), and similarly for B in place of A, we see that as soon as (1) is
satisfied the induced functor

w: Fun®@t(B,£) — Fun®t( 4, €)

provides a left adjoint to u*. So (2) holds, and since u* is an equivalence, (3) follows
from the uniqueness of the inverse. O

4.7. Invariance of cocartesian functors under localization. We saw in Corollary 4.6.8
that when f is a final functor,

u*: Fun®@(B, &) — Fun®@t( 4, &)

is an equivalence, with inverse given by u°@. Furthermore, in Corollary 4.6.11, we saw

that when f is the inclusion of an initial object, then the inverse can be identified with the
much simpler left Kan extension w,. In this section, we analyze a similar situation, where
f is assumed to be a localization (recall from [7, Proposition 7.1.10] that all localizations
are final), building on the results of the previous section. Our starting point is the
following finer analysis of cocartesian functors in this special situation:

Proposition 4.7.1. Let

(4.7.2) q .

be a pullback square in Cato, with p being a cocartesian fibration. Assume that f exhibits Y as
a localization of X at a collection of morphisms W. Then for every presentable co-category £
and every functor G: A — &, the following conditions are equivalent:
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(1) G lies in the essential image of u*: Fun(B,&) — Fun(A4, &);

(2) G is cartesian at every mophism in W;

(3) For everyy € W, the morphism EY((sp G)(v)) is an equivalence in expo(B/Y);
(4) G is cocartesian at every mophism in W.

Proof. Let W 4 be the set of cocartesian lifts of morphisms in W. We saw in Theorem B.2.1
that u: A — B exhibits B as a localization of A at W 4. Thus, (1) is equivalent to
ask that G inverts every arrow in W 4 and Lemma B.1.1 shows that this is equivalent
to condition (2). Combining the specialization equivalence Proposition 2.3.3 and the
global functoriality established in Proposition 3.1.2-(1) and the fact that the front square
of (B.2.3) is a pullback, we deduce that (1) is equivalent to ask that E¥ o (spG): X —
expg(B/Y)inverts all arrows in W, i.e. to condition (3). Finally, we prove the equivalence
between (3) and (4): let y be a morphism in W. Combining Proposition 2.2.6-(1) and
[14, 2.4.1.12], we see that G is cocartesian at y if and only if €% o (sp G) takes vy into a
pe-cocartesian morphism in exp.(B/Y). Since £*((sp G)(y)) lies over f(y), which is an
equivalence in )V, we see that this happens if and only if £*((sp G)(v)) is an equivalence
in exp¢(B/Y), whence the conclusion. O

Proposition 4.7.3. Let
A—>B
(4.7.4) Jq P
xX V.
be a pullback square in Cato,, with p being a cocartesian fibration. Assume that f is a localization
functor and let £ be a presentable co-category. Then:
(1) A functor F € Fun(B, £) is cocartesian if and only if u*(F) cocartesian.
(2) The functor
w;: Fun(A4,€&) — Fun(B, &)
preserves cocartesian functors.
(3) The adjunction
w: Fun(A4,€) S Fun(B,&): u*
restricts to an equivalence of co-categories between Fun®“™( A, £) and Fun®“"(j3, £).
Proof. Let W be the collection of morphisms that in X" that are inverted by f. We start by
proving (1). The “only if” direction is a consequence of Proposition 4.3.1-(1). Suppose
on the other hand that u*(F) is cocartesian. Notice that the homotopy category h()) is
the 1-categorical localization of h(&’) at the image of W in h(&’). In particular, every
1-morphism (in h()) and hence) in Y can be represented as a zig-zag (see [9]):
X0 = X1 X2 = - — Xp

in X, where the arrows pointing to the left are in W. Recall from Corollary 4.2.6, that F
is cocartesian at every equivalence of ). Thus, using Corollary 4.2.7 we are left to show
that for every morphism vy of X, the functor F is cocartesian at f(y), and this follows
from Lemma 4.3.2 and our assumption that u*(F) is cocartesian.
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We now prove the claim (2). Let G: A — £ be a cocartesian functor. Proposition 4.7.1
ensures the existence of a functor F: B — & such that G ~ u*(F). Point (1) guarantees
that F is cocartesian. At the same time, we know from Theorem B.2.1 thatu: B — Aisa
localization functor. Thus, u*: Fun(B, £) — Fun(A, £) is fully faithul, and therefore the
counit transformation g, o g* — id is an equivalence. It follows that

F~g(g"(F)) ~ g:(G)
is cocartesian, and so (2) is proven.

Finally, for (3), recall from [7, Proposition 7.1.10] that localization functors are final.
Thus, (3) follows from (2) combined with Corollary 4.6.8 and Lemma 4.6.13. O

Corollary 4.7.5. Let

!

A/ u

"
N N
A B

X/ f’ yl
~ N
X ! Y
be a commutative cube in Cato, with the vertical arrows being cocartesian fibrations. Assume

that v and v’ are localization functors and that the left and right vertical faces are pullbacks. Let
& be a presentable co-category. Then, the following diagrams

cocart

Funcocart ( .A/, 5) u* Funcocart ( B/, 5) Funcocart( B, 5) 9 Funcocart ( .A, 5)
JS] J{ S!, J'u/* J' s*
Funcocart ( .A 5) u Funcocart ( B (c/') Funcocart ( B/ g ) u;cocart Funcocart ( .A/ S )

are canonically commutative.

Proof. Observe that the right square from Corollary 4.7.5 is obtained from the left square
by passing to right adjoints. Hence, we are left to prove the commutativity of the left
square. Since the top face is commutative, we have

S/* Ou* :u/* o S*
From Proposition 4.7.3, the adjunction s, 4 s* induces an equivalence of co-categories

between Fun®®"(A, £) and Fun®“"*(A’, £) and similarly with s/ 4 s’*. The commuta-
tivity of the left square thus follows. O

Corollary 4.7.6. Let f: X — Y be a localization functor between oo-categories. Let B be an
oo-category and denote by w: B x X — B x Y the induced functor. Let £ be a presentable co-
category. The adjunction w, - w* induces an equivalence of co-categories between Fun®( A x
V,E) and Fun®t (A x X, €).
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Proof. Consider the pullback square
AxY — > Ax X

J J

Yy X
and apply Proposition 4.7.3. O

Remark 4.7.7. When applied to the localization X — Env(X’), the above corollary says
that u, 4 u* induces an equivalence of co-categories between Fun(A x Env(X'), £) and
Funcocart(A % X, 5)

4.8. Exceptional functoriality. Let

A—25 B
(4.8.1) q Jp
X .y

be a pullback diagram in Cat.,, with p being a cocartesian fibration. We saw in Corol-
lary 4.6.8 that when f is a final functor the pullback

u®: Fun®@t(B, £) — Fun®( 4, &)

is an equivalence for every presentable co-category £. In virtue of Proposition 4.2.9, the
inverse to u* is always given by the functor u$°®"*, which is nevertheless very inexplicit
in general. At the same time we saw in two rather different situations (Corollary 4.6.11
and Proposition 4.7.3) that sometimes the inverse can be computed by the left Kan
extension u,. In this section, we analyze this phenomenon more in detail, obtaining
a sufficient criterion guaranteeing that u, preserves cocartesian functors, that will be
needed later on.

We start with a simple observation:

Proposition 4.8.2. Let
A—— B

q Ir

X -y

be a pullback square in Cato,, with p being a cocartesian fibration. Let £ be a presentable
oo-category. Assume that f is fully faithful, and let F € Fun(.A, £) be a functor cocartesian at a
morphims y: x — y in X. Then w(F) is cocartesian at f(7y).

Proof. Since f is fully faithful, the same goes for u. Thus, the unit transformation
F — u*(w/(F)) is an equivalence. Using Lemma 4.3.2, we therefore see that w,(F) is
cocartesian at f(y) if and only if F ~ u*(w(F)) is cocartesian at y. The conclusion
follows. O
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We now carry out a finer analysis. Fix x € X, sety = f(x) and fix as well a morphism
Y:y — zin ). Associated to these data, we can form the following commutative cube:

By rx B'Y
Px A B
(4.8.3) q JPY
* 0 A] P
N N
X ! y,

whose vertical faces are pullbacks. Fix a presentable co-category £. The commutativity
of the top face of the above cube induces a Beck-Chevalley transformation

(4.8.4) Jyxt0dx —iyow

of functors from Fun(A, £) to Fun(B,, £). We have:

Proposition 4.8.5. Assume that the Beck-Chevalley transformation (4.8.4) is an equivalence.
Then for every F € Fun(B, &), the functor w(F): A — & is cocartesian at y.

Proof. We have to prove that sp(w(F)) is cocartesian at y. By Lemma 4.3.2 applied to
v: Al = ), this is equivalent to show that j] (w(F)) is cocartesian at 0 — 1. Since the
Beck-Chevalley transformation (4.8.4) is an equivalence, we are reduced to prove that
Jyx!(Gx(F)) is cocartesian at 0 — 1. In other words, we are reduced to prove the statement
in the special case where (4.8.1) is the back square of (4.8.3). Since 0 is initial in A', this
follows directly from Corollary 4.6.11. O

We now give a sufficient condition on f and y ensuring that the Beck-Chevalley
transformation (4.8.4) is an equivalence:

Proposition 4.8.6. In the above setting, assume that:
(1) for every (t, &) € X xy Yy, the map
Map . (t,x) — Mapy(f(t),y)
is an equivalence;
(2) forevery (s,B) € X xyY,,, the composition
Map y (s, x) — Mapy,(f(s),y) — Map,(f(s), z)
is an equivalence.

Then for every F € Fun(A, £), w(F) is cocartesian at vy.

Remark 4.8.7. Notice that condition (1) above is automatically satisfied when f is fully
faithful, or when both Map ,.(t,x) and Mapy(f (t),y) are both contractible. Similarly,
condition (2) is automatically satisfied when both Map , (s, x) and Map,, (f(s), z) are both
contractible.
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Proof of Proposition 4.8.6. In virtue of Proposition 4.8.5, it is enough to show that these
assumptions guarantee that the Beck-Chevalley transformation (4.8.4) is an equivalence.
For this, it is enough to check that for every b € B,, the induced functor

(4.8.8) By x5, (By)p —— Axp B 1)

is cofinal. Let v := p(b) € A and set w := y(v) (Wehave w =y if v=0and w = z if
v = 1). Using Lemma E.2.1, it is sufficient to prove that under our assumptions, the map

(4.8.9) {0} x a1 A), —— X Xy V),

is cofinal. Observe that the left hand side is contractible (and it coincides with the unique
morphism ¢ from 0 to v in A"). In particular, the map (4.8.9) is cofinal if and only if its
image coincides with the final object of X xy V/,,. Now, unraveling the definitions we
see that the above map takes ¢ to (x,idy) if v =0and to (x,v) if v = 1. Thus, we have to
prove that (x,idy) and (x,7) are final objects in X xy ), and in X xy )/, respectively.
Fix (t, ) € X xy Y/, and consider the following commutative diagram:

Map y, y, ((t, &), (x,v(e))) ——— Map(t,x)

|

J
( Map. (f(t), y)
J |

x Mapy(f(t),w) .

The top square is a pullback by definition and the bottom one is a pullback thanks to the
dual of [14, Lemma 5.5.5.12]. Our assumptions guarantee that in the two cases under
consideration, the right vertical composition is an equivalence. Therefore, it follows that
the top left corner is contractible, i.e. that (x,y(e)) is a final object in X xy V/,,, thus
completing the proof. O

Corollary 4.8.10. Let f: ] — I be a fully faithful functor between posets and consider a pullback
square in Cat

A—— B

lq p
]

—

4

where in addition p is a cocartesian fibration. Assume that for every object i in 1, the subposet J /;
of ] admits a final object. Then, the functor w,: Fun(A, £) — Fun(B, £) preserves cocartesian
functors.
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Proof. Let F: B — & be a cocartesian functor. Let y: i; — i, be a morphism in I. By
assumption, there exists a commutative diagram

i
/X
f(j) ——— 12

in I where j belongs to J. Using Corollary 4.2.7, we see it is enough to show that F is
cocartesian at a morphism of the form f(j) — i wherej € Jand i € I. Let j, be a final
object in J /;. Then, there is a commutative diagram

f(joo)
7N
fj) ——— i

in I. Since f: ] — I1is fully faithful and since F: B — £ is cocartesian at j — j, Proposi-
tion 4.8.2 ensures that u,(F) is cocartesian at f(j) — f(joo). Using again Corollary 4.2.7,
we are thus left to show that u,(F) is cocartesian at f(joo) — 1. In that case, the condi-
tions of Proposition 4.8.6 (in the form of Remark 4.8.7) are satisfied and the proof is
achieved. O

Corollary 4.8.11. Let

be a pullback square in Cato, with p being a cocartesian fibration. Let £ be a presentable
oo-category. Assume that f is fully faithful and admits a right adjoint g and let y: fo g — idy
be a counit transformation. Then for every F € Fun(A, &), w (F) is cocartesian at vy, for every

yey.

4.9. Induced t-structure for cocartesian functors. Let p: A — X be a cocartesian fibra-
tion and let £ be a stable presentable co-category equipped with an accessible t-structure
T=(€>0,E<0)- Then Fun(A, £) has an induced t-structure defined by

Fun(A, £)>o :=Fun(A, E>) and Fun(A, £)<o :=Fun(A, ) .

Definition 4.9.1. We say a cocartesian functor F € Fun®"( A4, £) is connective (with
respect to ) if its image in Fun(A, £) belongs to Fun(A, £)=o. We let Fun®“™( 4, £)~, be
the full subcategory of Fun®“"( A4, £) spanned by connective objects.

Proposition 4.9.2. There exists a unique t-structure on Fun®*"*( A, £) whose connective part
coincides with Fun®"( A, £)~o. In particular, the inclusion Fun®“( A, £) — Fun(A, &) is
right t-exact.

Proof. Since Fun®®"( 4, £) is presentable and stable by Corollary 4.2.4, using [15, Propo-
sition 1.4.4.11] we are reduced to check that Fun®“"( .4, £)-, is closed under colimits
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and extensions in Fun®®“"(4, £). Closure under colimits follows from Corollary 4.2.8,
and closure under extensions is automatic. So the conclusion follows. O

Lemma 4.9.3. Assume that X has an initial object x. Then a cocartesian functor F €
Fun®@™( A, £) is connective if and only if % (F) € Fun(Ay, &) is connective.

Proof. The functor j;: Fun(A, £) — Fun(Ay, &) is t-exact, so if F is connective then j;(F)
is connective as well. For the converse, we have to check that F takes values in £-.
It suffices to show that for every y € &, jj(F): Ay — & takes values in €. Since x
is an initial object, there exists a morphism y: x — y in X. Choose a straightening
fy: Ax — Ay for A,. Then Proposition 4.2.3 provides a canonical identification

Jy(F) = £y, (F) .

Since j;(F) takes values in £ by assumption and since £ is closed under colimits in
&, the conclusion follows from the formula for left Kan extensions. O

Corollary 4.9.4. Assume that X has an initial object x. Then the adjoint equivalence of
Corollary 4.6.11

jx1: Fun(Ay, £) S Fun®@™t( 4, £): jt
is t-exact.

Proof. Thanks to Lemma 4.9.3, we know that Fun®®"(4, £)-, corresponds via the
above equivalence to Fun(.Ay, £5¢). The conclusion follows from the uniqueness of the
t-structure. ]

Example 4.9.5. Consider the posets Iy and I; having I ={a, b, ¢, d} as the underlying set
and order given by the following Hasse diagrams:

d
I_b c d L N
0= NS ’ =310 d
a ~N S
a

The identity of I defines a morphism of posets f: Iy — Ij, which we can reinterpret as a
constructible sheaf of posets Z on ([0, 1],{0}). Fix a field k and consider the stable derived
oo-category £ = Mody. Let F: Zy — Mody be the functor defined by setting

Fa:Fdizk, Fb:FC::O.

Then via Corollary 4.9.4, F determines an object in Fun®“"(Z, Mody)". Notice however
that

fi(F)a = Fa @ Fo[1] = k@ k[1]

does not belong to the abelian category Modg .
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4.10. Categorical actions on cocartesian functors. We use the terminology on categori-
cal actions reviewed in Section D. Fix a presentably symmetric monoidal co-category £.
As recalled in Recollection D.1.2, for every (small) co-category .4, the functor co-category
Fun(A, £) inherits a symmetric monoidal structure Fun(A4, £)®. When A is part of a
cocartesian fibration p: A — X, cocartesian functors Fun®?( A4, £) form a full subcate-
gory of Fun(A4, £), but they are not closed under tensor product. Nevertheless, we still
see a shadow of the tensor structure of Fun(.A, £) on cocartesian functors in terms of a
categorical action:

Proposition 4.10.1. Let p: A — X be a cocartesian fibration. Then for every L € Loc(X;E)
(see Definition C.1.1) and every G € Fun®"( A, £), the functor

P (L®G:A—E

is again cocartesian. In particular, the standard action of Loc(X'; £) on Fun(A, £) restricts to a
categorical action of Loc(X; E) on Fun®®@™( A, £).

Proof. Lety: x — y be a morphism in X" and let f, : A, — A, be any straightening for
py: Ay — Al. Since j% and jy are symmetric monoidal, we reduce to check that

fy, (Gxp™ (L) ®53(G)) = jy(p* (L)) @, (G)

is an equivalence. Since j; o p*(L) ~ p;(L(x)), Lemma D.1.3 supplies a canonical
equivalence

fy, 05" (L) @i (G)) = py (L(x)) @ fy,1(5:(G)) -
Since G is cocartesian, the canonical comparison map
fy1(Gx(G)) = jy(G)

is an equivalence. On the other hand, since L is a local system, the canonical map
L(y): L(x) — L(y) is an equivalence. The conclusion follows. O

Consider now a pullback square
B—- A
(4.10.2) q P
y—-x
in Cat,, where p is a cocartesian fibration. Then Construction D.2.1 supplies a canonical
comparison map
w: Loc(V; &) Qroc(ae) Fun(A, €) — Fun(B, &) .

Unraveling the definitions, we see that p takes L ® G to p*(L) ® G. In particular, Propo-
sition 4.10.1 shows that u restricts to a well defined functor

(4.10.3) 1D Loc(V;E) @poc i) FUn®©@(A, £) — Fun®r (B, £)

When f is a finite étale fibration (see Definition C.2.1), Corollary D.2.8 shows that p is an
equivalence. The goal of this section is to show that under mild assumptions the same
holds in the cocartesian setting.
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Observation 4.10.4. In the above setting, assume that f is a finite étale fibration. Then
the composition q' := fo q: B — X is a cocartesian fibration. This allows to consider
the exponential fibrations

expe(B/Y) € PrFiblj, and expg(B/X) € PrFib% .
We set
Fun®@t(B/), &) = Zgﬁmrt(expg (B/Y)) and Fun®t(B/ X, &) = ngcart(expg (B/X)).
Notice that both Fun®®"(B/Y, £) and Fun®“"(B/ X, £) are full subcategories of Fun(53, ).

Construction 4.10.5. Using the notation from Recollection 3.2.1, observe the commuta-
tivity of

=

— B
q Jfoq

_fox

—

<

provides a canonical transformation
5: B — f*(B)
in CoCarty. In turn, Proposition 2.2.6-(1) shows that 5 induces a morphism
expg(B/Y) — ffexp(B/X),
which by adjunction f* - ¢ corresponds to a morphism
(4.10.6) x: expe(B/X) = ffexp(B/Y) .

Proposition 4.10.7. In the above setting, assume that f is a finite étale fibration. Then the
comparison morphism (4.10.6) is an equivalence. In particular,

Funcocart(B/y, (c/’) — Funcocart(B/X, 8)
as full subcategories of Fun(B, £).

Proof. The second half follows applying 9" to the equivalence (4.10.6). To show that
o is an equivalence, it is enough to show that for every x € &, j;(«) is an equivalence.
Unraveling the definitions, we see that

B~ [ A,
Ueyx
which immediately implies that
exp(B/X)x ~ | | Fun(A,€).
Ueyx

Similarly, the formula for right Kan extensions paired with [20, Lemma 3.1.1], implies
that
(fCexpe(B/Y)), ~ (f<* expg(A/ X)) ~ H Fun(A,, &) .
yelx
The conclusion follows. g
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Corollary 4.10.8. In the above setting, if f is a finite étale fibration then
w: Fun(B,£) — Fun(A4, €)
preserves cocartesian functors and therefore it induces a well defined functor
w: Fun®@(B, ) — Fun®@( A, ) .

Proof. Seeing B fibered over X via q’ := f o q, [14, Proposition 2.4.1.3-(2)] implies that u
takes q’-cocartesian edges to p-cocartesian ones. Therefore, Proposition 4.3.1-(2) shows
that u, restricts to a well defined functor

w: Fun®@(B/ X, ) — Fun®( 4, £) .

Since Fun®(B/ X, &) = Fun®“(B/Y, €) by Proposition 4.10.7, the conclusion fol-
lows. O

Corollary 4.10.9. In the above setting, assume that f is a finite étale fibration and that £ is
stable. Then

w: Fun®®@™(B, ) — Fun®@(A, £)
is monadic.
Proof. 1t follows from Lemma D.2.5 that the functors
w: Fun(B,£) — Fun(A4,E&) and u*: Fun(A, &) — Fun(B, &)

are biadjoint. Combining Proposition 4.3.1-(1) and Corollary 4.10.8, we see that both
respect cocartesian functors. Therefore, w;: Fun®"(B,£) — Fun“"( 4, £) is biadjoint
to u*. Besides, Lemma D.2.6 implies that w,: Fun(B,£) — Fun(A, £) is conservative.
Since Fun®®( 4, £) is a full subcategory of Fun(A4, £), it follows that the same goes for
the restriction of u, to cocartesian functors. At this point, the conclusion follows from
Lurie-Barr-Beck [15, Theorem 4.7.3.5]. (|

Corollary 4.10.10. Let
B—— A
q Ir
y —— X

be a pullback square in Cato,, where p is a cocartesian fibration. Let £¥ be a presentably
symmetric monoidal co-category. If f is a finite étale fibration and £ is stable, then the comparison
functor

Loc(Y) Qpoc(y) Fun®®(A, £) — Fun““"(B, ) .

is an equivalence.

Proof. Using Corollary 4.10.9 as input, the same proof of Corollary D.2.8 applies. O
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5. PUNCTUALLY SPLIT AND STOKES FUNCTORS

In this section, we explore the new features that appear when one specializes the
exponential construction to the case of cocartesian fibrations in posets. Every such
fibration Z has an underlying discrete fibration Z°¢ (see Notation 5.1.1), and this allows
to introduce punctually split functors. We analyze their role and explore this notion from
the point of view of the exponential construction and discuss their basic functorialities.
Finally, we introduce the main object of study of this paper: Stokes functors.

5.1. Punctually split functors.
Notation 5.1.1. We let
(—)%¢t: Poset — Poset

be the functor sending a poset (I, <) to the underlying set I, seen as a poset with trivial
order. By extension, if X € Cat., and Z — X is a fibration in posets, we let 75 be the
cocartesian fibration on X’ obtained by applying (—)** fiberwise. In a more verbose
way, if J: X — Poset is the unstraightening of Z, then Z°¢" is the cocartesian fibration
classifying the composition (—)** 0 J: X — Poset. Notice that Z° is in fact a left
fibration over X" and that it comes equipped with a canonical morphism

iz: Iset — 7

that preserves cocartesian edges over X'. It is immediate that this construction promotes
to a global functor

(—)®t: PosFib — PosFib ,
equipped with a natural transformation i: (—)%' — idposFip-

We fix a presentable co-category £.

Definition 5.1.2. Let p: Z — X be an object in PosFib. Let F € Fun(Z, £).
(1) For x € X, we say that F is split at x if j;(F) lies in the essential image of

iz 1 Fun(Z%*, &) — Fun(Zy, &)
(2) We say that F is punctually split if it is split at every object x € X.
(3) We say that F is split if it lies in the essential image of the induction functor
iz,: Fun(Z°, &) — Fun(Z, )

We denote by Funps(Z, £) the full subcategory of Fun(Z, £) formed by punctually split
functors.

Remark 5.1.3. It follows from Corollary 3.1.6 that split functors are punctually split.

Example 5.1.4. Let p: Z — X be a cocartesian fibration in posets and let a € Z be an
element. Write ev’: {a} — Z for the canonical inclusion. Since ev’ factors through
iz: I% — 7, we see that for every E € £ the functor evg ((E) € Fun(Z, &) is split, and
hence punctually split by Remark 5.1.3. ’

Definition 5.1.5. In the setting of Definition 5.1.2, a splitting for F is the given of a functor
Fo: Z%¢' — £ and an equivalence «: iz, (Fy) ~ F.
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Warning 5.1.6. In general, splittings do not exist and even when they exist they are
typically neither unique nor canonical.

Lemma 5.1.7. Let X € Caty, and let
B

L A
D

X
be a commutative diagram where p and q are cocartesian fibrations and f preserves cocartesian
edges. Letting EssIm(f) be the essential image of f, the composition

EssIm(f) C A B X

is again a cocartesian fibration. Furthermore, the formation of EssIm(f) commutes with pullback
along any morphism Y — X in Cats,. In particular, the fibers of EssIm(f) at x € X canonically
coincide with the essential image of fx: By — Ax.

The essential image construction of Lemma 5.1.7 allows to organize punctually split
functors into a subfibration of the exponential fibration exp¢(Z/X'):

Definition 5.1.8. Let p: Z — X be a cocartesian fibration in posets and let iz: 7% — 7
be the canonical morphism. We define the punctually split exponential fibration with
coefficients in & associated top: Z — X as

expgs(I/X) = EssIm(g!iI) .

Remark 5.1.9. Notice that exp?®(Z/X) defines an object in COCARTy, but typically
not in PrFiblj‘g. Lemma 5.1.7 shows that it is a sub-cocartesian fibration of exp¢(Z/X).

Under the specialization equivalence, we see that Ly (explgS (Z/X)) coincides with the
full subcategory of Fun(Z, £) spanned by punctually split functors.

Split functors provide a handy set of generators for Fun(.A, Z):

Recollection 5.1.10. Let A be an co-category. For every a € A, write ev: {a} — A be
the canonical inclusion. It follows from the Yoneda lemma that the functor

evzﬂ!: Spc — Fun(A, Spc)

is the unique colimit-preserving functor sending * to Map 4(a, —). The density of the
Yoneda embedding implies therefore that Fun(.A, Spc) is generated under colimits by
{evé! (*)}aea. More generally, let £ be a presentable co-category generated under colimits
by a set {Ex}ac1. Then under the identification

Fun(A, &) ~ Fun(A,Spc) ® £

we see that ev(Ex) =~ evél( *) ® B and therefore that {evél(E“)}ae Awxcl generates
Fun(A, £) under colimits.

Proposition 5.1.11. Let p: Z — X be a cocartesian fibration in posets. Then Fun(Z, &) is
generated under colimits by split functors.

Proof. Combine Example 5.1.4 and Recollection 5.1.10. O
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5.2. Stokes functors. We introduce here the fundamental object of this paper. We fix
once more a presentable co-category £.

Definition 5.2.1. Let p: Z — & be a cocartesian fibration in posets. The co-category of
Z-Stokes functors with value in £ is by definition

Stz e = Zfé’cart(expgs(I/X)) .

Remark 5.2.2. Under the specialization equivalence (3.1.1), the co-category Stz ¢ coin-
cides with full subcategory of Fun(Z, £) spanned by functors F: Z — & such that

(1) Fis cocartesian (Definition 4.2.1).
(2) Fis punctually split (Definition 5.1.2).

Example 5.2.3. Assume that the cocartesian fibration p: Z — X is discrete, i.e. that its
fibers are sets. Then the map i7: Z°¢' — 7 is an equivalence, so in this case every functor
F: 7 — & is split (and hence punctually split). It follows from the above remark that in
this case

Stre ~ Funcoca”(I ,E).

The cocartesian condition can be used to transport a splitting defined at an object
x € X to a point y via a morphism y: x — y, as in the following lemma:

Lemma 5.2.4. Let
J —— Jx

y P
be a pullback square in Cats,, whose vertical morphisms are cocartesian fibrations in posets.
Let y: f(x) — y be a morphism in ), with x € X. Let F: Jx — & be a functor such that
w(F): J — & is cocartesian at y and such that the unit F — w*w,(F) is an equivalence above

x. If Fis split at x, then w,(F) is split at y. In particular, when f = id y and F is cocartesian at
v:x =y, if Fis split at x then it is split at y as well.

Proof. Let fy: Jyx) — Jy be the morphism of posets induced by y: f(x) — y. Since
w(F): J — &€ is cocartesian at y, Proposition 4.2.3 implies the existence of an equivalence
fy, 1 ((w(F))¢w)) = Fy. By assumption Fy =~ (w(F))¢(y). The conclusion thus follows. [

This leads to the following neat description of Stokes functors when X admits an
initial object:
Proposition 5.2.5. Let p: T — X be a cocartesian fibration in posets. If X admits an initial
object x, then the adjunction

jx1: Fun(Zy, €) = Fun(Z, €): i}
restricts to an equivalence of co-categories between Stz ¢ and Stz ¢.

Proof. Using Corollary 4.6.11, we see that both j,, and j; preserve cocartesian functors
and that it restricts to an equivalence between Fun®®"(Z,, £) and Fun®"(Z, £). That
jx preserves punctually split functors follows directly from the definition. On the other
hand, combining together Corollary 4.6.11 and Lemma 5.2.4 we see that j,  also preserves
the punctually split condition. The conclusion follows. O
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Corollary 5.2.6. Let p: Z — X be an object of PosFib. Assume that X admits an initial object.
Let & be a presentable co-category. Then, the induction
izy: Stzset g — Stz e
is essentially surjective. That is, every Stokes functor F: T — & splits.

Proof. Let x be an initial object in X'. From Proposition 5.2.5, the horizontal arrows of the
following commutative square

sset

)
StIiet,E L> StIset,g

Jizx! Jizi

Stjxlg LN Stz/g

are equivalences. On the other hand, the left vertical arrow is essentially surjective by
definition. O

Warning 5.2.7. The splitting produced by Corollary 5.2.6 is not unique nor canonical.

5.3. Functoriality for punctually split and Stokes functors. Fix a morphism
J —+— Jy 4 T
Y ——x

in PosFib. We now show that the basic functorialities of pullback and induction are well
behaved with respect to punctually split and Stokes functors. We start at the exponential
level:

Proposition 5.3.1. The functors

E": expe(T/Y) = expe(Tx/X) and EV:expe(Tx/X) = expe(Z/X)
respect the punctually split sub-cocartesian fibrations and thus they induce the following com-
mutative diagram:

v
!

expS(T/ V) £ explB(Ju/X) — s expl(T/X)

[ [ [

(5.3.2) expe(JT/Y) —E— expe(Tu/X) LI expg(L/X)

whose left squares are pullbacks.

Proof. An object in expg(Jx/X) is a pair (x,F), where x € X' and F: (Jx)x — &. The
functor £" takes (x, F) to (f(x), F), where F is now seen as a functor from Z() ~ (Jx)x
to £. In particular, £ preserves and reflects the punctually spit condition, which shows
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that the top left square is both commutative and a pullback. On the other hand, the
commutativity of

set vt set
(¥ — I}

bk
() —— Iy

immediately implies that £ preserves the condition of being split at x. O

Corollary 5.3.3. In the above setting:

(1) Let F: J — & be a functor. Let x € X be an object. Then, F is punctually split at f(x) if
and only if u*(F) is punctually split at x.

(2) if G: Jx — & is punctually split, then the same goes for vi(G): Z — &.
In particular the functors
u*: Fun(J,&) — Fun(Jx, &) and vi: Fun(Jy,€) — Fun(Z, &)
restrict to well-defined functors
u*: Funps(J,E) — Funps(Jx, ) and vi: Funps(Jx, £) — Funps(Z, E) .
Proof. Apply Zx to the commutative diagram (5.3.2) and use Proposition 3.1.2. O

Corollary 5.3.4. In the above setting:
(1) if F: J — & is a Stokes functor, the same goes for uw*(F): Jx — &;

(2) if G: Jx — & is a Stokes functor, then the same goes for vi(G): Z — &.
Thus, the functors

u*: Fun(J,&) — Fun(Jx, &) and vi: Fun(Jy,€) — Fun(Z, &)
restrict to well-defined functors
u*: Stj,g — Stjx,tf‘ and vy S’[JX,g — Stz/g .

Proof. Apply I to the commutative diagram (5.3.2) and combine Proposition 4.3.1
and Corollary 5.3.3. U

We conclude this section with the following generalization of Proposition 5.2.5:

Proposition 5.3.5. Let

be a pullback square in Cato,, where the vertical morphisms are cocartesian fibrations in posets.
Assume that f: Y — X is a localization functor. Let £ be a presentable co-category. Then, the
following statements hold :

(1) Let F € Fun(Z, &). Then, F is a Stokes functor if and only if so is g* (F).
(2) Let G € Fun(J, &). If G is a Stokes functor, then so is g;(G).
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(3) The adjunction g 4 g* induces an equivalence of co-categories between Stz ¢ and St 7 ¢.

Proof. The claim (1) follows from Proposition 4.7.3-(1) and Corollary 5.3.3-(1). Let
G: J — & be a Stokes functor. From Proposition 4.7.3-(2) the functor g(G) is co-
cartesian. To check that g;(G) is punctually split amounts to show by (1) that g*(g:(G))
is punctually split. On the other hand, Proposition 4.7.3-(3) gives g*(g:(G)) ~ G and (2)
is proved. The claim (3) then follows from Proposition 4.7.3-(3). O

5.4. Stokes functors and (co)limits. Stokes functors are poorly behaved with respect to
limits and colimits, as the following next two lemmas are essentially the only stability
properties one gets in general:

Proposition 5.4.1. Let p: Z — X be a cocartesian fibration in sets, seen as an object in PosFib.
Then Stz ¢ is presentable and furthermore:

(1) Stz ¢ is stable under colimits in Fun(Z, £).

(2) Assume additionally that the fibers of p are finite and that & is presentable stable. Then
Stz ¢ is stable under limits in Fun(Z, £).

Proof. Via the equivalence Stz ¢ ~ Fun®®“"(Z, £) of Example 5.2.3, presentability follows
from Corollary 4.2.4, statement (1) follows from Corollary 4.2.8 and statement (2) follows
from Proposition 4.2.14. O

More in general, we have:

Lemma 5.4.2. Let p: T — X be a cocartesian fibration in posets. Then Stz ¢ is closed under
arbitrary coproducts in Fun(Z, £).

Proof. Thanks to Proposition 4.2.9, we know that cocartesian functors are closed un-
der arbitrary colimits in Fun(Z, £). Besides, for every x € X, the restriction functor
ji: Fun(Z, ) — Fun(Zy, £) commute with all colimits as well. This reduces us to the
case where X’ is a single point, and we have to prove that split functors are closed under
coproducts. Let therefore {F;}ic| be a family of split functors and fix splittings

X iI,l(vi) ~ Fi .

Since iz, commutes with colimits, it immediately follows that | ;. V; provides a split-
ting for [ [;; Fi. O

Definition 5.4.3. Let p: Z — X be an object of PosFib and let C C Pr" be a full subcate-
gory. We say that p: Z — X is C-bireflexive if the full subcategory Stz ¢ of Fun(Z, £) is
closed under limits and colimits for every £ € C.

Example 5.4.4. If C only consists in a single category £, we say that p: Z — X is &-
bireflexive. If C C Pt is the collection of all presentable stable co-categories, we simply
say that p: Z — X is stably bireflexive.

Remark 5.4.5. [21, Theorem 7.1.3] provides many geometrical examples of stably bire-
flexive cocartesian fibrations in posets.

Lemma 5.4.6. Let p: Z — X be an object of PosFib and let £ be a presentable (stable) co-
category such that p: T — X is E-bireflexive. Then Stz ¢ is a localization of Fun(Z, &), and in
particular it is presentable (stable).
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Proof. Since £ is presentable (stable), Fun(Z, £) is presentable (stable) in virtue of [14,
Proposition 5.5.3.6] and [15, Proposition 1.1.3.1]. Then, the conclusion follows from the
oo-categorical reflection theorem, see [22, Theorem 1.1]. ([

Notation 5.4.7. In the setting of Lemma 5.4.6, the canonical inclusion Stz ¢ — Fun(Z, &)
admits a left adjoint and a right adjoint, that we denote by LSt ¢ and RStz ¢ respectively.

Lemma5.4.8. Let p: T — X be an object of PosFib. Let £ be a presentable stable compactly gen-
erated oco-category such that p: I — X is E-bireflexive. Let {Ex}jnc1 be a set of compact genera-
tors for €. Then Stz ¢ is presentable stable compactly generated by the {LStz ¢ (evq,(Ex))}aelacT
where the evy : {a} — T are the canonical inclusions.

Proof. That Stz ¢ is presentable stable follows from Lemma 5.4.6. By Recollection 5.1.10,
the {evy,(E«)}ac1acz are compact generators of Fun(Z, £). Then Lemma 5.4.8 formally
follows from the fact that Stz ¢ — Fun(Z, £) commutes with colimits. O

The following two lemmas are immediate consequences of Proposition A.2.3.

Lemma 5.4.9. Let X be an co-category. Let p: T — J be a morphism in PosFib%,. Let £
be a presentable stable co-category such that 7 — X and J — X are E-bireflexive. Then,
p1: Stz ¢ — Sty ¢ commutes with limits and colimits.

Lemma 5.4.10. Let X be an oo-category. Let p: T — J be a morphism in PosFib',. Let £
be a presentable stable co-category such that T — X and T, — X are E-bireflexive. Then,
Gryp: Stze — Stz e commutes with limits and colimits.

Corollary 5.4.11. Let (X, P) be an exodromic stratified space. Let p: T — J be a graduation
morphism of cocartesian fibrations in finite posets over Tlo (X, P). Let & be a presentable stable
oo-category and consider the pull-back square

Sl‘I,g L St T.E

Jcrp JGr

StIp,g L) Stjset’(_c/‘

supplied by Theorem 7.2.1. If all the above cocartesian fibrations in posets are E-bireflexive, then
the square is a pullback in Pr™R,

Proof. The co-categorical reflection theorem of [22, Theorem 1.1] implies that in this case
all the co-categories of Stokes functors appearing in the above square are presentable.
Then the conclusion follows combining Lemma 5.4.9 with Lemma 5.4.10. O

5.5. Van Kampen for Stokes functors. In Proposition 4.4.10 we proved a Van Kampen
result for cocartesian functors. We now show that the same holds for Stokes functors:

Proposition 5.5.1 (Van Kampen for Stokes functors). Let X,: I — Cats, be a diagram with
colimit X. Let p: I — X be a cocartesian fibration in posets and set

Te =X xyI:1— Caty .

Let & be a presentable co-category. Then the equivalence of Lemma 4.4.1 restricts to an equiva-
lence
StI,g ~ lim StIi,‘g .
iel
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Proof. Using Corollary 5.3.4 in place of Proposition 4.3.1, we see that the natural map
Fun(Z,&) — ljrrI1 Fun(Z;, &)
s

gives rise to the following commutative square:

Fun(Z,&) —— lir?Fun(Ii,é’ )
1€

(5.5.2) J ]

Stz ———— limStz, ¢ .
i€l
It follows from Lemma 4.4.1 that the top horizontal functor is an equivalence. Thus, the
bottom horizontal one is fully faithful. To conclude the proof, it is enough to prove that a
functor F: Z — & is Stokes if and only if for every i € I, its image in Fun(Z;, £) is Stokes.
The “only if” follows from Corollary 5.3.4. For the converse, we have already shown
in Proposition 4.4.10 that if each restriction of F is cocartesian then F was cocartesian to
begin with. We are left to check that F is punctually split. Combining Corollary 4.2.6 and
Lemma 4.4.9, we see that F is punctually split if and only if it is split at every object of
X lying in the image of some structural map f;: &; — X. However, if x € X is in the
image of f;, then F is split at x thanks to Corollary 5.3.3. O

As a consequence of Van Kampen for Stokes functors, we can prove:

Corollary 5.5.3. In the situation of Proposition 5.5.1, if furthermore € is stable and if ; — X
is E-bireflexive for every i € 1, then T — X is E-bireflexive and the limit of Proposition 5.5.1
can be computed inside PrR,

Proof. Let f: i — j be a morphism in I. Since Z; and Z; are £-bireflexive, it follows that
Stz, ¢ and Stzj ¢ are presentable and that the transition functor

f*: Stzj,g — Stz ¢

commute with limits and colimits. Therefore, it admits both a left and a right adjoint. In
particular, the diagram Stz, ¢ factors through PriR. Since limits in Pr’ can be computed
in CAT,,, Proposition 5.5.1 implies that Stz ¢ is presentable and stable. Besides, since all
transition maps in Stz, ¢ commute with limits, it automatically follows that the structural
functors
Stz e — Stz ¢

commute with limits as well. Thus, Stz ¢ is closed under limits inside Fun(Z, £). On the
other hand, Lemma 5.4.2 shows that Stz ¢ is closed under arbitrary coproducts inside
Fun(Z, £). Since £ is stable and we already showed that Stz ¢ is stable, closure under
finite colimits is automatic. The conclusion follows. O

5.6. Change of coefficients for punctually split and Stokes functors. Fix a cocartesian
fibration in posets p: Z — X and let f: £ — £’ be a morphism in Prl. Recall from
Section 3.5 that this induces a transformation

L/, expg(Z/X) — expg, (Z/X)
in PrFib". We have:
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Proposition 5.6.1. The transformation £/% respects the punctually split sub-cocartesian
fibrations, and thus it induces a functor

/Y explS(Z/X) — expR(Z/X)
in PrFibY,. In particular, the induced functor
f: Fun(Z, &) — Fun(Z, &)
induces well defined functors
f: Funps(Z, &) — Fun(Z,&") and f: Stz e — Stzer .

Proof. Since f commutes with colimits, it commutes with the formation of left Kan
extensions. This immediately implies the first statement. Applying Xy and using
Proposition 3.5.1, we deduce that f: Fun(Z, ) — Fun(Z, ') preserves punctually split
functors. In turn, this fact and Proposition 4.5.1 implies that f also preserves Stokes
functors. O

Cocartesian functors exhibit a nice behavior with respect to the tensor product in
Pr" (see Corollary 4.5.7). On the other hand exp’®(Z/X) is typically not a presentable
fibration, and Stz ¢ is typically not presentable. This prevents from formally deducing
an analogue of Corollary 4.5.7 for Stokes functors: such a result will be true, but only
in a more restrictive geometric setting, see [21, Theorem 7.2.7]. For the moment, let us
simply collect a couple of elementary observations that will be needed later.

When bireflexivity holds, we can construct, for every pair of presentable co-categories
€ and &', a canonical comparison morphism Stz ¢ ® £’ — Stz ¢w¢r. The key point is the
following lemma:

Lemma 5.6.2. Let p: Z — X be a cocartesian fibration in posets. Let € and E' be presentable
oo-categories. Let x € X be an object and let F: T — & be a functor that splits at x. Then for
every object £/ € &', the functor

FRE €¢Fun(Z, )@ E' ~Fun(Z,E ® &)
splits at x as well.

Proof. Letiy: Zy — 7 be the canonical functor. For any presentable co-category D, both
functors

iy: Fun(Z, D) — Fun(Z,, D) and iz 12 Fun(Z, D) — Fun(Zy, D)
commute with colimits, so we obtain the following canonical identifications:

@D

iz, 1®D
Fun(Z, Spc) ® D Fun(Z,, Spc) ® D P Fun(Z3*,Spc) ® D

| b |

Fun(Z, D) = Fun(Z, D) ! Fun(Z:¢, D) .

This proves the lemma when £ = Spc, and the general case follows from the associativity
of the tensor product in Pr". O
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Construction 5.6.3. Let p: Z — X be a cocartesian fibration in posets. Let £ and &’
be presentable co-categories such that p: Z — X is {£, £'}-bireflexive. Consider the
following solid commutative diagram:

Stz e ® El e > Stz eqer
(564) Funcocart(I’ S) ® g! ~ Funcocart(l" E® 5/)
Fun(Z,&) @ &’ = Fun(Z,E® &)

in Prl. By definition, St; ¢ ® £’ is generated under colimits by objects of the form F ® E’,
where F: 7 — £ is a Stokes functor and E’ € £’ is an object. Lemma 5.6.2 guarantees
that such an object is mapped via the bottom horizontal equivalence into an object in
Stz ewe. Since the right vertical arrows are fully faithful by definition, it follows that the
dashed arrow exist.

Proposition 5.6.5. Let p: T — X be a cocartesian fibration in posets. Let €& and £’ be
presentable co-categories. Assume that:

(1) The fibers of T are finite;

(2) p: T — X is E,E -bireflexive.
Then the canonical comparison functor

Str.e ® &' = Strene
of Construction 5.6.3 is fully faithful.

Proof. Since the fibers of T are finite, Proposition 4.2.14 implies that Fun®"(Z, £) is
closed under limits and colimits in Fun(Z, £). By (2), it follows that Stz ¢ is closed under
limits and colimits in Fun®®“™(Z, £) as well. Since in this situation Stz ¢ is presentable
by Lemma 5.4.6, it follows that the inclusion of Stz ¢ into Fun®“"(Z, £) has both a left
and a right adjoint. Therefore, the functoriality of the tensor product in Pr" implies that
the top left vertical arrow in the diagram (5.6.4) is fully faithful. On the other hand, the
middle horizontal functor is an equivalence thanks to Corollary 4.5.7, so the conclusion
follows. O

Definition 5.6.6. Let p: Z — X be an object of PosFib and let C C Pr! be a full subcate-
gory stable under tensor product. We say that p: Z — & is C-universal if it is C-bireflexive
and the comparison map Stz ¢ ® £’ — Stz gg¢ of Construction 5.6.3 is an equivalence
foreveryE, £ € C.If C C Prl is the collection of all presentable stable co-categories, we
simply say that p: Z — X is stably universal.

Proposition 5.6.7. Let X,: 1 — Caty be a diagram with colimit X. Let p: Z — X be a
cocartesian fibration in posets and set

Toe = Xe xyZI:1— Caty .

Assume that Iy — X is stably universal for every i € 1. Then T — X is stably universal.
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Proof. Note that 7 — X is stably bireflexive by Corollary 5.5.3. For every presentable
stable co-categories £, £’, we have

Stre®E ~ (liérll Stz ) @&’ Corollary 5.5.3
~ l_irrll(StIi,g ®E" Lemma 4.5.5
ic
~ lim Stz, ewe
iel
~ Sty cper Corollary 5.5.3
O

5.7. Induced t-structures for Stokes functors. Fix a presentable stable co-category &
equipped with an induced t-structure T = (£>0, £<o). In Section 4.9 we showed that
cocartesian functors inherits a t-structure from T, and we analyzed the basic properties.
We now investigate the behavior with respect to Stokes functor.

We start with a couple of general facts concerning t-structures.

Construction 5.7.1. Let C and D be stable co-categories equipped with t-structures
¢ = (C<0,C>0) and T° = (D<o, D>o) and let

F:C—D

be a right t-exact stable functor. For every object C € C, one has F(Tgo(C )) € Do, and
therefore the mapping space

Mapy, (F(15,(C)), 72 (F(C)))
is contractible. It follows that there exists the dashed morphisms making the diagram

F(t%o(C)) F(C) F(tE(0)
(5.7.2) H
2y (F(C)) F(C) w21 (F(O))

commutative.

Lemma 5.7.3. In the situation of Construction 5.7.1, let C € C be an object. IfF(’tgf1 (C)) €
D _1 then both canonical comparison maps

F(t5(C)) = 12 (F(C))  and  F(5_4(C)) — 124 (F(C))
are equivalences.

Proof. Since F is a stable functor, the top row of (5.7.2) is a fiber sequence in D. By
definition of t-structure, the same holds true for the bottom row. Set

K= fib(F(15,(C)) = 1% (F(C)))  and  K'=fib(F(5_,(C)) — 12, (F(C))) .
We therefore obtain a fiber sequence
K—0—-K,
which implies K’ ~ K[1]. Observe now that K’ € D_;. At the same time,
K[1] = cofib (F(1%,(C)) — 124 (F(C))) € Do
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Thus, it follows that K’ € D>y N D<_; ={0}. Thus, both K and K’ are zero, which implies
that the comparison morphisms are equivalences. O

We now start analyzing the behavior of the standard t-structure on Stokes functors.

Recollection 5.7.4. Let f: A — B be a functor of co-categories. Then
f*: Fun(B,£) — Fun(A, &)

is t-exact with respect to the standard t-structures. In particular, f, is right t-exact and f.
is left t-exact.

Lemma 5.7.5. Let f: Z — J be a morphism of posets, where I is discrete and finite. Then
fi: Fun(Z,&) — Fun(J, &)
is t-exact.

Proof. Fix a functor F: Z — £ and an object b € 7. By definition
fi(Fly~ P Fa,
f(a)<b

so the conclusion follows from the fact that both £- and £« are closed under finite
sums. 0

Corollary 5.7.6. Let 1 be a finite poset and let F: T — & be a functor. If F is split, then so are
T<n(F) and 1=y (F) for everyn € Z.

Proof. It suffices to treat the case n = 0. Choose a functor V: 7% — £ with an equiva-
lence F ~ iz,(V). Since 7 is finite, Lemma 5.7.5 implies that

Tooliz)(V)) = izi(t<(V)) and  120(iz)(V)) =izi(t=0(V)),
whence the conclusion. O
Lemma 5.7.7. Let T be a poset and let F: T — & be a functor. Let (V, $:iz,(V) >~ F) bea

splitting for F. Let n € Z be an integer. If F takes values in E=y, (resp. E<n), then the same goes
forV.

Proof. It suffices to consider the case n = 0. For a € Z, ¢ induces
Fa ~ @ Vb .
b<a
In particular, V, is a retract of F. Since Fy € 59 (resp. Fq € <o), it follows that V, € £
(resp. Vq € E«p) as well. O

Corollary 5.7.8. Let f: 7 — J be a morphism of finite posets. Let F: Z — & be a split functor
and let n € Z be an integer. If F takes values in E<y, then so does f,(F);

Proof. It suffices to consider the case n = 0. Since F is split, we can find a functor
V:I% — £ and an equivalence ¢: F ~ iz (V). Lemma 5.7.7 guarantees that V takes
values in £¢j. Thus, we find

f)(F) 2 fi(iz,(V)) = iz, (f(V)),

and the conclusion now follows from Lemma 5.7.5 applied to iz o f5¢': 7%t — 7. O
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Notation 5.7.9. Given an co-category .4, we denote again by
T>n: Fun(A4, &) — Fun(A, &) and T<n: Fun(A, &) — Fun(A4, <)
the induced truncation functors, given respectively by the compositions
Ton(F) =TsnoF and T<n(F) =T oF.

Lemma 5.7.10. Let f: Z — J be a morphism of finite posets and let F: T — & be a split functor.
Then for every integer n, the canonical maps of Construction 5.7.1

fil(Ton(F) = ©n(fi(F)  and  fi{t<n(F)) = t<n(fi(F))
are equivalences.

Proof. It suffices to consider the case n = 0. Since F is split, Corollary 5.7.6 guarantees
that t<_1(F) is again split and takes values in £<_;. Therefore, Corollary 5.7.8 implies that
fi(t<_1(F)) takes values in E<_;. At this point, the conclusion follows from Lemma 5.7.3.

O

Proposition 5.7.11. Let p: Z — X be a cocartesian fibration in finite posets and let £ be a stable
presentable co-category equipped with an accessible t-structure T = (E<o, Exo). If F: T — Eisa
Stokes functor then for every integer n. € Z, both 1< (F) and t=n(F) are again Stokes functors.
In particular, p: T — X is E-bireflexive, then Str g acquires a unique accessible t-structure
such that the inclusion
Stre — Fun(Z, &)

is t-exact. If in addition T is compatible with filtered colimits, the same goes for the induced
t-structure on Stz ¢.

Proof. We know from Lemma 5.4.6 that Stz ¢ is presentable and stable. Since Stz ¢ is
closed under limits and colimits in Fun(Z, £), the first half of the statement implies the
existence of the desired t-structure, its accessibility and its compatibility with filtered
colimits.

Let us therefore prove the first part. It suffices to consider the case n = 0. Let
F: 7 — & be a Stokes functor. We first prove that - (F) and t<o(F) are punctually split.
Fix an object x € X. Since j;: Fun(Z,&) — Fun(Zy, £) is t-exact, we find canonical
equivalences

Jx(t>0(F) ~ t0(x(F))  and  ji(t<o(F)) > t<0(ji(F)) .

Since j (F) is split by assumption, Corollary 5.7.6 implies that the same goes for 1<, (j5(F))
and t>0(jx (F)) as well, which proves the first claim.

We now prove that 1>0(F) and 1<o(F) are cocartesian. Let y: x — y be a morphism in
X and let f,: Z, — Z, be any straightening for Z,, — A'. By Lemma 5.7.10, the canonical
comparison maps

fyi(t>0(%(F))) = T=0(fy, (55 (F)))  and  fy(t<o(ix(F))) = T<o(fy, (55 (F)))
are equivalences. Since F is cocartesian, the canonical map
fy1 (5% (F)) — 3y (F)
is an equivalence. The conclusion now follows from the t-exactness of both j; and jj;. [
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Corollary 5.7.12. In the setting of Proposition 5.7.11, one has a canonical equivalence:
Sty ¢ ~ Stz o .

Proof. By definition of the standard t-structure on Fun(Z, £), we have Fun(Z, E)V ~
Fun(Z, EY). Proposition 5.7.11 guarantees that a Stokes functor is connective (resp.
coconnective) if and only if it is connective (resp. coconnective) as an object in Fun(Z, &),
so the conclusion follows. O

Recollection 5.7.13. If A is a Grothendieck abelian category, we denote by D(.A) the
derived oo-category of A (see [15, Definition 1.3.5.8]). By [15, Propositions 1.3.5.9
& 1.3.5.21] we see that D(A) is a presentable stable co-category equipped with an
accessible t-structure T = (D(.A) >0, D(A) <o) compatible with filtered colimits and such
that A ~ D(A)".

Corollary 5.7.14. Let p: Z — X be an object of PosFib and let A be a Grothendieck abelian
category such that p: T — X is D(A)-bireflexive. Then Stz 4 is a Grothendieck abelian category.

Proof. Lemma 5.4.6 implies that St p( 4) is presentable and stable, while Proposition 5.7.11
guarantees that T induces an accessible t-structure on Stz p( 4) which is compatible with
filtered colimits and such that the inclusion

StI,D(A] — Fun(I, D(.A))
is t-exact. Moreover, Corollary 5.7.12 and Recollection 5.7.13 imply that

Q ~
StI,D(A) ~ StI,A .
Thus, it follows that Stz 4 is a Grothendieck abelian category. O

Corollary 5.7.15. Let X be an oo-category and let f: T — J be a morphism between cocartesian
fibrations in finite posets over X. If T — X and J — X are E-bireflexive, then the functor

fi:Stze — Sty e

is t-exact.

Proof. It follows from Proposition 5.7.11 and Recollection 5.7.4 that f, is right t-exact. Let
F € (Stz ¢)<o. We have to prove that f|(F) takes values in £<y. Combining Corollaries
3.1.6 and 5.3.4, we can reduce ourselves to the case where X is reduced to a point, where
the result follows from Corollary 5.7.8. O

Remark 5.7.16. The inclusion Fun®"(Z, £) — Fun(Z, ) is typically not left t-exact
and in general

Funcocart (Z, 8)@ o Funcocart(l-, g??) ,
as Example 4.9.5 shows. Notice however that the functor F considered there is not

punctually split at 0. Similarly, if f: Z — J is a morphism between cocartesian fibrations
in finite posets, neither

fi: Fun(Z,€&) — Fun(J, &)

nor its cocartesian variant are left t-exact. However, it becomes left t-exact once restricted
to Stz ¢, thanks to Corollary 5.7.15.
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Corollary 5.7.17. Let T — X be a cocartesian fibration in posets. If X admits an initial object
x, then a Stokes functor F: T — & takes values in £V if and only if i}(F): I, — & takes values
in &Y.

Proof. The “only if” direction simply follows from the t-exactness of j;: Fun(Z, &) —
Fun(Zy, £). For the “if” direction, we equivalently have to show that for every y € X,
the restriction jj (F) takes values in £V. Since x is initial in X', we can find a morphism

v: x — y. Choose any straightening f,: Zy — Z, for Z, — A'. Since F is cocartesian, the
canonical map

fy(Gx(F)) = iy (F)
is an equivalence. The conclusion now follows from Corollary 5.7.8. O
5.8. Categorical actions on Stokes functors. We use the terminology on categorical
actions reviewed in Section D (see also Section 4.10, of which this section is the continua-

tion). We fix a presentably symmetric monoidal and stable co-category £%. In analogy
to Proposition 4.10.1, we have:

Proposition 5.8.1. Let p: Z — X be a cocartesian fibration in posets. Then for every L €
Loc(X; &) and every G € Funps(Z, ), the functor

PrL)®G:ZT— €&
is again punctually split. In particular, if G is a Stokes functor, the same goes for p*(L) ® G.

Proof. Fix x € X. Since the restrictions j;: Fun(Z, £) — Fun(Z,, £) are £-linear, we can
assume without loss of generality that & is reduced at a single point. Choose a splitting
V: I — & for G. Lemma D.1.3 implies that iz ,: Fun(Z*, &) — Fun(Z, £) is £-linear.
Therefore, for every L € £ we obtain

P (L) ®G ~p*(L) @iz, (V) > iz, (p** (L) ® V),
ie. p*(L) ® G is split. O
Corollary 5.8.2. Let p: 7 — X be a E-bireflexive cocartesian fibration in posets. Then the

categorical action of Loc(X; €) on Fun(Z, &) restricts to a categorical action of Loc(X;E) on
StI,g.

Proof. This is obvious from Proposition 5.8.1. O

We now derive an analogue of Corollaries D.2.8 and 4.10.10 in the setting of Stokes
functors. We fix a pullback square

J 25T
o
y ", x
in Cat.,, where p is a cocartesian fibration in posets. In addition, we assume that f is a

finite étale fibration (see Definition C.2.1) and that both Z and 7 are &-bireflexive. In
this setting, Construction D.2.1 supplies a canonical transformation

w: Loc(V; &) @roe(rie) Fun(Z, &) — Fun(J, &),
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and Proposition 4.10.1 and Corollary 5.8.2 imply that this action restricts to a well defined
categorical action

w: Loc(V; &) ®roc(x:e) Stre — Sty e .
Lemma 5.8.3. In the above setting, the functor
w: Fun(7,&) — Fun(Z, &)
respects Stokes functors and in particular it induces a well defined functor
w:Stye — Stre.

Proof. We know from Corollary 4.10.8 that u, preserves cocartesian functors. It is there-
fore enough to prove that it preserves punctually split functors as well. Let therefore
F: J — & be a punctually split functor. Fix x € X. For every y € ), we have a splitting

Vy: JS‘“ - &

for j; (F). Since f is a finite étale fibration, the same goes for u (see Lemma C.2.2), and
therefore

j(w(F) =~ P jy(F.
Ueyx
It follows from Lemma 5.4.2 that @y, Vy provides a splitting for j(w (F)), whence the
conclusion. O

Proposition 5.8.4. In the above setting, the functor
e Stj,g — StI,g
is monadic.

Proof. As in the proof of Corollary 4.10.9, Lemmas 5.8.3 and D.2.5 imply thatw, and u* are
biadjoint. Besides, w,: Fun(J,£) — Fun(Z, £) is conservative thanks to Lemma D.2.6,
so the same holds true for its restriction to the co-categories of Stokes functors. O

Corollary 5.8.5. Let

J —— 1T

lq P

y —-x
be a pullback square in Cats,, where p is a cocartesian fibration in posets. Let E® be a presentably
symmetric monoidal co-category. Assume that:

(1) fis a finite étale fibration;
(2) & is stable;

(3) both L and J are E-bireflexive.
Then, the comparison functor

u: Loc(V; &) ®rocix:e) Stz,e — Sty e
is an equivalence.

Proof. Using Proposition 5.8.4 as input, the same proof of Corollary D.2.8 applies. [
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We conclude this section with the following result, which has been inspired by [3,
Lemma 15.5] and that will play an important role later on:

Corollary 5.8.6 (Retraction lemma). Let
Xo: A — Caty

be a semi-simplicial diagram with colimit X. Let 7 — X be a cocartesian fibration in posets and
set
Ze=Xe xx 1.
Let £ be a presentably symmetric monoidal stable co-category. Assume that:
(1) Env(X) is compact in Spc;

(2) for every [n] € A, the structural morphism X, — X is a finite étale fibration;

(3) Forevery [n] € A, Iy, is E-bireflexive;
Then there exists an integer m > 0 depending only on Env(X') such that Stz ¢ is a retract of
lim Stz ¢

[n}eAs,Sm
in Prt,
Proof. To begin with, Corollary 5.5.3 implies that Stz ¢ is presentable, stable and closed
under limits and colimits in Fun(Z, £) and that besides

StLg ~ [im StIi,g ,
i€l

the limit being computed in Pr™R.

For any integer m > 0, set
XM .— colim A, .
[n]EAS?Sm

It automatically follows that
X ~ colim xX™

meN°P
where the colimit is now filtered. Since the enveloping co-groupoid functor Env: Cat,, —
Spc is a left adjoint, we see that

Env(X) ~ colim Env(X™) .

melN
Since Env(X) is compact, there exists an integer m > 0 such that Env(&X’) is a retract
of Env(X™)). As a consequence, we see that Loc(X; £) is a retract of Loc(X (m). £). In
particular,

Stz,e >~ Loc(X;E) @roc(x:e) Str,e
is a retract of
LOC(X(m); &) ®LOC(X;5) StI,5 = < lim  Loc(&y; g)) ®LOC(X;€) StI;S .
n]eAs,Sm.
Notice that the diagram Loc(&,; &) takes values in Pr'“R. Therefore, Lemma 4.5.5 sup-
plies a canonical equivalence
( n lim LOC(-Xn; 5)) ®LOC(X;£) StI;g ~ lim LOC(Xn; 5) ®Loc(X;8) Stz;g .

}EAs,gm. n}EAs,gm
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Since each &, — X is a finite étale fibration, Corollary 5.8.5 supplies a canonical
equivalence

Loc(&Xn; &) @roc(ae) Stre =~ Stz,.¢ -
Thus, the conclusion follows. O

6. GRADUATION

In this section we keep working with cocartesian fibrations in posets, but we restrict
to stable coefficients. This allows to introduce a new fundamental operation for Stokes
functors: graduation. Intuitively, this allows to break a Stokes functor in more elementary
pieces, and it will be the key ingredient needed to develop the theory of level morphisms
and level induction.

6.1. Relative graduation. Let X be an co-category. Starting with a morphismp: Z — J
in PosFib v, we can perform the following two constructions:

Construction 6.1.1. Consider the fiber product
I, — 1
J'n JP
L7set iy J

Notice that Z;** — Z°¢* is an equivalence. When X’ is reduced to a point, we can identify
T, with the poset (Z, <,), where

a<,a Sefy pla)=p(a’)anda < ad’.
In other words, if p(a) # p(a’), then a and a’ are incomparable with respect to <,,.
Construction 6.1.2. Let
Y=Y7=5tP(J): X — Cats
be the straightening of p7: J — X. Consider the composition
T2 = Fun(A!, Y(—)): X — Cats,

and write J4' = UnS?(TA1 ) for the associated cocartesian fibration. The source and
identity functors

Fun(A',Y(-)) 2 Y(-) and  Y(-)— Fun(A',Y(-))
induce morphisms of cocartesian fibration in posets over X
s: 7Y 57 and  id: g — TN
Consider the pullback diagram
I —=

L]

JA s
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Objects of Z< are triples (x,a,b) where a € Z,, b € Jx and where p(a) < b in Ji.
We also consider the full subcategory iz . : Z. — Z< spanned by objects (x, a, b) with
p(a) < b. When 7 is clear from the context, we simply write i. instead of iz .

Remark 6.1.3. The target functor Fun(A',Y(=)) — Y(—) induces a morphism of co-
cartesian fibration in posets t: J AY 5 J. Lett: I — J be the composition of

T — J% witht: 74" — J. Then, one checks that if X’ is a point, the induced functor
(0,7): Z< = 1 x J is fully-faithful.

In general, Z. is no longer a cocartesian fibration. To remedy this, we introduce the
following;:

Definition 6.1.4. Let X be an co-category. Let p: Z — J be a morphism in PosFib over
X. We say that p: Z — J is a graduation morphism if the cocartesian fibration 7% — X
is locally constant in the sense of Definition C.1.4.

The following lemma is simply a matter of unraveling the definitions:

Lemma 6.1.5. Let X be an co-category. Let p: T — J be a graduation morphism over X.
Then, i.: I — Z< is a cocartesian subfibration of Z< over X.

Consider the following diagram with pull-back squares:

I

, K
(6.1.6) 7, P I. —° 1
| L]
gt g M, g s g

We fix a presentable stable co-category £ and write

e<: il — idpunz. &)
for the counit of the adjunction i.;: Fun(Z., ) < Fun(Z<,£): iL.
Definition 6.1.7. The graduation functor relative to p: Z — J (or p-graduation functor)
Grp: Fun(Z, &) — Fun(Z,,£)

is the cofiber

Grp, = cofib (ife<0™: ifoigo0iloo™ = ifo0").

Notation 6.1.8. When p = id, we note Gr for Gryq.

In the following basic example, we recall thatif p: Z — J is a morphism of posets and
ifbe J, weputZey, =Z,, =71 x5 J/p. Since J is a poset, the canonical morphism
Jp — J is tully-faithful. Thus, the canonical morphism Z,,, — Z identifies Z,, with
the full subcategory of 7 spanned by objects a € Z such that p(a) < b. Similarly,
Iy = 1 x5 J<p is the full subcategory of 7 spanned by objects a € Z such that
pla) <b.
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Example 6.1.9. Let p: Z — J be a morphism of posets. Let £ be a presentable stable
oco-category. Let V: Z5¢' — & be a functor and put F := iz,(V). Let a € Z,,. Then, there is
a canonical equivalence

(Grp(F))a >~ @ Vo .

a’'<a
p(a’)=p(a)
Proof. We have
(ipoic0il 00™(F))q = colim For >~ colim Vg»
(a"b)e(Z<)/(ap(a) (a’,a”,b)eC

where C is the full subcategory of Z x J x Z°¢' spanned by triples (a’, b, a”) such that
a” <a’ <aandp(a’) <b < p(a). Let D be the full subcategory of Z x Z°¢' spanned
by pairs (a’,a”) such that a” < a’ < aand p(a’) < p(a). Let A be the subset of Z°
formed by the a” such that a” < a and p(a”) < p(a). Consider the commutative
diagram

Dt .,

P2 JPS
.A Iset

where f: D — C is given by (a’,a”) — (a’,p(a), a”). We claim that f is cofinal. Indeed,
for every triple (a’,b,a”) € C, D(q/p,a7); =D X¢ Cla’p,a7), is the subposet of D spanned
by pairs («’, a”) with a’ < «’. Observe that (a’, a”) is a minimal element of D4/ 1, 47)/,
which is thus weakly contractible. Hence, the claimed cofinality follows from [14,
Theorem 4.1.3.1]. Thus,

(i 0 iz 0% 0 0*(F))a = colim Vp

We also claim that p;: D — A s cofinal. Indeed, if a” € A, Dyr) =D X 4 Aqr/ is the
subposet of D spanned by couples («’, a”). Observe that (a”, a”) is a minimal element

of Dyr,, which is thus weakly contractible. Hence, the claimed cofinality follows from
[14, Theorem 4.1.3.1]. Thus,

(ipoicoiloo’(Mla~colimViy~ B Vu

a’'<a
pla’)<p(a)
On the other hand,

(1; © G*(F))a ~ Fq ~ @ Vo
a’'<a
Example 6.1.9 thus follows. O

In particular when p: Z — J is the identity of Z, we obtain:

Example 6.1.10. In the setting of Example 6.1.9, let V: 75" — £ be a functor and put
F =iz (V). Let a € Z%¢. Then, there is a canonical equivalence

(GrF)q ~ V,
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Example 6.1.11. Let X’ be an co-category. Let p: Z — J be a graduation morphism over
X and assume that 7 = 7. Then, Z, = Z and Grp,: Fun(Z,,€) — Fun(Z, £) is the
identity functor.

Proposition 6.1.12. Let X be an co-category. Let p: T — J be a graduation morphism over
X. Let £ be a presentable stable oo-category. Then Gry,: Fun(Z, &) — Fun(Z,, &) commutes
with colimits. In particular, Gry, admits a right adjoint

Gr]’;: Fun(Z,, &) — Fun(Z, €)
that can be explicitly computed as
Gr}, ~ fib(0, 01 5 0, 01, 01k 014,
where N« is the unit of the adjunction it . ..

Proof. The first half follows immediately from the fact that Gr, is a composition of
functors commuting with colimits. The second half simply follows from the Yoneda
lemma. 0

Remark 6.1.13. For an explicit description of the right adjoint Gr}, in the spirit of Exam-
ple 6.1.9, see Proposition 6.3.11.

Under extra finitness conditions, Proposition 6.1.12 has a counterpart for limits. Before
stating it, we introduce the following

Definition 6.1.14. We define PosFib' as the full subcategory of PosFib spanned by
cocartesian fibrations in posets p : Z — X such that for every x € X, the poset Z; is
finite.

Proposition 6.1.15. Let X be an oo-category. Let p: I — J be a graduation morphism

in PosFib" over X. Let & be a presentable stable co-category. Then Gry: Fun(Z,&) —
Fun(Z,, £) commutes with limits.

Proof. Follows immediately from Proposition A.2.3 and the fact that in a stable co-
category, the cofiber functor commutes with limits in virtue of Lemma A.2.1. O

Proposition 6.1.16. Let X be an co-category. Let p: I — J be a graduation morphism
in PosFib" over X. Let & be a presentable stable co-category. Then Gry: Fun(Z,&) —
Fun(Z,, &) is conservative.

Proof. From Corollary 3.1.6, we can suppose that X is a point. Let f: F — G be a
morphism in Fun(Z, £) such that Gr,(f): Grp(F) — Grp(G) is an isomorphism. Let
A C 1 be the subset of elements a such that f is not an isomorphism at a. We argue
by contradiction and assume that A is not empty. Since Z is finite, A admits a minimal

element a. If Cq :=Z x7_ (Z<) /(ap(a)), there is a morphism of cofibre sequences

coclim Fle, F Grp(Fla

a
J' Jfa JGr(f)a
Co(}im Gle, Ga Grp(G)a

a
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By definition, an object of C, is a couple (b,c) € Z x J with p(b) < csuch thatb < a
and ¢ < p(a). In particular p(b) < p(a), so that b < a. That is, the above colimit over
Cq only features values of f at elements b € 7 strictly smaller than a. Thus, the left
vertical arrow is an equivalence by the minimality of a. The right vertical arrow is an
equivalence by assumption. Hence f,: Fq — G is an equivalence. Contradiction.  [J

Remark 6.1.17. Note that Proposition 6.1.16 fail if the finiteness assumption on Z is
dropped. If Z = Z and if F is the functor constant to a non zero object in £, then we have
F # 0 and Gr(F) ~ 0.

6.2. Exponential graduation. The graduation functor introduced in Section 6.1 should
be understood as the global counterpart of the exponential graduation, which we now
discuss. Fix a presentable stable co-category £. For every oco-category X and every
graduation morphism p: Z — J in PosFib over X', we can apply exp.(—/&X) to the
diagram (6.1.6). This yields the following commutative diagram

expe(Z./X)
. Jet=
g'lp go
expe(Zy/ X) : expe(Z</X) —— expe(I/X)

|, | |

id

expe( T/ X) s expp(T /X)) ——s expp( T /X) —s expp( T/ X)

in PrFib%. Recall from Lemma 3.4.1 the existence of right adjoints £%*, £<* and £l
for £°, 5!i< and 5!1 ¥, respectively.

Definition 6.2.1. In the above setup, the exponential graduation relative to p is the functor

expGr,, = cofib(E* o Sli< 0 EF o £9% 5 Elvr 0 £9%)

where the morphism is induced by the counit of the adjunction £ ,1 <A &

The following result summarizes the local and the global behavior of the exponential
graduation functor:

Proposition 6.2.2. Keep the same notations as above. Then:

(1) for every x € X, the diagram

Grpy

Fun(Zy, &) —— Fun((Zp)«, &)

J J

xpGr
expe(Z/X) 2, Fun(Z,, &)

commuites.
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(2) The diagram

ZX(expGrp)
Fun, x (X, expg(Z/ X)) Fun, x (X, expg(Z,/ X))

JSPI l SPz,

Fun(Z, £) Fun(Z,, &)

commutes.

Proof. Statement (1) immediately follows from Corollary 3.1.6 applied to S!i = and the

fact that the adjunctions £° - £97, 5!"< - E<* and &P - E%* are relative to X, see
Lemma 3.4.1. On the other hand, statement (2) is a direct consequence of Proposi-
tion 3.4.2. g

Our next goal is to understand the behavior of expGr with the exponential functoriality
for morphisms in PosFib. We start analyzing cartesian morphisms. Consider therefore a
diagram

(6.2.3) T e j{(
J

whose squares are pullbacks and where Z — )V and J — ) are cocartesian fibrations in
posets. We also assume that J set 4 X is locally constant. We have:

Proposition 6.2.4. In the above setting, the diagram

expe(Zp/YV) 0 expe((Za)py/X)
(625) expGrpT TexpGrq
expe(T/Y) 5 expy(Ta/X)

is canonically commutative, and it is therefore a pullback.

Proof. Unraveling the definitions, we see that an object in exp¢(Zy /X’) can be identified
with a pair (F,x), where x € X and F: (Zy)x — & is a functor. Under the canonical
identification (Zy)x ~ Z¢(), the functor £* sends (F,x) to (F, f(x)). At this point, the
commutativity follows from Corollary 3.1.6 and Proposition 6.2.2-(1), while Proposi-
tion 2.2.6-(1) immediately implies that the square in consideration is a pullback. O

Corollary 6.2.6. In the above setting, the natural transformation
Grqou” — u, o Gry
between functors from Fun(Z, £) to Fun((Zy)q, £) is an equivalence.

Proof. We can see (6.2.5) as a commutative square in PrFib". The statement then follows
applying X and invoking Proposition 3.1.2-(1) and Proposition 6.2.2-(2). O



68 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

Remark 6.2.7. As a particular case of Corollary 6.2.6, we see that relative graduation
commutes with restriction over an object of X

6.3. Graduation and induction. Our next task is to understand how graduation be-
haves with respect to morphisms in PosFib y for a fixed co-category &'. In other words,
we are interested in seeing to which extent (exponential) graduation and (exponential)
induction intertwine with each other. Our starting point is the following. Let X’ be an
oo-category and let

7T,k
(6.3.1) . q
J —-

be a commutative diagram in PosFib over X'. We make the following running
Assumption 6.3.2.
(1) Bothp:Z — J and q : K — L are graduation morphisms.

(2) Forevery x € X, the map g3¢t: J3¢t — L3¢ is injective.
y P gX X X ]

The second half of this assumption guarantees that if a,b € J; are such thata < b,
then g(a) < g(b) as well. Thus, the above assumption guarantees the existence and
commutativity of the following diagram:

I
o
IC< 1.'I,<
‘i.p iK’< I 07
1z, < 7
(6.33) s p /
. J " ks S i
jset jA] g j
- / K / %
L L L

Fix a stable presentable co-category £ and consider the induced natural transformation
(634) fp,q! o Grp — Grq of)

of functors from Fun(Z, £) to Fun(K,£). The goal of this section is to establish the
following:
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Proposition 6.3.5. Let £ be a stable presentable co-category and let F € Fun(Z,E). Under
Assumption 6.3.2, the natural transformation (6.3.4) is an equivalence and the diagram

f

&
expe(Z/X) —— expg(K/X)
JexpGrp JexpGr q
fpa
expe(Zp/X) —— expg(Kq/X)
commutes.

We first deal with the natural transformation (6.3.4), and we start by the following
particular case:

Lemma 6.3.6. Let X' be an oco-category. Let £ be a presentable stable co-category. Letp: L — J
be a graduation morphism in PosFib over X. Consider the commutative diagram

Iset L) T
JPOiI JP
J g
Then, the induced natural transformation izpl — Gry, oig is an equivalence.

Proof. Combining Corollary 3.1.6 and Corollary 6.2.6, we can suppose that & is a point.
Let V: I%¢ — & be a functor. Then, for every a € Z,,, we have

(i Ve~ B Vo

a’'<a
p(a’)=p(a)

Then, Lemma 6.3.6 follows from the computation performed in Example 6.1.9. O

Corollary 6.3.7. Under the assumptions of Lemma 6.3.6, for every punctually split functor
F: T — &, the graduation Gry(F): I, — & is punctually split.

Proof. From Corollary 6.2.6, we are left to treat the case where &’ is a point. In this case,
the statement follows from Lemma 6.3.6. O

Corollary 6.3.8. Let Z — X be an object of PosFib' such that 5 — X is locally constant.
Let £ be a presentable stable co-category. Let F: T — & be a functor. Then, the following are
equivalent:

(1) the canonical morphism i7(F) — Gr(F) admits a section o: Gr(F) — i7(F);
(2) the functor F split.
If these conditions are satisfied, the morphism
T: 17 Gr(F) — F
induced by o is an equivalence.

Proof. Assume that (1) holds. To prove (2), it is enough to show that T is an equivalence.
By Proposition 6.1.16, it is enough to show that

Gr(1): Grig Gr(F) — Gr(F)
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is an equivalence. Then, Corollary 6.3.8 follows from Lemma 6.3.6. Assume that F split
and let us write F ~ iz (V) where V: 7 — £ is a functor. By Lemma 6.3.6, the canonical
morphism from (1) reads as i7iz,(V) — V. Then, the unit transformation V — i}iz,(V)
does the job. O

We are now ready for:

Proof of Proposition 6.3.5. Combining Corollary 3.1.6 and Corollary 6.2.6, we can assume
that & is a point. Recall moreover from Proposition 5.1.11 that Fun(Z, £) is generated
under colimits by punctually split functors. Since both source and target of (6.3.4)
commute with colimits, it is enough to check that the canonical morphism

fp,q:(Grp(F)) — Grq(fi(F))

is an equivalence when F is punctually split. We can therefore assume that F ~ iz(V)
for some functor V: Z%¢* — £. Thus, we can compute:

fp,ql(Grp(F)) = fp,q!(Grp(iI!(V)))

>~ fp,q 0 iz, (V) By Lemma 6.3.6
~ i (V)

~ Grq(ix (V) By Lemma 6.3.6
~ Grp of| 0 ig (V)

~ Grp of | (F) .

Thus, (6.3.4) is an equivalence. As for the second half of the statement, observe that
applying exp¢(—/ &) to the diagram (6.3.4) supplies a canonical natural transformation

o Elfp"‘ o expGr, — expGr, o&f.

To prove that it is an equivalence, it is enough to prove that its restriction «, is an
equivalence for every x € X'. Combining Proposition 3.1.2-(2) and Proposition 6.2.2-(1),
we see that «, coincides with the natural transformation (6.3.4), so the conclusion follows
from what we have already proven. O

We store the following particular cases of Proposition 6.3.5 for later use.

Corollary 6.3.9. Let X be an co-category. Let p: T — J be a graduation morphism in PosFib
over X. Consider the commutative square

L
JP Jid
J T
Let 7t: Z,, — J*¢ be the morphism induced by p. Let & be a presentable stable co-category.
Then, for every functor F: T — &, the canonical morphism
7 (Grp(F)) — Gr(p:(F))

is an equivalence.
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Corollary 6.3.10. Let X be an co-category. Let i: Z — J be a fully faithful functor in PosFib
over X. Consider the commutative square

I—>J

Jid Jid

T, J .
Let &€ be a presentable stable co-category. Then, for every functor F: I — &, the canonical
morphism

(Gr(F)) — Gr(u(F))

is an equivalence.
Proposition 6.3.11. Let p: T — J be a morphism of posets. Let £ be a presentable stable

oo-category. Then, for every F € Fun(Zy, £) and every a,b € Z with a < 'b, we have canonical
equivalences

Fla<b) ifp(a) =p(b)

(Grp(F){a < b) = {o: Fa— o ifpla) <p(b)

Proof. Let i: p'(pla)) = Zandj: p~'(pla)) — Z, be the inclusions. From Proposi-
tion 6.3.5 and Example 6.1.11 applied to the commutative square

p'pla)) — T

there is a canonical equivalence of functors j; ~ Gry, oi,. Passing to right adjoints gives a
canonical equivalence i* o Gr; o~ j*. This proves the first claim. Let a,b € Zwitha <b
and p(a) < p(b). We want to show that

o= (Gr3(F))(@ < b): (Gri(F))a — (Gri(F))y

is the zero morphism. This amounts to show that for every V € &£, the morphism

Map(V, ): Map(V,evi* Gry(F)) — Map(V, evi” Grp(F))
is the zero morphism. By adjunction, this amounts to show that

Map(B, F): Map(Gry oevy (V),F) — Map(Gr, cevi, (V), F)
is the zero morphism, where

B :Grp oev%,!(V) — Grp oevig(V)

is the induced morphism in Fun(Z,, £). We are thus left to show that 3 is the zero
morphism. From Proposition 6.3.5, 3 identifies with a morphism of the form evgﬁ (V) —
evﬁ(V). Let ¢ € 7. Since p(a) < p(b), then either p(c) # p(a) or p(c) # p(b). In the
first case, a and ¢ cannot be compared in 7, so that evf/"l (V) sends c to 0. In the second

case, b and ¢ cannot be compared in Z,, so that evﬁ (V) sends ¢ to 0. Hence, in both
cases {3 is zero when evaluated at c. Thus, 3 is the zero morphism. O
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Proposition 6.3.12. Let X be an oo-category. Let p: Z — J be a graduation morphism over
X. Let a € I. Let € be a presentable stable co-category. Then the triangle

Fun(Z,, €) — " Fun(Z,€)

qu‘P * g evy

is canonically commutative.

Proof. Equivalently, it is enough to check that the canonical map

P

T, 7
ev,] — Grpoevy,

is an equivalence. Since eve? factors through Z° — T, and ev? factors through Z°¢ — Z,
the statement follows directly from Proposition 6.3.5, in the form of the special case
treated in Lemma 6.3.6. U

Corollary 6.3.13. Let X be an co-category. Let p: Z — J be a graduation morphism over X.
Then, Gr;: Fun(Z,, £) — Fun(Z, £) commutes with colimits. In particular, Grp: Fun(Z,&) —
Fun(Z,, £) preserves compact objects.

Proof. Immediate from Proposition 6.3.12 and the fact that the functors evs*, a € 7 are
jointly conservative and commute with colimits. O

6.4. Graduation and cocartesian functors.

Proposition 6.4.1. Let X be an oo-category. Let p: I — J be a graduation morphism in
PosFib over X. Let £ be a presentable stable co-category. Then, the functor

expGrp: expe(Z/X) — expe(Z,/ X)
preserves cocartesian edges. If in addition both T and J belong to PosFib', then expGr,, reflects

cocartesian edges as well.

Warning 6.4.2. Since the adjoints £%%, £'<* and £'»* do not preserve cocartesian edges,
it is a priori not obvious that expGr, defines a morphism of cocartesian fibrations over
X.

Proof of Proposition 6.4.1. Unraveling the definitions, we have to prove the following
statement. Let y: x — y be any morphism in & and fix compatible straightenings
fy: Iy — Iy, 9y: Jx — Jy making the diagram

I, — 1,
(6.4.3) Jpx pr

jx i’ jy

commutative. Then we have to prove that for every pair of functors F: Z, — £ and
Fy: 7y, — & and every map «: (Fy,x) — (Fy,y) in expg(Z/X) lying over v, if the
canonically induced morphism

: fy/g(Fx) — Fy
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is an equivalence then the same goes for the map

(6.4.4) B: (fy)pypy! (Grp (F)) — Grp, (Fy)

induced by the morphism f3 = expGr]D (o) (Grp, (Fx),x) — (Grp, (Fy),y) inexpg(Z,/ X).
Notice that, since J°® — X’ is locally constant, the underlying map g5*: J3* — J;*" is
a bijection. In particular, Assumption 6.3.2 is satisfied, and we therefore find a natural
transformation (fy),, p,1 © Grp, — Grp, of,) making the diagram

(fy)px,py!(GrpX(Fx)) L Grpy(Fy)

commutative. Now, Proposition 6.3.5 guarantees that the vertical arrow is an equivalence,
so f3 is an equivalence if and only if Grp, () is. This immediately proves the first half of
the statement, and the second half follows from the conservativity of Gry,, that holds

when 7 and J are in PosFib' thanks to Proposition 6.1.16. O

Corollary 6.4.5. In the setting of Proposition 6.4.1, the functor Gry: Fun(Z, &) — Fun(Z,,&)

preserves cocartesian functors. If in addition T and J belong to PosFib', then the resulting
commutative square

Fun®“(Z £) «——— Fun(Z,€&)

J'Gr'p J(Gl'p

Fun®ocart (Zp, &) —— Fun(Z,, &)
is a pullback.

Proof. Thanks to Proposition 6.4.1, we see that expGr,, is a morphism in PrFib". Apply-
ing 29", we see that Gry, preserves cocartesian functors. As for the pullback statement,
since both horizontal functors are fully faithful, it amounts to check thatif F: 7 — £ is
such that Gry, (F) is cocartesian, then the same goes for F. Via the specialization equiv-
alence (3.1.1), we can equivalently see F as a section sp(F): X — exp.(Z/X) of the
structural map of exp¢(Z/X'). Using Proposition 6.2.2-(2), we see that the problem at
hand becomes showing that sp;(F) is a cocartesian section if and only if expGr,, o sp(F)
is a cocartesian section of exp¢(Z,/X’), and this latter statement follows directly from
the second half of Proposition 6.4.1. O

In fact, we can extract from the proof of Corollary 6.4.5 the following more precise
statement:

Corollary 6.4.6. In the setting of Proposition 6.4.1, let y: x — y be a morphism in X and let
F: T — & be a functor. Then if F is cocartesian at y, the same goes for Gryp(F): I, — £. The

converse holds provided that both T and J belong to PosFib'.

Proof. Passing to the other side of the specialization equivalence (3.1.1) and invoking
Proposition 6.2.2-(2), we have to prove that a section s: X' — exp(Z/X’) takesy to a
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cocartesian morphism if and only if expGr, os takes v to a cocartesian morphism in
expg(Z,/ X). As this statement is obviously implied by Proposition 6.4.1, the conclusion
follows. O

Combining together Corollary 6.3.7 and Corollary 6.4.5 we obtain:

Corollary 6.4.7. Let X be an oo-category. Let p: Z — J be a graduation morphism in
PosFib y. Let £ be a presentable stable co-category. Then, for every cocartesian punctually split
functor F: T — &, its p-graduation Gry,(F): I, — & is cocartesian and punctually split.

We conclude this section with the following handy consequence:

Corollary 6.4.8. Let X' be an co-category. Let p: T — J be a graduation morphism in
PosFib y. Let £ be a presentable stable co-category. Then the functor
expGrp: expe(Z/X) — expe(Z,/ X)

admits a right adjoint expGr,, relative to X. In particular, for every x € X, the diagram

*

Fun((Z)p., €) —  Fun(Z, &)

J J

expe (T, X) —F% exp (T/X)
commutes. In addition, the diagram
Fun, x (X, exps(Z,/ X)) ErlexpGry) Fun, x (X, exps(Z/ X))
Jsmp * JSPI
Fun(Z,, €) &5 Fun(Z, &)

commutes as well.

Proof. Since expGr,, preserves cocartesian edges by Proposition 6.4.1, [15, Proposition
7.3.2.6] shows that it is enough to prove that for every x, the induced functor on the
fibers at x
(expGrp)X: Fun((Zy)p,, &) — Fun(Zy, &)

admits a right adjoint. By Proposition 6.2.2-(1), we see that (expGr, )x canonically coin-
cides with Grp_, so the existence of the right adjoint is guaranteed by Proposition 6.1.12.
This proves at the same time the commutativity of the first diagram. As for the second,
it simply follows from the uniqueness of the adjoints, the fact that the specialization
functors are equivalences and Proposition 6.2.2-(2). O

Proposition 6.4.9. Let X’ be an oo-category. Let p: T — J be a graduation morphism over
X. Let £ be a presentable stable co-category. Then, the graduation functor relative to p
(Definition 6.1.7)

Grp: Fun(Z, &) — Fun(Z,,€)
preserves the category of Stokes functors. In other words, it restricts to a functor

Grp: Stz,g — StIp,g.
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Proof. This follows from Corollary 6.4.7, Corollary 6.2.6 and Lemma 6.3.6. O

Corollary 6.4.10. Let Z — X be an object of PosFib such that 75" — X is locally constant.
Let £ be a presentable stable co-category. Then, the following square

iz,
StIset’ g ————— Stz/g

Lo

Fun(Z%, &) —~ Fun(Z, €)
is a pullback

Proof. Let F: T — & be a split Stokes functor. Let V: 75 — & such that F ~ iz,(V). By
Lemma 6.3.6, we have

Gr(F) ~ Gr(iz,(V)) >~ V.
By Corollary 6.4.5, we deduce that V: Z5¢ — £ is cocartesian. Since V is automatically

punctually split, Corollary 6.4.10 thus follows.
U

6.5. Essential image of a fully-faithul induction. The following propositions describe
the essential image of a fully-faithul induction in terms of graduation.

Lemma 6.5.1. Let X' be an oo-category. Let i: T — J be a fully faithful functor in PosFib
over X. Let £ be a presentable stable co-category. Then, the functor
1 Funps(Z,£) — Funps( 7, E)
is fully faithful. Let F € Funps(J, ). Then, the following statements are equivalent :
(1) F lies in the essential image of i,: Funps(Z, £) — Funps(J, £).

(2) i*(F) lies in Funps(Z, £) and the counit map i,(i*(F)) — F is an equivalence.
(3) (GrF)q =~ 0 for every a € T not in the essential image of 1%*: Z5¢t — T3¢,

Proof. Since i: Z — J is fully faithful, so is i;: Fun(Z,£) — Fun(J,£). In particular,
the unit of i, - i* is an equivalence. The fact that (1) implies (2) is then obvious. The
statement (2) trivially implies (1). To show the equivalence with (3), we can suppose
from Corollary 3.1.6 and Corollary 6.2.6 that X is a point. If (2) holds, the sought-after
vanishing follows from Example 6.1.10. Suppose that (3) holds. Let us write F =i 7,(V)
where V: J%t — £. From Example 6.1.10, V, ~ 0 for every a € J%'\ Z5"L If W = Vg,
we thus have V ~ i{*'(W). Hence,

F=i7(V) ~igz o™ (W) ~ijoig(W)
which proves (1), thus finishing the proof of Lemma 6.5.1. O

Proposition 6.5.2. Let X be an co-category. Leti: T — J be a fully faithful functor in PosFib
over X. Let £ be a presentable stable co-category. Let F € Stz ¢. Then, the following statements
are equivalent :

(1) F lies in the essential image of i,: Stz g — Stz ¢.

(2) i*(F) lies in Stz ¢ and the counit map i,(i*(F)) — F is an equivalence.
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(3) (GrF)q = 0 for every a € T not in the essential image of i%¢t: T5¢t — Fset,

Proof. The equivalence between (1) and (2) follows as in Lemma 6.5.1. Assume that
(1) holds. Then (3) holds in virtue of Corollary 6.3.10. Assume that (3) holds. We are
doing to show that (2) holds. Since F is punctually split, Lemma 6.5.1 implies that i*(F)
is punctually split and that the counit map 1,(i*(F)) — Fis an equivalence. Hence, we
are left to show that i*(F) is cocartesian. To do this, we can suppose that X = A'. In that
case, consider the commutative square

I, T

Ll
Fo 2 T
By Proposition 5.2.5, the counit map jy,jx (F) — F is an equivalence. By Corollary 6.2.6,
the split functor j;(F): Jx — & satisfies the conditions of Lemma 6.5.1-(3). Thus, there
exists G: Z, — & such that j;(F) ~ i,,(G). Hence, we have
i*(F) = i*jx,lj;’;(F) = i*jx,!i'x,!(G) = i*i!jx,l(G) = jx,!(G)
where the last equivalence follows from the fully faithfulness of i: Z — 7. Then i*(F) is

cocartesian by Proposition 5.2.5. g

Corollary 6.5.3. Let X be an oo-category. Let i: T — J be a fully faithful morphism in
PosFib over X. Let £ be a presentable oco-category. Assume that

ig,: Styset ¢ — St7 ¢
is essentially surjective (resp. fully faithful). Then, so is

iz): Stzset g — Stz e .

Proof. Consider the commutative square

sset

StIset/g “—> Stjset/g

Jiz,x Jiy,z

Stz e 2, Gt T.E

whose horizontal arrows are fully faithful since i: 7 — J is fully faithful. In particular,
if i 7, is fully faithful so is iz,. Assume that i is essentially surjective. Let F: Z — & be
a Stokes functor. Write 1,(F) ~ 17 ,(V) where V: 7% — £ is Stokes. By Lemma 6.3.6, we
have
Gri(F) ~Grigz (V) >V ~GrV.

By Proposition 6.5.2, we deduce that (Gr V), ~ 0 for every a € J%¢ not in the essential
image of %¢t: 7¢t — 75¢t. By Proposition 6.5.2 again, there is a Stokes functor W: 75t —
& such that V =~ i¥*(W). Then,

Liz) (W) > i) i (W) >~ i(F) .

Since i: 7 — J is fully faithful, we deduce that F ~ i ,(W). The proof of Corollary 6.5.3
is thus complete. U
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6.6. Graduation and t-structures. We now explore the properties of the relative gradu-
ation with respect to the t-structures of Proposition 5.7.11.

Proposition 6.6.1. Let X' be an co-category and let p: T — J be a graduation morphism of
cocartesian fibrations in finite posets over X. Let £ be a presentable stable co-category equipped
with an accessible t-structure v = (E<o,Ex0). If I, L, are E-bireflexive, then the relative
graduation functor
Gl‘p: Sl‘I,g — StIp,g

is t-exact.
Proof. The very definition of Gr, (see Definition 6.1.7) and Recollection 5.7.4 imply
together that Gry, is right t-exact. Let now F € (Stze¢)<o. To check that Gr,(F) €
(Stjp/g)g(), it suffices to show that for every x € X" one has

jx(Grp(F)) € Fun((Zp)x, £) .
By Corollary 6.2.6 and Remark 6.2.7 we have a canonical equivalence

jx(Grp(F)) ~ Grp, (ji(F)) -

We can therefore assume that X is reduced to a point. Since F is punctually split, we can
find a functor V: 7% — £. Lemma 5.7.7 guarantees that V takes values in <. Since

7, is finite and £« is closed under finite sums, the conclusion follows from the fomula
given in Example 6.1.9. O

Corollary 6.6.2. In the setting of Proposition 6.6.1, a Stokes functor F: T — & is connective
(resp. coconnective) with respect to the induced t-structure on Stz ¢ if and only if Gry,(F) is
connective (resp. coconnective).

Proof. It follows combining t-exactness and conservativity of Gr,, see Proposition 6.6.1
and Proposition 6.1.16. O

6.7. Splitting criterion. The goal of this subsection is to establish a splitting criterion
(Corollary 6.7.17), to be used in the essential surjectivity part of the proof of [21, Theo-
rem 9.2.1].
Construction 6.7.1. Let X be an oo-category. Leti:Z — J and k: K — J be fully
faithful functors in PosFib’ over X’ such that 7€t = 7% || K%, In particular, for every
functor G: Z%¢t — &, we have

G~ ilset.i'set * (G) @ klsetkset * (G) .
We denote by A(G) the split cofiber sequence
(6.7.2) P(G) = G = KK(G)

We assume that 75" — X is locally constant. Let £ be a presentable stable co-category.
Let F: J — & be a functor. We suppose that the canonical morphism 1**%*i% (F) —
i%et* Gr(F) admits a section

(6.7.3) 0: %Y Gr(F) — %1% (F) .
By adjunction, o yields a morphism

i Gr(F) — F
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in Fun(J, £). We denote by A(F, o) the following cofiber sequence

(6.7.4) LS Gr(F) — = F —— F\T.

Remark 6.7.5. By Corollary 6.2.6 and Corollary 3.1.6, observe that the formation of F\%
commutes with pull-back.

Lemma 6.7.6. In the setting of Construction 6.7.1, the canonical morphism
ketkset* Gr(F) — Gr(F\f)
is an equivalence.
Proof. Since Gr commutes with colimits, applying Gr to (6.7.4) yields a cofiber sequence
Gr i,i7i%"* Gr(F) = Gr(F) — Gr(F\) .

By Lemma 6.3.6 and Corollary 6.3.10, we have Gri,i71%"* Gr(F) ~~ i{¢'i*** Gr(F). Since
we have

Gr(F) =~ {5 Gr(F) @ k{*'k*"* Gr(F) ,
Lemma 6.7.6 thus follows. O

Lemma 6.7.7. In the setting of Construction 6.7.1, the following hold:
(1) If Fis cocartesian, so is F\Z,

(2) IfF is punctually split, so is F\Z.

(3) If F split,the cofiber sequences A(F, o) and i7,A(Gr(F)) are equivalent. In particular,
P\ split.

Proof. Ttem (1) follows immediately from the stability of Fun®®"(.7, £) under colimits
(Proposition 4.2.9). By Remark 6.7.5, the formation of F\Y commutes with pull-back.
Hence, (3) implies (2). We now prove (3) and assume that F split. By Corollary 6.3.8, the
canonical morphism i’,(F) — Gr(F) admits a section t & . Then, the vertical arrows of
the commutative square

ssetsset, .z

LUt i%(F) —— i%(F)

// \
o®0 | J J | ok
\ 1

\

C it Gr(F) —— Gr(F) -
admit sections represented by dashed arrows. By adjunction, there is a commutative
square

id
F F

| |

:set:se

i7,i7°1% Gr(F) —— 17, Gr(F)

whose right vertical arrow is an equivalence in virtue of Corollary 6.3.8. Item (3) is thus
proved. O
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Corollary 6.7.8. In the setting of Construction 6.7.1, assume that F: J — & punctally split.
Then, F\L lies in the essential image of k;: Fun(XC, £) — Fun(J, £).

Proof. By Lemma 6.7.7, we know that F\Y punctually split. By Lemma 6.7.6, we have
(GrF\)(a) ~ 0 for every a € Z. Then, Corollary 6.7.8 follows from Lemma 6.5.1. O

Construction 6.7.9. In the setting of Construction 6.7.1,let l: £ — K and m: M — K

be fully faithful functors in PosFib' over X’ such that K = £5¢ [ M. We suppose
that the canonical morphism 1¢*1%; (F) — 1°*** Gr(F) admits a section

(6.7.10) Az Y Gr(F) — U5 (F) .

Let .: ZU £ — J be the full subcategory of Z spanned by objects of 7 and L. Then,
the vertical arrows of the commutative square

e
’

/ \
oA | J J 1 0@A

/

UL (F) —— il (FY) .

\

T U Gr(F) —— U Gr(FY) -~

admit sections represented by dashed arrows. By adjunction, we thus deduce a mor-
phism of cofiber sequence

(6.7.11) AF, o @A) — AFL, 08 ).
Lemma 6.7.12. In the setting of Construction 6.7.9, the natural transformation

F\IUL _, (F\T)\TUL

deduced from (6.7.11) is an equivalence.
Proof. Immediate from Lemma 6.7.6 and Proposition 6.1.16. O

Notation 6.7.13. We denote by a7 »: F'Z — F\IUL the canonical morphism obtained
by composing F\Y — (F\)\IVL with the inverse of F\ZV4 — (F\)\IUL supplied by
Lemma 6.7.12.

Lemma 6.7.14. In the setting of Construction 6.7.9, assume that F\' split. Then there is a
commutative square

i7,Gr(F¥) —— F\*

Jij,z Gr(az,r) J“I'ﬁ

F\IUL) F\IUE

B

iJ,! GI‘(

whose horizontal arrows are equivalences.
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Proof. Recall that J%¢t = Z%¢t L L5t || M*¢. Consider the commutative diagram

i (az,c): 17 (FF) —— 7 (PO —— i5 (P71
J * 0@AGH/ J *, 0@0u’ J ~, 060®un

!
7

!
7

!
7

Gr(az): Gr(F) —— Gr(FM)MYE =, Gr(FVYE) .

Since F\2 split, Lemma 6.7.7 ensures that so do (F\\UL, By Lemma 6.7.12, the functor
F\ZUL split as well. By Corollary 6.3.8, we thus deduce the existence of the section
represented as a dashed arrow. Since the right horizontal arrows are equivalences, there
exists a section 1’ making the right square commutative. On the other hand, Lemma 6.7.6
implies that Gr(F\E)\UYL §s a direct factor of Gr(F\Z). Since F\Z split, we deduce from
Lemma 6.7.7 the existence of a section A making the left square commutative. Then,
Lemma 6.7.14 follows from Corollary 6.3.8. O

Lemma 6.7.15. In the setting of Construction 6.7.9, the morphism

(6.7.16) F— PV xpaue FYE

is an equivalence.

Proof. Follows immediately from Lemma 6.7.6 and Proposition 6.1.16. O

Corollary 6.7.17. In the setting of Construction 6.7.9, the following are equivalent:
(1) the functor F split;
(2) the functors F\T and F\~ split.
Proof. If (1) holds, so do (2) in virtue of Lemma 6.7.7. Assume that (2) holds. From

Lemma 6.7.15, we are left to show that F\? xpzc F\X split. Since F\2 and F\ split,
Lemma 6.7.14 ensures that the diagram

F\I XZ,C F\IUE XL F\E

is equivalent to

i7,Grloz,c) F\Iuﬁ) 17, Grlog1) L

i7,Gr(F\) i7,Gr(

Since the induction functor i 7 commutes with finite limits, Corollary 6.7.17 thus follows.
O

7. LEVEL STRUCTURES

We now introduce an axiomatization of the notion of level structure from the theory
of good meromorphic flat bundles [18]. The key concept is that of level morphism for a
morphism of cocartesian fibrations in posets.
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7.1. Level morphisms. We start with the following pair of definitions:

Definition 7.1.1. A morphism of posets p: Z — J is a level morphism if it is surjective
and for every a,b € Z, we have

pla) <pd)ing =a<binZ.

Definition 7.1.2. Let X be an co-category and let p: Z — 7 be a morphism in PosFib y.
We say that p is a level morphism if for every x € &, the induced morphism py: Z, — Jx
is a level morphism.

Example 7.1.3. Let Z — X be an object of PosFib. Then, the morphisms of cocartesian
fibrationsidz: Z — Zand Z — X x ¥ ~ X are level morphisms.

Remark 7.1.4. The class of level morphisms is stable under pullback.

Construction 7.1.5. Fix an oo-category X and let p: Z — J be a level graduation
morphism in PosFib y. Fix also a presentable stable co-category £. Recall from Construc-
tion 6.1.1 the following pullback diagram

7, 7
lﬂf JP

jset

as well as the commutative diagram
P

expe(T/X) —2 s expe(T/X)

JexpGrp JexpGr
7T

expe(Zp,/ X) 5—'> expg(JSQt/X) .

supplied by Proposition 6.3.5. It induces a canonical transformation
p: expe(Z/X) — expe(T/X) X expg (T / X) expe(Zp,/X)

in PrFibI;\g. Observe as well that combining Propositions 2.2.6-(2) and Proposition 6.4.1,
we see that all the functors in the above square preserve cocartesian edges. Thus, the
same goes for ¢y,. Since L y: PrFibI;\; — Prlisa right adjoint, £y (¢p) is a functor

ZX(d)p): Fun(I,S) — Fun(j/ 5) X Fun(Zset,€) Fun(Ip,E) ,

and Propositions 3.4.2 and 6.2.2-(2) imply that it canonically coincides with the functor
induced by the commutative diagram

Fun(Z,&) —2— Fun(J, &)

Jce lo

Fun(Z,,&) —— Fun(J,€) .

Proposition 7.1.6. The functors ¢ and Ly (by) are fully faithful.
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Proof. Thanks to Proposition E.1.1, we are immediately reduced to prove the statement
when & is a point. In this case, unraveling the definitions, we have to check that for
every pair of functors F, G: Z — & the square

Mapg 7.6/ (F, G) Mapg(.7.) (P (F), pi(G))
(7.17) J J
MapFun(Ip,E)(Grp(F)/Grp(G)) — Mappun(jset,g)(GTP!(F),GTP[(G))

is a pullback. Notice that the collection of functors F for which the statement is true is
closed under colimits. Invoking Proposition 5.1.11 and Example 5.1.4 we can therefore
assume without loss of generality that F ~ evg/l (E) for some a € 7 and some E € €.
Notice that

(E)

P! (evg,!(E)) = EVI{(G),!

and that Lemma 6.3.6 supplies canonical identifications
I se
Grp (evi (E)) ~evh(E)  and Gr (evg(a)/!(E)) o~ eVg(a;,l(E) ~

Thus (7.1.7) can be rewritten as follows:

Map, (E, Gq) Map,(E, (p:(G))a)

l l

Map, (E, Gryp(G)o) —— Map,(E, Gr(pi(G))d),

and to prove that it is a pullback becomes equivalent to prove that for every a € Z and
every G: Z — &, the square

Gy —— (p!(G))a
(7.1.8) J J
Grp(G)a — GI‘(P!(G))a

is a pullback in £. Since £ is stable, we see that the collection of functors G for which
the above square is a pullback is closed under colimits. Invoking once again Proposi-
tion 5.1.11 and Example 5.1.4, we can suppose that G ~ ev%,! (M), for some b € Z and
M € €. We now proceed by analysis case-by-case:
(1) Casep(a) < p(b)orp(a)and p(b) incomparable. Since p is a level morphism, this
implies respectively that a < b or that a and b are incomparable. In either cases,
(7.1.8) becomes

O «— O
O «— O

|

which is indeed a pullback.
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(2) Case p(a) > p(b). Since p is a level morphism, this implies that a > b. Then
(7.1.8) becomes

idam
_—

-

which is indeed a pullback.

(3) Casep(a) =p(b). We then distinguish two further cases:
(i) Case a > b. Then (7.1.8) becomes

id
M M,

M
i i
M DM, M,

which is indeed a pullback.
(ii) Case a < b or a and b incomparable. Then (7.1.8) becomes

0o— M

|

00— M,

which is indeed a pullback.
Thus, the conclusion follows. O

7.2. Level induction. The goal of this subsection is to prove the following result:

Theorem 7.2.1. Let X be an co-category and let p: T — 7 be a level graduation morphism in
PosFib y. Then the square

&l
expP(Z/X) —— expP(J/X)
JexpGrp JexpGr
er
expy> (L, / X) —— expp (T*/ X)
is a pullback square in COCART y. In particular, the induced square

Stz e P, Stse
J,Grp J'Gr
StIp,g — Stjset’g
is a pullback square in CAT .

Proof. The second half follows directly from the first since Z9"*: COCARTy — CAT
is a right adjoint. Moreover, the straightening /unstraightening equivalence immediately
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reduces the proof of the first half to the case where &’ is a point. In this case, we have to
show that the top horizontal arrow of the commutative square

Fun™(Z, &) —— Fun"™(J, &) X gz ) Fun™(Z;,, €)

| |

Fun(Z, &) Fun(J, &) Xpun(zset £) Fun(Z,,, £) .

is an equivalence. Note that the vertical arrows are fully faithful. From Proposition 7.1.6,
the bottom arrow is fully faithful. Thus, so is the top horizontal arrow. We are thus left to
show essentially surjectivity. From Lemma 6.3.6, the lateral faces of the following cube

set

Pi

Fun(Z%, )

Fun(J%¢, &)

~

Fun™(Z, £) " J Fun™(J7, )
Fun(Z%, ) — P Fun(J%, €)
\Up: Grp \u:l) Gr
Fun™(Z,,€) . Fun(7°, &)

are commutative. Hence, all faces are commutative. We thus obtain a commutative
square

Fun(Z%%,£) —— Fun(Z°%, &) X Fun( 7t £) Fun(J°%, &)

|- |

Fun™(Z,&) —— FunPS(Ip,E) X Fun( 7t £) Fun™(7, &)

Since iz,: Fun(Z**, &) — Fun™(Z,,€) and i7: Fun(J%, &) — Fun®™(J, £) are essen-
tially surjective by definition, we deduce that so is the right vertical arrow of the above
square. Since the top horizontal arrow is an equivalence, the conclusion follows. O

7.3. Level induction and Stokes detection.

Construction 7.3.1. Fix an oo-category X and let p: Z — J be a level graduation
morphism in PosFib y. Fix also a presentable stable co-category £. We consider the



HOMOTOPY THEORY OF STOKES DATA 85

following commutative cube:

Fun(Z, &) P Fun(J, €)
Stz e P! Sty e Gr
JGrp
Gry Fun(Z,,£) =|= Fun(J7°, €)
StIp,E : Stjset,g

Passing to fiber products on the front and back squares, we obtain the following commu-
tative square:

Lst

StI,g St T.E XStIset/ ¢ Stzplg
(7.3.2) [i [i
Fun(J7,€) —5 Fun(J, ) X pun( s ) Fun(Z,, €) .

Since
C = Fun(j, 8) X Fun(Jset,€) Fun(Ip, 8)

is a finite limit in Cat., whose transitions functors commute with filtered colimits, filtered
colimits in C are computed objectwise. Since £ is stable, we deduce that colimits in C are
computed objectwise. Hence, since p;: Fun(Z,&) — Fun(J,£) and Grp: Fun(Z,&) —
Fun(Z,, £) commute with colimits, so does Lg;. Thus, Lg; admits a right adjoint

Rpii: Fun(J, &) Xpun(gset g) Fun(Z,, &) — Fun(Z, &) .
Remark 7.3.3. By abstract nonsense, Rg;; sends a triple G = (F;, F2, &) to the pullback
square
REil(G) ———— p*(F1)

| J

Gry(F2) —— Gry " Gr(Fy)

in Fun(Z, £).

From Theorem 7.2.1, the functor Lg; in (7.3.2) is an equivalence. Let Rg; be an inverse.
Then for every G € Sty ¢ Xst ., Stz, ¢, the chain of equivalences

Map(Rst(G), Rri(G)) ~ Map(G, L (Rru(G))) By Proposition 7.1.6
~ Map(Rpi(G), Rri(G))
gives rise to a canonical morphism

(7.3.4) Rst(G) — Rpi(G) .
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Proposition 7.3.5. Let X’ be an oo-category. Let p: T — J be a level graduation morphism in
PosFib' over X. Let & be a presentable stable co-category. Let F: T — & be a functor. Then the
following are equivalent :

(1) Fis a Stokes functor.
(2) Grp(F): Z, — & and py(F): J — & are Stokes functors.

Proof. That (1) implies (2) follows from Corollary 5.3.4 and Proposition 6.4.9. Assume
that (2) holds. Then Lg; (F) lies in Stz ¢ X Styset ¢ Stz, . From (7.3.4) applied to G := Ly (F),
there is a zig-zag
Rst(Lpit(F)) — Rpar(Lga(F)) « F
whose right arrow is an equivalence in virtue of Proposition 7.1.6. Hence, there is a
canonical morphism
oc: Rst(Lgn(F)) — F.

Since Rs;(Lg; (F)) is a Stokes functor, we are left to show that « is an equivalence. Since
Grp(a): Grp(Rst(Lp(F))) — Grp(F) identifies canonically with the identity of Gr,(F),
we conclude from Proposition 6.1.16 by conservativity of Gr,. O
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A. COMPACTNESS RESULTS FOR 0co-CATEGORIES

This part is to be understood as an appendix, collecting auxiliary results needed in the
main body, mostly of categorical flavor. At the same time, we use in a couple of points
the language of the specialization equivalence that has been developed in Section 3 to
obtain important structural results for cocartesian fibrations, that are interesting in their
own right. See in particular Theorem A.1.2, Theorem B.2.1 and Corollary D.2.8.

A.1l. Compactness in the unstable setting. Inspired by the usual terminology in non-
commutative geometry (see e.g. [16, Chapter 11]), we introduce:
Definition A.1.1. We say that an co-category C is

(1) compact if it is a compact object in Cat;

(2) proper if for every c,c’ € C, the mapping space Map,(c,c’) is a compact object in

Spc.
The first goal of this section is to prove the following;:

Theorem A.1.2. Let X be an oo-category and let A — X be a cocartesian fibration. Assume

that X is compact and that for every x € X, the fiber A, is compact in Cato,. Then A is compact
in Cat as well.

Remark A.1.3. See [6, Remark 6.5.4] for an analogous statement for finite co-categories
instead of compact ones.

The proof will use the specialization equivalence. Before giving it, we need a couple
of preliminaries.

Lemma A.1.4.
(1) Compact objects in Catw, are closed under finite products.

(2) An oo-category X € Cato is compact if and only if for every filtered diagram Cq: 1 —
Cat, with colimit C, the canonical map

(A.1.5) colim Fun(X, C;) — Fun(&,C)

is an equivalence in Cats.

Proof. First we prove (1). Fix therefore two compact co-categories X and ). We can
suppose that X and ) are retract of finite co-categories X'’ and that )/, respectively.
Then X x ) is a retract of X’ x ), which in turn is a retract of X’ x )’. It is therefore
sufficient to prove that the latter is again a finite co-category. This latter statement
follows immediately from the fact that the products A™ x A™ are again finite.

We now prove point (2). Since * is compact, we see that the stated condition implies
the compactness of X by applying Mapc,, (*,—) to (A.1.5). As for the converse, since
Cat, is compactly generated by the standard simplexes and since — x X 4 Fun(X’, —),
it is in fact enough to prove that for every [n] € A, the canonical map

colim MapCatoo(An x X,C;) — MapCatm(An x X,C)
1

is an equivalence. Since point (1) guarantees that A™ x &’ is again compact, the conclu-
sion follows. O
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Lemma A.1.6. Let X" be an oo-category. Then:
(1) the forgetful functor
Uy: Carty — Caty,/x
commutes with filtered colimits;

(2) if X is compact in Cats,, then the functor
Z/\(: Catoo/;( — Catoo
commutes with filtered colimits.

Proof. Notice that Uy is by definition faithful. Thus, to prove (1) it is enough to prove
that for any filtered diagram C,: I — Carty, the following two statements hold:

(i) the colimitp: C — X of Uy(C,.): I — Cat,,, v is a cartesian fibration;

(ii) for every other cartesian fibration q: D — X equipped with a cone f,: Coe — D in
Carty, the induced functor f: C — D preserves cartesian edges.

For (i), it is enough to apply the definition. First, since the horns A" and the simplexes
A™ are compact in Cat.,, we see that inner fibrations are stable under filtered colimits.
Second, write A;: C; — C for the canonical maps. Since the diagram was filtered, we
see that every object ¢ € C is of the form A;i(c;i) for some i € I and some ¢; € C;.
Let «: x — p(c) be a morphism in X. Since p(c) ~ p(Ai(ci)) =~ pilci) and since p;
is a cartesian fibration, we can find a p;-cartesian lift ;: di — c¢; of « inside C;. Set
d := Ai(di) and B = Ai(Bi). We claim that {3 is a p-cartesian lift of «. To see this, for
every (j,u: i —j) € I, write Ay: C; — C;j for the induced functor. Consider then the
following commutative square:

colim C; y —— colim (C: X X
ety /(B (j,u)eli/( hld) X X e Vo)

J J

C/B C/dXX/p(C) X/O(/

where the colimits are computed in Cat.,. Since A, preserves cartesian edges, we see
that the top horizontal map is an equivalence. It is therefore enough to prove that the
vertical arrows are equivalence. Since the colimit is filtered, it commutes with fiber
products, and therefore we are reduced to check that the canonical functors
colim Cj g, — C/p and colim Cj/, (a,) — C/a
(el (el
are equivalences. We deal with the one on the left, as the other follows by a similar
argument. Since Cat, is compactly generated by the standard simplexes, it is enough to
prove that for every A™, the canonical map
colim Mapc, (A", Cj/x,(p)) = Mapey,, (A", C/p)
(],'LI.)EL"/
is an equivalence. Unraveling the definition of the comma category and using the
identification A™ x Al ~ A™2 we see that this map is canonically identified with the
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upper left diagonal map in the following commutative cube:

Mapﬁ (An+2, C) Map(A““, C)
lim M A2, C; lim Map(A™?, C; bl
(jclg)glril/ AP, (B; ( ) (]'C,S)IEIII?/ ap( i) Vit niz
B eVnin+2
¥ Map(A',C)
A (Bs

Gu)el,

Notice that the front and the back squares are pullback by definition. It is therefore
sufficient to check that the other diagonal maps are equivalences, and this follows
directly from the fact that both A™"2 and A' are compact in Cat.,. This proves at the
same time that p: C — X is a cartesian fibration, and that p-cartesian edges are exactly
the morphisms of the form A;(f3;) for some pi-cartesian edge (3; inside C;. In particular,
(ii) follows immediately.

We now prove (2). Notice that Xy is right adjoint to the functor — x X': Cat,, —
Cat,, v. It is therefore enough to verify that — x X commutes with compact objects.
Recall from [12, Lemma A.3.10] that an object in Cat,,,x is compact if and only if it is
compact in Cat, after forgetting the structural map to &". Since &’ itself is compact, the
conclusion follows from Lemma A.1.4-(1). O

We are now ready for:

Proof of Theorem A.1.2. Fix a filtered diagram &,: I — Caty, with colimit £. In virtue of
Lemma A.1.4-(2), we have to prove that the canonical map

colIim Fun(A, &) — Fun(A4, &)
is an equivalence. Write Y 4 for the straightening of A and recall from Notation 3.2.4
that we write £ for the cartesian fibration classifying the functor

Fun(Y 4(—),&): X°P — Cat,, .
We similarly define the cartesian fibrations 5{/‘2;. Consider the canonical map

collim E{f}: — EA

in Carty. To see that this map is an equivalence, it is enough to test that for each x € &,
the induced map between the fibers at x is an equivalence. However, at the level of
fibers at x, this map is canonically identified with

ColIim Fun(A,, &) — Fun(A,,£) .
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Since Ay is compact by assumption, we see Lemma A.1.4-(2) guarantees that this map is
indeed an equivalence.

We can now apply Lemma A.1.6-(1) to deduce that the canonical map
colim EA — €A
; .

is an equivalence also when the colimit is computed in Cat.,,y. At this point, the
conclusion follows from the identifications

Fun(A, &) ~ Ty (&)  and  Fun(A, &) ~ Iy (L),
and Lemma A.1.6-(2). O

A.2. Compact and proper (co)limits. One of the most fundamental results in category
theory is the commutation of filtered colimits with finite limits in Set and in Spc. In fact,
the finiteness condition can be relaxed, using various combinations of compactness and
properness.

Lemma A.2.1. Let £ be a stable complete and cocomplete co-category. Let C be a compact
oo-category. Then:
(1) the functor colim¢: Fun(C, &) — &£ commutes with limits.

(2) the functor lim¢: Fun(C, &) — £ commutes with colimits.

Proof. The two statements are dual to each other. It is therefore enough to prove the
second. Because £ is stable, it is enough to prove that limg; commutes with filtered
colimits, for which we refer to [20, Lemma 6.7.4]. O

Lemma A.2.2. Let f: A — B be a functor between oo-categories. Let b € B. Assume that A
is compact and that for every b’ € B, the mapping space Mapz(b,b’) is compact. Then both
A xp By, and A x g By, are compact.

Proof. Replacing A and B by A°P and B°P respectively we see that it is enough to argue
that A x By, is compact. For this, observe first that since B,; — B is a cocartesian
fibration, the pullback A x3 B,, — A is a cocartesian fibration as well. Since A is
compact, we are left from Theorem A.1.2 to show that the fibers of A x3 By, — A are
compact, which holds by assumption on the mapping spaces of B. O

Proposition A.2.3. Let X be an co-category and let p: A — B be a morphism of cocartesian
fibrations over X. Assume that for every x € X, the co-category Ay is compact and By is proper.
Let & be a complete, cocomplete and stable co-category. Then the functor

pi: Fun(A, &) — Fun(B, &)
commutes with limits.

Proof. From Corollary 3.1.6, it is enough to treat the case where X is a point. In that case
for every F: A — £ and every b € B, we have by definition of left Kan extension

F))(b) >~ colim F
(p:(F))(b) Solim |4 5B,
From Lemma A.2.2, the oo-category A X B/, is compact. Thus, Proposition A.2.3
follows from Lemma A.2.1 applied to C = A X B y. O

Remark A.2.4. The assumption on B is always satisfied when the fibers of B are posets.
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B. STABILITY OF LOCALIZATIONS UNDER COCARTESIAN PULLBACK

In [13, Proposition 2.1.4], Hinich proved that the pullback of a localization functor
via a cocartesian fibration is again a localization functor. The theory surrounding the
specialization equivalence and cocartesian functors developed so far allows for a model-
independent proof, which we now give.

B.1. Preliminaries.

Lemma B.1.1. Let p: B — Y be a cocartesian fibration and let £ be a presentable co-category.
Lety:x —y beamorphismin Y. Let F € Fun(By, &) and G € Fun(By, &), and let «: F — G
be a morphism in expg(B/)Y). The following statements are equivalent:

(1) for every p-cocartesian lift ¢: a — b of v in B, the induced morphism (see Nota-
tion 4.1.9)

oa(d): Fla) — G(b)
is an equivalence in &;
(2) otis a pg-cartesian morphism in expg(B/Y).

In addition, o is an equivalence in expg(B/)Y) if and only if y is an equivalence and condition
(1) holds.

Proof. Since pg: expg(B/Y) — ) is a cartesian fibration, a morphism «: F — G in
expg(B/Y) is an equivalence if and only if it is pg-cartesian and its image in Y is
an equivalence. So the second half of the statement follows automatically from the
equivalence between statements (1) and (2). Choose a factorization of « as

F—>—— G
o\ S
G /
where o is pg-cartesian. Then as observed in Notation 4.1.9, any p-cocartesian lift
¢: a — b of y induces via 7 an equivalence
o1 (p): G'(a) = G(b).
It follows that condition (1) is equivalent to ask that for every a € By the morphism

ao(a): F(a) = G'(a)

is an equivalence in £. In turn, this condition is equivalent to ask that « is an equivalence
in expg(B/Y), and hence to condition (2). O

For later use, let us store the following consequence of Lemma B.1.1

Corollary B.1.2. Let p: A — X bealocally constant cocartesian fibration (see Definition C.1.4).
Let £ be a presentable co-category and let F: A — & be a cocartesian functor. Let o: X — A be
a cocartesian section. Then, o*(F): X — & inverts every arrow of X.



92 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

Proof. Since p: A — X is locally constant, the same goes for the associated exponential
fibration pg: expg(A/X) — X. Fix a morphism y: x — yin &, so that o(y): o(x) —
o(y) is a p-cocartesian lift of y in .A. Choose a specialization morphism

(sp F)x NN (spFly

for F relative toy. Then Proposition C.1.8 guarantees that 3 is p¢-cartesian in expz (A/ X).
Thus, the result follows combining Lemma B.1.1 and Corollary 4.1.10.

B.2. Hinich’s theorem. We are now ready for:

Theorem B.2.1 (Hinich). Let
A—> B
o]
X .y
be a pullback square in Cats,, where p is a cocartesian fibration. Assume that f exhibits ) as a

localization of X at a collection of morphisms W. Then w is a localization functor as well, and
exhibits B as localization of A at the collection W 4 of cocartesian lifts of the arrows of W.

Proof. We apply the criterion given in [7, Proposition 7.1.11]. To begin with, observe
that if ¢ € W4 then ¢ is g-cocartesian and therefore u(¢) is p-cocartesian and lies
over f(q(¢)) which is an equivalence in X since q(¢@) € W. Thus u(¢@) must be an
equivalence as well, i.e. u inverts the arrows in W 4.

Next, u is essentially surjective: indeed, if b € B is an element, we can find x € X
and an equivalence f(x) >~ p(b), because f is essentially surjective. But then b defines an
element in By,) and since the given square is a pullback, we have By () ~ A. Thus, we
can write b ~ u(a) for some a € A.

Since a functor g: C — D is a localization if and only if f°P: C°P — D°P is a localization
(see [7, Proposition 7.1.7]), to complete the proof it is enough to prove that

u®: Fun(B, Spc) — Fun(A, Spc)

is fully faithful and the essential image consists of those functors F: A — Spc that invert
the arrows in W 4. We will more generally prove that this is the case for any presentable
oo-category & in place of Spc. Proposition 3.1.2-(1) allows to rewrite u* as

Y(EY): Fun/y(Y,expg(B/Y)) — Fun,x (X, exp.(A/Y)) .
In virtue of Proposition 2.2.6-(1), we can rewrite
Fun,x (X, expg(A/Y)) = Fun,y(X,exp:(B/Y)),
and under this identification X(&") simply becomes

(B.2.2) f*: Fun,y(Y,expg(B/Y)) — Fun,y(X,expg(B/Y)) .
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Consider now the following commutative cube:

(B.2.3)
/ . ldy Fun(y’ y)
Fun,y (Y, expg(B/Y)) Fun(Y, exps(B/Y)) *
o
. . t Fun(X,))

/ _—

Fun,y (X, expe(B/Y)) —————— Fun(X,exps(B/)))

The bottom and the top squares are pullbacks by definition. Since f is a localization, the
functor

f*: Fun(),Y) — Fun(X,))

is fully faithful, which implies that the back square is a pullback as well. Thus, the front
square is a pullback as well, and therefore the full faithfulness of (B.2.2) follows from
the full faithfulness of

f*: Fun(), expe(B/Y)) — Fun(X,exp:(B/Y)),

which holds because f is a localization.

Since the front square is a pullback, we also deduce that a section s € Fun (X, expz(A/)))
lies in the essential image of f* if and only if it inverts all arrows in W. Via the special-
ization equivalence of Proposition 2.3.3, we deduce that a functor F € Fun(5, £) lies in
the essential image of u* if and only if £“ o (spF): X' — exp.(B/Y) inverts all arrows
in W. Fix y: x — y in W. By assumption f(y) is an equivalence in ), so Lemma B.1.1
shows that £* o (sp F) inverts v if and only if

(£4(spP)),: (E¥1sp ), = (£4(sp F),

is pg-cartesian in exp(B/)). Since pg: expg(B/Y) — Y is a cartesian fibration, it is
actually enough to check that the above morphism is locally cartesian. Therefore, we can
replace B — Y by By,) — A', and since By(y) ~ Ay, Lemma B.1.1 further shows that it
is enough to check that for every g-cocartesian lift ¢: a — a’ of y in A, the morphism

(spFly(d): (spF)x(a) — (spFlyla’)

is an equivalence in £. However, Corollary 4.1.10 provides a canonical identification of
this morphism with F(¢). In other words, £" o (sp F) inverts y if and only if F inverts all
g-cocartesian lifts of y. The conclusion follows. g

C. LOCALLY CONSTANT AND FINITE ETALE FIBRATIONS

We collect in this section some material on cocartesian fibrations that generalize the
idea of local constancy and finite covering in topology.
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C.1. Local constancy. We start with the following definition:

Definition C.1.1. Let &’ be an co-category and let £ be a presentable co-category. We
write
Loc(X; &) .= Fun(Env(X), &) .

Example C.1.2. Let (X, P) be an exodromic stratified space. Then [12, Theorem 0.3.1]
implies that Env(ITs (X, P)) o~ TToo (X). Therefore, Loc(TT (X, P); £) correspond via the
exodromy equivalence exactly to £-valued hyperconstructible hypersheaves on X.

Notation C.1.3. Let X be an co-category and let Ay: X — Env(X’) be the canonical
localization morphism. Then for every presentable co-category &, the functor

Ay Loc(X;E) — Fun(X, €)

is fully faithful. Given L € Loc(X; £) we will often consider it implicitly as a functor
L: X — & with the property of inverting every arrow in X.

Definition C.1.4. We say that a functor p: A — X" of co-categories is a locally constant
fibration if it is a cocartesian fibration and its straightening Y: X — CAT, belongs to
Loc(X; CAT,).

The following simply follows unraveling the definitions:
Lemma C.1.5. Locally constant fibrations are stable under pullback.

It is possible to give a more intrinsic formulation of locally constant cocartesian
fibrations as follows.

Recollection C.1.6. Let p: A — A’ be a cartesian and cocartesian fibration and let
f: Ao S Aji g
be the induced adjunction. Writen: id4, — gofand e: fo g — id 4, for the unit and

the counit of this adjunction. It follows from [14, Proposition 5.2.2.8] that for every
morphism ¢: a — b in A lying over 0 — 1in A!, there is a commutative diagram in A

g(f(a)) —— f(a)

(C.1.7) a V ¢ \ b
~ <
g9(b) —— f(g(b))
where:

(1) axand ¢y, o 3 are p-cartesian;
(2) B and « o1y, are p-cocartesian.

Proposition C.1.8. Let p: A — X be a cocartesian fibration and let Y: X — CAT be its
straightening. For every morphismy: x — y in X, the following statements are equivalent:

(1) py: Ay — Al (see Notation 4.1.4) is a cartesian fibration and an arrow in Ay is
cocartesian if and only it is cartesian;
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(2) Y(y): Y(x) = Y(y) is an equivalence in CAT o,
In particular, p is locally constant if and only if condition (1) holds for every morphism vy in X.
Proof. Assume first that (1) holds. Since p,, is both Cartesian and coCartesian the functor
®(y) admits a right adjoint R(y): Y(y) — Y(x). Then Recollection C.1.6 implies that in
diagram (C.1.7) both o and o o 1, are p-cartesian lifts of v, so the universal property of
p-cartesian edges implies that n, must be an equivalence. The dual argument shows
that ¢y, is an equivalence as well. It follows that Y'(y) is an equivalence.

Suppose conversely that ®@(vy) is an equivalence. Then it admits a right adjoint, which
in turn implies that p, is a cartesian fibration. Then in Recollection C.1.6 both 1 and ¢ are
equivalences. It immediately follows that the cocartesian lift a — f(a) is also cocartesian,
and that the cocartesian lift g(b) — b is also cartesian, whence the conclusion. O

C.2. Finite étale fibrations. We now introduce the following abstract formulation of
the notion of finite covering in topology:

Definition C.2.1. We say that a cocartesian fibration between co-categories f: Y — X is
a finite étale fibration if:

(1) itis locally constant;

(2) itis a cartesian fibration;

(3) the fibers of f are finite sets.

Lemma C.2.2. Finite étale fibrations are closed under pullback.

Finite étale fibrations satisfy another important stability property, that we are going to
explain now.

Construction C.2.3. Let f: XY — ) be a functor of small co-categories. Recall from
Recollection 3.2.1 the adjunction

fi°: CoCarty = CoCarty: f*.

Evaluating the unit of this adjunction on a cocartesian fibration p: A — &', we obtain
the following commutative square:

A 4 £ A)
(C.2.4) Jp J q
x —1-y.
When f is a localization, f*: CoCarty — CoCarty is fully faithful. In this case, the counit

(X)) ~ f{°(f*(V)) — YV is an equivalence. Therefore, in this case, the structural map
q: ff°(A) — Y is canonically identified with f{°(p).

Lemma C.2.5. Assume that f exhibits Y as the localization of X at a class of morphisms W.
Let Y 4: X — Caty be the straightening of p: A — X. Then, the following are equivalent:

(1) the square (C.2.4) is a pullback;
(2) the functor Y 4: X — Caty, maps W to equivalences;
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(3) Foreveryy € W, the pullback p,: A, — A' (see Notation 4.1.4) is a cartesian fibration
and an arrow in A, is cocartesian if and only it is cartesian.

Proof. The equivalence between (1) and (2) follows from the universal property of the
localization. The equivalence between (2) and (3) follows from Proposition C.1.8. O

Corollary C.2.6. Let p: A — X be a cocartesian fibration between co-categories. Let f: X —
Y be a functor exhibiting Y as the localization of X at a class of morphisms W. Then, the
following are equivalent:

(1) p: A — X is afinite étale fibration;

(2) the square (C.2.4) is a pullback and f{°(p): f{°(A) — Y is a finite étale fibration.

If these conditions are satisfied, the functor f 4: A — f{°(A) exhibits f{°(A) as the localization
of A at every morphism above W.

Proof. That (2) implies (1) follows from the preservation of finite étale fibrations under
pullback from Lemma C.2.2. Assume that (1) holds. Let Ay: V — Env()) >~ Env(X') be
the localization at every morphism. Since p: A — X is locally constant, Lemma C.2.5-(2)
is satisfied both for (p, W) and (f{°(p), Mor())). Hence, there is a commutative diagram

A —— f(A) —— A%, (A)

JP Jffc(p) psﬁ,! (»)

X — Ly M R

whose squares are pullback squares. By Lemma C.2.2, we are thus left to show that
(C.2.7) A%, (p): A% (A) — Env(X)

is a finite étale fibration. Since the outer square is a pullback, the fibres of (C.2.7) are
finite sets. Local constancy is obvious since Env(X’) is an co-groupoid. Note that (C.2.7)
is an inner fibration as it is cocartesian. To show that it is cartesian, it is enough to show
[14, Proposition 2.4.1.5] that A% (A) is an oo-groupoid. To do this, it is enough to show
that A — A% | (A) exhibits A§ | (A) as the localization of A at every morphism. Hence,
we are left to show more generally that A — {°(.A) exhibits f{(.A) as the localization of
A at every morphism above a morphism of W. By Theorem B.2.1, it is enough to show
that every morphism in A is p-cocartesian. This follows immediately from the fact that
the fibers of p: A — X are discrete. O

Corollary C.2.8. Let f: X — Y be a localization functor. Then the adjunction

fi¢: CoCarty = CoCarty: f*
restricts to an equivalence between the co-subcategories spanned by finite étale fibrations.
Proof. If p: A — X is a finite étale fibration, then so is f{°(p): f{(A) — Y in virtue
Corollary C.2.6 and the unit of f{° 4 f* applied to p: A — X is an equivalence. If
p: B — )Y is a finite étale fibration, then so is f*(p): f*(A) — X by Lemma C.2.2. Since

f: X — ) is a localization, the counit of f; 4 f* applied to p: B — ) is automatically an
equivalence. O

The link with topological covering maps is expressed by the following:



HOMOTOPY THEORY OF STOKES DATA 97

Lemma C.2.9. Let (X, P) be a stratified space and let f: Y — X be a continuous morphism.
Assume that:

(1) f: Y — Xis a finite covering map;
(2) there is a refinement R — P such that (X, R) is conical with locally weakly contractible
strata.

Then (Y, P) admits a conical refinement with locally weakly contractible strata and the induced
map

Moo (Y, P) = Tleo (X, P)
is a finite étale fibration.

Proof. Since f is a local homeomorphism, (Y,R) is also conical with locally weakly
contractible strata. Therefore, there is a commutative diagram

Moo (Y,R) —— Tl (Y, P)

L]

Moo (X, R) —— TToo (X, P)

in Cat,,. Assume that the left arrow is a finite étale fibration. By Corollary C.2.6 we
deduce the existence of a pullback square of finite étale fibrations

Moo (Y, R) —— 11(TT (Y, R))

L

Moo (X, R) s T (X, P)

such that the top arrow exhibits /(T (Y, R)) as the localization of TT (Y, R) at every
arrow above an equivalence of P. By [12, Theorem 0.3.1], we deduce the existence of a
canonical equivalence

T (Moo (Y, P)) >~ T (Y, P) .
Hence, T (Y,P) — Tl(X,P) is a finite étale fibration. Thus, we are left to prove
Lemma C.2.9 in the case where (X, P) is conically stratified. In that case, so is (Y, P).
Therefore, we have the following pullback square of simplicial sets

SingQ (Y) —— Sing(Y)

J J

Sing, (X) —— Sing(X) .

Since f is a covering map, it is in particular a Serre fibration. Therefore, Sing(Y) —
Sing(X) is a Kan fibration. It follows that the above square is a homotopy pullback, and
therefore that

Moo (Y, Q) — T (Y)

J |

Moo (X, P) —— Too(X)
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is a pullback in Cat.,. By Lemma C.2.2, we are left to prove Lemma C.2.9 when P = x
is the trivial stratification. We know that Sing(Y) — Sing(X) is a Kan fibration, so that
Moo (Y) — Tl (X) is both a left and a right fibration. Since the base is an co-groupoid, it
follows that it is locally constant in the sense of Definition C.1.4. Besides, for x € X we
have a pullback

Sing(Yx) —— Sing(Y)

| J

{x} ——— Sing(X)
of simplicial sets. Since the right vertical map is a Kan fibration, we deduce that it is a
homotopy pullback, i.e. that
I3 X1, ) Moo (Y) 2 Too (V) -

Since f is a finite covering map, Yy is discrete, whence the conclusion. O

D. CATEGORICAL ACTIONS
We collect some material on co-categorical actions that is needed throughout the text.

D.1. Generalities. Werefer to [15, §4.8.1] for the theory of tensor products of presentable
co-categories, that endows Prl with a symmetric monoidal structure Prl~®. Fix an object
E® € CAlg(Pr®). We refer to £¥ as a presentably symmetric monoidal co-category. In
particular, we have an underlying tensor product

Re:EXESE

commuting with colimits in both variables and a tensor unit Iz € £. We refer to an
object in Prg := Modg« (Pr™®) as an co-categorical module over £¥. Ignoring homotopy
coherences, such an object can informally be described as an co-category D equipped
with an external tensor product

KR:EXD—-D

that commutes with colimits in both variables and that satisfies the usual module rela-
tions. In particular, I ® (—): D — D comes with an identification with idp. Similarly,
a morphism f: D — D’ of co-categorical £¥-modules can informally be described as a
functor f equipped with homotopy coherent identifications

flE®D)~E®f(D),

for E € £ and D € D. Finally, [15, Theorem 4.5.2.1] supplies Prg with an induced
symmetric monoidal structure Pr§’®. In particular, given two co-categorical £%-modules
D and D’, we can form the relative tensor product

D®sD' € Pl.‘]g"® .

Recollection D.1.1. It follows from [15, Corollary 3.4.1.7] that a symmetric monoidal
functor f¥: £ — D allows to see D¥ as a co-categorical module over £¥. The
underlying tensor product is then informally defined as

E®D:=f(E)®pD.
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Similarly, if

is a commutative triangle in CAlg(Pr®), then h: D — D’ inherits the structure of a
&-linear functor.

Recollection D.1.2. Let £¥ be a presentably symmetric monoidal co-category. It follows
from [15, Remark 2.1.3.4] that for every (small) co-category A, Fun(.A, £) inherits a
symmetric monoidal structure, that we denote Fun(.A, £)®. Informally speaking, given
two functors F, G: A — &, their tensor product is defined by the rule

(F® G)(a) ==F(a) ®¢ G(a) .
Similarly, if f: B — A is a functor of co-categories, then

f*: Fun(A, ) — Fun(B, £)
inherits a canonical symmetric monoidal structure.

Lemma D.1.3. Let E? be a presentably symmetric monoidal co-category and let f: A — B be
a cocartesian fibration. Reviewing Fun(B, ) as a Fun(.A, £)®-module via Recollections D.1.1
and D.1.2, the left Kan extension functor

fi: Fun(B,£) — Fun(A, &)
is Fun( A, £)®-linear.

Proof. It follows from [16, Proposition 2.5.5.1] that f, is an oplax symmetric monoidal
functor when we see both Fun(B, £) and Fun(A, £) as symmetric monoidal co-categories.
Using [15, Corollary 3.4.1.5], we reduce ourselves to check that for every F € Fun(A4, £)
and every G € Fun(B, &), the canonical map

fi(f'(F)®G) = F® 1 (G)

is an equivalence. Since the tensor product of £ commutes with colimits in both variables,
this follows from the formula for left Kan extensions provided by the dual of [20,
Lemma 3.1.1]. O

D.2. Universal monadicity for finite étale fibrations. To motivate the results of this
section, consider the following:

Construction D.2.1. Fix a presentably symmetric monoidal co-category £% and let

B—— A

o b

y 1. x
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be a pullback square in Cat,. Via Recollection D.1.2, we obtain a commutative square

Fun(X, &) —"— Fun(Y, £)®

Jp* Jq*
Fun(A4, £)® v, Fun(B,€) .

Combining [15, Theorem 4.5.2.1 and Proposition 3.2.4.7], we obtain a canonical compari-
son map

(D.2.2) w: Fun(Y, &) Qpyn(r,e) Fun(A, £) — Fun(B,€) .

Warning D.2.3. When X’ = x, the comparison map (D.2.2) is an equivalence. If both f
and p are cocartesian fibrations, one can easily prove that inside Mody , (£2)( PrFibI;(’®)
there is a canonical equivalence

expe(V/X) iy () expe(A/ X) ~ expe (B/ X)) .
However, the global section functor
Zy: Modriy , (¢2) (PrFib%®) — Modgyn v ¢) (Pr™®)
is only lax monoidal. Because of this, the functor (D.2.2) is typically not an equivalence.
The goal of this section is to show that the situation gets considerably better if f is

assumed to be a finite étale fibration and £ to be stable. We start introducing some
terminology:

Definition D.2.4. Let f: C — D and g: D — C be functors between co-categories. We
say that f and g are biadjoints if the adjunctions f -1 g and g - f hold.

Lemma D.2.5. Let f: Y — X be a finite étale fibration and let £ be stable presentable co-
category. Then the functors

fi: Fun(Y, &) — Fun(X, &) and f*: Fun(X,&) — Fun(), &)
are biadjoints.

Proof. Fix a functor F: ) — £. Since f: ) — X is a cocartesian fibration, the dual of [20,
Lemma 3.1.1] provides for every x € & a natural equivalence

f1(F)(x) ~ colim F,, .
(F)() = colim

Since f is a finite étale fibration, ), .= ) X y {x} is a finite set. Thus, since & is stable, we
deduce

fi(F)(x) ~ P Fy.
yny
Since f is a cartesian fibration as well, [20, Lemma 3.1.1] yields

f(F ~ lim F, ~ Fu .
«(F)(x) yg)r}x y @ y
yeyx

Thus, f; and f, canonically agree, whence the conclusion. O
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Lemma D.2.6. Let f: Y — X be a finite étale fibration and let £ be stable presentable co-
category. Then the composition

idFun(y,é’) —f*o f[ ~ f*o f* — idFun(y,ﬁ)
is an equivalence. In particular, f| is conservative.

Proof. Write « for the given composition. It is enough to prove that for every x € X,
jx(«) is an equivalence in Fun()y, £). Using Corollary 3.1.6 (applied with A =Y, B =X
and )Y = {x}), we can therefore reduce ourselves to the case where X’ consists of a single
point.

In this case, ) is just a set. Unraveling the definitions, we see that the unit of f; 4 f*
evaluated on F: Y — £ sends y € Y to the canonical inclusion

iy:Fly)—= P Fy",

Y'€Vry)
while the counit of f* - f, evaluated on F sends y € ) to the canonical projection
ny: @ Fy o Fy,
y'€Vr(y)

whence the conclusion. O

The following is the main result concerning finite étale fibrations:

Proposition D.2.7 (Universal monadicity for finite étale fibrations). Let f: }V — X be
a finite étale fibration and let £ be a stable presentable oco-category. For every categorical
Fun(X, £)-module D, the induced functor

fi® D: Fun()i, 8) ®Fun(z"(,€) D—-D
is monadic.

Proof. Using Lemma D.1.3, we see thatboth f*: Fun(X,&) — Fun(),£) and fi: Fun(Y, &) —
Fun(&X, £) are Fun(X, £)-linear. Besides, they are biadjoints to each other thanks to
Lemma D.2.5. Therefore, we obtain well defined functors

f! ® D: Fun(y,c‘,’) ®Fun(X,€) D —D and f* RKD: D — Fun(y,é’) ®Fun(z\f’,€) D ,
that are still biadjoints to each other. Besides, Lemma D.2.6 implies that the composition
id— (D)o (f"®@D) —id

is an equivalence, so it follows that f| ® idp is conservative. Therefore, it is monadic
thanks to Lurie-Barr-Beck’s theorem [15, Theorem 4.7.3.5]. O

Corollary D.2.8. In the situation of Construction D.2.1, assume that f: Y — X is a finite étale
fibration. Then the comparison functor

w: Fun(Y, £) ®pyn(x &) Fun(A, £) — Fun(B, &)

is an equivalence.
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Proof. Notice that u: B — A is a finite étale fibration thanks to Lemma C.2.2. Consider
the following commutative triangle:

Fun(), £) @pun(x,c) Fun(A, &) a Fun(B, €)
fg®Fum /
Fun(A4,€&).

Using Proposition D.2.7, we see that both diagonal morphisms are monadic. To conclude
that the horizontal arrow is an equivalence, it is enough by [15, Corollary 4.7.3.16] to
check that the Beck-Chevalley transformation

wo (f*®@Fun(A4,E)) — u*

is an equivalence. Since u, is conservative, it is enough to prove that the induced
transformation

(fiof*) @ Fun(A, &) ~ (fi @ Fun(A4,&)) o (f* ® Fun(A,£)) - wou”

is an equivalence. Fix a functor F: A — £ and an object a € A. Set x := p(a) and write
I for the tensor unit of Fun(A, £) (that is, the constant functor associated to the tensor
unit I¢ of £). Evaluating the source of the above transformation at F and at a yields

(fF* M@ F)a) =~ (P 1)@Fal,

yeVx

while

(wu*(F))(a) ~ € Fla).

beBq

Since the square in Construction D.2.1 is a pullback, By =~ V,q) =~ Vx, whence the
conclusion. 0

E. ADDITIONAL PROPERTIES OF COCARTESIAN FIBRATIONS

Finally, we collect some auxiliary results on cocartesian fibrations that are occasionally
needed throughout the text.

E.1. Global vs. local full faithfulness. The following results provides a categorical
local-to-global principle to test fully faithfulness:

Proposition E.1.1. Let X be an co-category and let f: A — B be a morphism in PrFib.
Then:
(1) f is fully faithful if and only if for every x € X the induced functor fy: Ay — By is
fully faithful;
(2) if f is fully faithful, then the same goes for

Zy(f): Fun, (X, A) — Fun,y(&X, B) .
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Proof. First we prove (1). Write p: A — & and q: B — X for the structural maps.
Fix a,a’ € A and set x := p(a) and x’ := p(a’). The morphism f induces a canonical
commutative triangle

Map 4(a,a’) @ Map(f(a), f(a'))

\ /

Map (x, x")

in Spc. Thus, we see that w is an equivalence if and only if for every y: x — x' the fiber
wy is an equivalence. Let a — a, be a cocartesian lift of y inside A. Since f preserves
cocartesian edges, we see that f(a) — f(a,) is cocartesian in B. Thus, [14, Proposition
2.4.4.2] and the above commutative triangle supply a canonical identification of w, with
the map

Map , (ay,a') = Mapy(f(ay), f(a'))

induced by f,/: Ay — By. Thus, if f/ is fully faithful, we deduce that w is an equiv-
alence. As for the converse, it suffices to observe that with the above notations, the
square

Map 4, (ay,a’) —— Mapy_, (f(ay), f(a"))

| J

Map 4(a,a’) —=— Mapg(f(a), f(a’))

is a pullback. Thus, when vy = idy, we see that the full faithfulness of f implies the full
faithfulness of f,.

We now prove (2). Consider the following commutative diagram

Fun,y(X, A) —— Fun(X, A) —— Fun(X, X)

J J |

Fun,y(&,B) —— Fun(X,B) —— Fun(&X, X)),

whose rows are fibers sequences at idy € Fun(X, X'). Since fully faithful functors are
stable under pullbacks, it suffices to prove that the middle vertical functor is fully faithful.
This follows immediately from the assumption and from [11, Proposition 5.1] (see also
Lemma 5.2 in loc. cit.). O

Corollary E.1.2. Let Co: 1 — Pr* be a filtered diagram. Let

C = colim C;
iel

be its colimit computed in Pr™ and denote ;: C; — C for the canonical maps. If all the transition
maps in Ce are fully faithful, the same goes for each ;.

Proof. Fix an index i € 1. Up to replacing I by I;;, we can suppose without loss of
generality that i is the initial object of I. Thus, we obtain a transformation C; — C,,
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where C; is seen as a constant diagram. Passing to the cocartesian unstraightenings, we
obtain a morphism

f: Ci x I — Ung(C,)

of cocartesian fibrations over I. Our assumption implies that this functor is fully faithful
fiberwise, and therefore Proposition E.1.1 guarantees that f is itself fully faithful. Notice
now that C; x I and Un;(C,) are also cartesian fibrations over I and that

Ci~limC; ~ Func/alrt(l, Cix1I) and C~ lim G ~ Func/alrt(l, Un;(C,)) .

jelop jeTop

Moreover, under these equivalences, ¢ induces the functor t;: C; — C. We claim that ¢
preserves cartesian edges. Assuming this statement, we see that f induces the following
commutative diagram:

Ci ———— Fun(L,C)

b e
C

—— Fun/((I, Un;(C,)),

whose horizontal arrows are fully faithful. Since Z;(f) is fully faithful by Proposi-
tion E.1.1, we conclude that y is fully faithful as well.

We are left to prove the claim. Let j — { be a morphism in I and let f; ¢: C; — Cq be the
induced functor. It fits in the following commutative triangle

Ci
f; f
N
C; _ he Ce,

where fj and f; are the functors induced by i — j and i — ¢, respectively. Write gj, g¢
and gj, for their right adjoints. Unraveling the definitions, we have to check that the
Beck-Chevalley transformation

fj — gj’g o) fg

is an equivalence. However, f; ~ fj, o fj, and the unit id(;j — g o fj¢ is an equivalence
because fj is fully faithful by assumption. Thus, the conclusion follows. O

E.2. Inducing left adjointability from the base. The following lemma provides a gen-
eral mechanism to deduce left adjointability involving cocartesian fibrations from the
case of trivial fibrations. It plays an important role in the proof of the spreading out [21,
Theorem 6.4.2] for Stokes analytic stratified spaces.
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Lemma E.2.1. Consider the commutative cube
D C

\B

whose vertical faces are pull-back diagrams. Assume that the vertical arrows are cocartesian
fibrations. Let a € C and set x .= p(a) € Z. Assume that the functor

TXZZ/X%yXXX/i(X]

is cofinal. Then, the functor
D xeCrq— B x4 A
is cofinal.

Proof. Since the vertical faces of the above cube are pull-back, the following square

D XCC/a — B XAA/J'(G)

| J

TxzZ/, —— YV XxXx Xy

is a pull-back. From [14, 2.4.3.2], its vertical arrows are cocartesian fibrations. Since
cocartesian fibrations are smooth [14, 4.1.2.15] and since the pull-back along a smooth
map preserves cofinality [14, 4.1.2.10], Lemma E.2.1 thus follows. O

REFERENCES

[1] D. Ayala and J. Francis. Fibrations of co-categories. High. Struct., 4(1):168-265, 2020.

[2] D. G. Babbitt and V. S. Varadarajan. Local Moduli For Meromorphic Differential Equations, volume 169-170
of Astérisque. 1989.

[3] T. Bachmann and M. Hoyois. Norms in motivic homotopy theory. Astérisque, (425):ix+207, 2021.

[4] C.Barwick, S. Glasman, and D. Nardin. Dualizing cartesian and cocartesian fibrations. Theory Appl.
Categ., 33:Paper No. 4, 67-94, 2018.

[5] P. P. Boalch. Topology of the Stokes phenomenon. In Integrability, quantization, and geometry. I. Integrable
systems, volume 103 of Proc. Sympos. Pure Math., pages 55-100. Amer. Math. Soc., Providence, RI, [2021]
©2021.

[6] B. Calmes, E. Dotto, Y. Harpaz, F. Hebestreit, M. Land, K. Moi, D. Nardin, T. Nikolaus, and W. Steimle.
Hermitian K-theory for stable co-categories I: Foundations. Selecta Math. (N.S.), 29(1):Paper No. 10,
269, 2023.

[7] D.-C. Cisinski. Higher Categories and Homotopical Algebra, volume 180 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, 2019.

[8] P. Deligne. Lettre & Malgrange. 20 décembre 1983. In Société Mathématique de France, editor, Singular-
ités irrégulieres, volume 5 of Documents Mathématiques. 2007.

[9] P. Gabriel and M. Zisman. Calculus of fractions and homotopy theory, volume 35 of Ergebnisse der Mathe-
matik und ihrer Grenzgebiete. Springer, New York, 1967.



106 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

[10] D. Gepner and R. Haugseng. Enriched oco-categories via non-symmetric co-operads. Adv. Math.,
279:575-716, 2015.

[11] D. Gepner, R. Haugseng, and T. Nikolaus. Lax colimits and free fibrations in co-categories. Doc. Math.,
22:1225-1266, 2017.

[12] P.]. Haine, M. Porta, and ].-B. Teyssier. Exodromy beyond conicality. 2024. Preprint.

[13] V. Hinich. Dwyer-Kan localization revisited. Homology, Homotopoy and Applications, 18(1):27-48, 2016.

[14] J. Lurie. Higher topos theory, volume 170 of Annals of Mathematics Studies. Princeton University Press,
Princeton, NJ, 2009.

[15] J. Lurie. Higher algebra. Preprint, 2017.

[16] J. Lurie. Spectral algebraic geometry. Preprint, 2018.

[17] T. Mochizuki. Good formal structure for meromorphic flat connections on smooth projective surfaces.
In Algebraic analysis and around in honor of Professor Masaki Kashiwara’s 60th birthday. Tokyo: Mathematical
Society of Japan, 2009.

[18] T. Mochizuki. Wild Harmonic Bundles and Wild Pure Twistor D-modules, volume 340 of Astérisque. SMF,
2011.

[19] M. Porta and J.-B. Teyssier. Day convolution for pro- and condensed co-categories. In preparation.

[20] M. Porta and ].-B. Teyssier. Topological exodromy with coefficients. arXiv preprint arXiv:2211.05004,
2022.

[21] M. Porta and J.-B. Teyssier. The derived moduli of Stokes data. 2025. Preprint.

[22] Shaul Ragimov and Tomer M. Schlank. The co-categorical reflection theorem and applications. arXiv:
2207.09244, July 2022.

[23] M. T. Singer and M. van der Put. Galois Theory of Linear Differential Equations, volume 328 of Grundlehren
der mathematischen Wissenschaften. Springer, 2000.

[24] G. G. Stokes. 1857. On the Discontinuity of Arbitrary Constants which appear in Divergent Developments,
page 77-109. Cambridge Library Collection - Mathematics. Cambridge University Press, 2009.

[25] M. Orsnes Jansen. Stratified homotopy theory of topological co-stacks: a toolbox, 2023.

MAURO PORTA, INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE, 7 RUE RENE DESCARTES,
67000 STRASBOURG, FRANCE
E-mail address: porta@math.unistra.fr

JEAN-BAPTISTE TEYSSIER, INSTITUT DE MATHEMATIQUES DE JUSSIEU, 4 PLACE JUSSIEU, 75005 PARIS,
FRANCE
E-mail address: jean-baptiste.teyssier@imj-prg.fr


https://arxiv.org/abs/2207.09244
https://arxiv.org/abs/2207.09244

	1. Introduction
	2. Cocartesian fibrations and the exponential construction
	3. The specialization equivalence
	4. Cocartesian functors
	5. Punctually split and Stokes functors
	6. Graduation
	7. Level structures
	A. Compactness results for -categories
	B. Stability of localizations under cocartesian pullback
	C. Locally constant and finite étale fibrations
	D. Categorical actions
	E. Additional properties of cocartesian fibrations
	References

