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Abstract. — In this article, we give a bound for the wild ramification of the mon-
odromy action on the nearby cycles complex of a locally constant étale sheaf on the
generic fiber of a smooth scheme over an equal characteristic trait in terms of Abbes
and Saito’s logarithmic ramification filtration. This provides a positive answer to the
main conjecture in [Lea16] for smooth morphisms in equal characteristic. We also
study the ramification along vertical divisors of étale sheaves on relative curves and
abelian schemes over a trait.

The main topic of this article is the wild ramification of the monodromy action on
the nearby cycles complex of an étale locally constant sheaf defined on the generic
fiber of a smooth family of schemes over a trait.

Let S be an henselian trait with a perfect residue field of characteristic p ą 0. Let
s be the closed point of S. Let s̄ be a geometric closed point of S. Let η be the
generic point of S. Let η̄ be a geometric generic point of S. Let G be the Galois
group of η̄ over η. Let X be a scheme and let f : X ÝÑ S be a morphism of finite
type. Let ` ‰ p be a prime number. Let Λ be a finite field of characteristic `. Let
K be a bounded below complex of étale sheaves of Λ-modules on X. Introduced by
Grothendieck in the 1960s, the nearby cycles complex RΨpK , fq and the vanishing
cycles complex RΦpK , fq of K relative to f are complexes on the geometric special
fiber Xs̄ of f endowed with a G-action, called the monodromy action.

The monodromy action on cohomological objects (such as nearby cycles com-
plex, vanishing cycles complex as well as étale cohomological groups of the geometric
generic fiber) is a central theme in arithmetic geometry. Major contributions include
Grothendieck’s proof of the local monodromy theorem [SGA7, XI], Deligne’s Milnor
formula computing the total dimension of the vanishing cycles of the constant sheaf at
an isolated critical point of a morphism to a curve [SGA7, XVI], good and semi-stable
reduction criteria for abelian varieties [ST68] [SGA7, IX], and Saito’s proof of the
semi-stable reduction theorem for curves [Sai87]. Under the semi-stable condition,
the tameness of the monodromy action on the nearby cycles complex of the constant
sheaf was investigated in [RZ82] and [Ill04]. See also [Ill88] and [Ill15] for a survey.
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For arbitrary schemes over a trait, the wild ramification of the monodromy action is
involved. Bloch’s conductor formula [Bl87] provides a geometric interpretation for
the alternating sum of the Swan conductors of the cohomology groups of the constant
sheaf. In this direction, progress to prove this formula were made (among many other
works) in [Ab00] and [KS05], and generalizations to arbitrary étale sheaves were
obtained for exemple in [KS13] and [Sai17c].

However, very little is known on the wild ramification for the monodromy action
on each individual cohomology group of an arbitrary `-adic sheaf. In this direction,
the following conjecture was formulated in [Lea16].

Conjecture 0.1. — Let pX,Zq be a proper semi-stable pairp1q over S. Let F be a
locally constant and constructible sheaf of Λ-modules on U :“ XzZ. Suppose that F
is tamely ramified along the horizontal part of Z. Let rlog be the maximum of the set
of Abbes and Saito’s logarithmic slopes of F at the generic points of the special fiber
of X.

Then, for every r ą rlog, the r-th upper numbering ramification subgroup of G acts
trivially on Hi

cpUη,F |Uη q for every i P Zě0.

This conjecture was proved by Leal in [Lea16] under the assumption that S is
equal characteristic, that f : X ÝÑ S has relative dimension 1 and that F has rank
1. The main goal of this article is to prove a local version of this conjecture for
arbitration relative dimension and arbitrary rank sheaf in the good reduction case.
The main result is the following (Theorem 5.7):

Theorem 0.2. — Suppose that S is the henselization at a closed point of a smooth
curve over a perfect field of characteristic p ą 0. Let pX,Zq be a semi-stable pair
over S such that f : X ÝÑ S is smooth. Let U :“ XzZ and j : U ÝÑ X the
canonical injection. Let F be a locally constant and constructible sheaf of Λ-modules
on U . Suppose that F is tamely ramified along the horizontal part of Z. Let rlog be
the maximum of the set of Abbes and Saito’s logarithmic slopes of F at the generic
points of the special fiber of X.

Then, for every r ą rlog, the r-th upper numbering ramification subgroup of G acts
trivially on RiΨpj!F , fq for every i P Zě0.

Theorem 0.2 says in particular that the slopes of the nearby cycles complex can be
bounded in a way depending only on F but not on the smooth morphism f . This is
precisely the content of the boundedness question asked in Question 2 from [Tey15].
Due to the G-equivariant spectral sequence

Eab2 “ HapXs, R
bΨpj!F , fqq ùñ Ha`b

c pUη̄,F |Uη̄ q.

Theorem 0.2 implies that Conjecture 0.1 is valid when f : X ÝÑ S is smooth and S
is equal characteristic.

Let us now comment on our approach to Conjecture 0.1. Leal’s proof is global.
It relies on Kato and Saito’s conductor formula [KS13] and Kato’s formula [Ka89]
for the Swan class of a clean rank 1 sheaf. By contrast, our proof is local. The

p1qSee definition 5.6 for details.
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tools are the singular support and the characteristic cycle for constructible étale
sheaves constructed by Beilinson [Bei16] and Saito [Sai17b], respectively, as well as
the semi-continuity properties for Abbes and Saito’s ramification invariants following
[HY17, Hu17]. The strategy to prove Theorem 0.2 has three steps. The first one is
to reduce the question to the vanishing of the tame nearby cycles of j!pFbΛf

˚N q for
every isoclinic sheaf of Λ-modules N on η with slope strictly bigger than rlog. From
this point on, we descend to the case where S is a smooth curve. In the second step,
when Z is the special fiber of f , we prove that for N as above, the singular support
of j!pF bΛ f

˚N q is supported on the zero section of T˚X and the conormal bundle of
Z in X. In particular, any smooth curve on X transverse to Z is SSpj!pF bΛ f

˚N qq-
transversal. This allows us to reduce the vanishing of the above tame nearby cycles
to the curve case, where it is obvious. The semi-continuity of the largest slopes is
the key point in this step. In the last step, we apply the semi-continuity of the
largest logarithmic slopes to deal with the general case where Z has some horizontal
components.

To describe an application of the above result, we modify our notations. Let S be a
smooth curve over a perfect field of characteristic p ą 0. Let f : X ÝÑ S be a proper
and smooth morphism with geometric connected fibers. Let s be a closed point of S,
U the complement of the fiber Xs in X and j : U ÝÑ X the canonical injection. Let
F be a locally constant and constructible sheaf of Λ-modules on U . Using the main
Theorem 0.2, we obtain the following boundedness result (Theorem 6.2):

Corollary 0.3. — Assume that f : X ÝÑ S has relative dimension 1 and genus
g ą 1. Let ZpF q be the set of closed points of Xs such that T˚xX is contained in
SSpj!F q. Then, we have

(0.3.1) 7ZpF q ď p2g ´ 2q ¨ rankΛF ` 2g ¨ rankΛF ¨ rlogpXs,F q,

where rlogpXs,F q denotes the largest Abbes-Saito’s logarithmic slope of F at the
generic point of Xs.

If g “ 1, we obtain ZpF q “ H by the following theorem due to T. Saito, which
proves the non-degeneracy of the ramification of F along Xs when f : X ÝÑ S is an
abelian scheme (Theorem 7.10):

Theorem 0.4 (T. Saito). — Assume that X is an abelian scheme over S. Then,
the ramification of F along the divisor Xs of X is non-degenerate. In particular, for
any closed point x P Xs, the fiber of the singular support SSpj!F q ÝÑ X above x is
a union of lines in T˚xX.

T. Saito’s key idea is the following: a locally constant and constructible étale
sheaf on an abelian variety over a field is invariant by translation by some non trivial
torsion points depending on the sheaf (proposition 7.7). When the base field is a
strict henselian discrete valuation field, these good torsion points are dense. Thus, we
get the non-degeneracy of the ramification of F along Xs from the invariance of F
by sufficiently many translations. Theorem 0.4 bears some similarity with Tsuzuki’s
result on the constancy of Newton polygons for convergent F -isocrystals on abelian
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varieties over a finite field [Tsu17].

The article is organized as follows. In section 1 and 2, we briefly recall Abbes and
Saito’s ramification theory and introduce the singular support and the characteristic
cycle for étale sheaves. In section 3, we prove semi-continuity properties for the largest
slope and the largest logarithmic slopes for locally constant sheaves ramified along
smooth divisors. Relying on these semi-continuity properties, we compute in section
4 the characteristic cycle of a locally constant sheaf on the complement of a smooth
divisor after a wild enough twist by a locally constant sheaf coming from the base
curve. Based on results in section 3 and section 4, the main Theorem 0.2 is proved
in section 5. In section 6, we prove corollary 0.3 by applying our main Theorem 0.2.
Following a suggestion from T. Saito, we prove in the last section Theorem 0.4 and
other various properties for the wild ramification of `-adic lisse sheaves on abelian
schemes over curves in positive characteristic ramified along a vertical divisor.
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1. Recollection on the ramification theory of local fields

1.1. — Let K be a henselian discrete valuation field, OK the ring of integer of K,
mK the maximal ideal of OK , F the residue field of OK , K a separable closure of K,
and let GK be the Galois group of K over K. We assume that the characteristic of
F is p ą 0.

1.2. — Suppose that F is perfect. Let tGrK,clurPQě0 be the classical upper numbering
ramification filtration on GK [Ser68]. For r P Qě0, put

Gr`K,cl “
ď

sąr

GsK,cl

The subgroup G0
K,cl is the inertia subgroup IK of GK and G0`

K,cl is the wild inertia
subgroup PK of GK .
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1.3. — When F is not assumed to be perfect, Abbes and Saito defined in [AS02]
two decreasing filtrations tGrKurPQą0 and tGrK,logurPQě0 on GK by closed normal
subgroups. These filtrations are called respectively the ramification filtration and
the logarithmic ramification filtration. For r P Qě0, put

Gr`K “
ď

sąr

GsK and Gr`K,log “
ď

sąr

GsK,log.

We denote by G0
K the group GK . The ramification filtrations satisfy the following

properties:

Proposition 1.4 ([AS02, AS03, Sai08, Sai17a]). — (i) For any 0 ă r ď 1,
we have

GrK “ G0
K,log “ IK and G`1

K “ G0`
K,log “ PK .

(ii) For any r P Qě0, we have

Gr`1
K Ď GrK,log Ď GrK .

If F is perfect, then for any r P Qě0, we have

GrK,cl “ GrK,log “ Gr`1
K .

(iii) Let K 1 be a finite extension of K contained in K. Let e be the ramification
index of K 1{K. Then, for any r P Qą1, we have GerK1 Ď GrK with equality if K 1{K
is unramified. For any r P Qą0, we have GerK1,log Ď GrK,log with equality if K 1{K is
tamely ramified.

(iv) For any r P Qą0, the graded piece GrK,log{G
r`
K,log is abelian, p-torsion and

contained in the center of PK{Gr`K,log. For any r P Qą1, the graded piece GrK{G
r`
K

is abelian and contained in the center of PK{Gr`K . If we further assume that the
characteristic of K is p ą 0, then, for any r P Qą1, the graded piece GrK{G

r`
K is

p-torsion.

1.5. — Let Λ be a finite field of characteristic ` ‰ p. Let M be a finitely generated
Λ-module with a continuous PK-action. The module M has decompositions

(1.5.1) M “
à

rě1

M prq and M “
à

rě0

M
prq
log

into PK-stable submodules, where M p1q “ M
p0q
log “ MPK , and such that for every

r P Qą0,

pM pr`1qqG
r`1
K “ 0 and pM pr`1qqG

pr`1q`
K “M pr`1q;

pM
prq
log q

GrK,log “ 0 and pM
prq
log q

Gr`K,log “Mr
log.

The decompositions (1.5.1) are called respectively the slope decomposition and the
logarithmic slope decomposition ofM . The values r for whichM prq ‰ 0 (resp. M prq

log ‰

0) are the slopes (resp. the logarithmic slopes) of M . Let SlKpMq be the set of slopes
ofM . Let SlK,logpMq be the set of logarithmic slopes ofM . ForM ‰ 0, let rKpMq be
the largest slope of M . Let rK,logpMq be the largest logarithmic slope of M . We say
that M is isoclinic (resp. logarithmic isoclinic) if M has only one slope (resp. only
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one logarithmic slope). We say that M is tame if the action of PK on M is trivial,
that is M “M p1q “M

p0q
log . By proposition 1.4 (ii), we have

(1.5.2) rK,logpMq ` 1 ě rKpMq ě rK,logpMq.

The total dimension of M is defined by

(1.5.3) dimtotKpMq :“
ÿ

rě1

r ¨ dimΛM
prq.

The Swan conductor of M is defined by

swKpMq :“
ÿ

rě0

r ¨ dimΛM
prq
log

We have
swKpMq ` dimΛM ě dimtotKpMq ě swKpMq.

If the residue field F is perfect, we have

rK,logpMq ` 1 “ rKpMq(1.5.4)
swKpMq ` dimΛM “ dimtotKpMq(1.5.5)

and swKpMq is the classical Swan conductor of M .
Let 1 ď r1 ă r2 ă ¨ ¨ ¨ ă rn be all slopes of M , the Newton polygon of the slope

decomposition of M denotes the lower convex hull in R2 of the following points:

p0, 0q and

˜

j
ÿ

i“1

dimΛM
priq,

j
ÿ

i“1

ri ¨ dimΛM
priq

¸

pj “ 1, . . . , nq.

Let K 1 be a finite separable extension of K contained in K. Let e be the ramifica-
tion index of K 1{K. By proposition 1.4 (iii), we have

e ¨ rKpMq ě rK1pMq and e ¨ rK,logpMq ě rK1,logpMq;

e ¨ dimtotKpMq ě dimtotK1pMq and e ¨ swKpMq ě swK1pMq.

If K 1{K is tamely ramified, we have

e ¨ rK,logpMq “ rK1,logpMq and e ¨ swKpMq “ swK1pMq.

If K 1{K is unramified, we have

rKpMq “ rK1pMq and dimtotKpMq “ dimtotK1pMq

1.6. — We assume that the characteristic of K is p ą 0. Let M be a finitely
generated Λ-module with a continuous PK-action. Suppose that M is isoclinic of
slope r P Qą1. Then, M has a unique direct sum decomposition

M “
à

χPXprq

Mχ

into PK-stable submodules Mχ, where Xprq is the set of isomorphism classes of non-
trivial finite characters χ : GrK{G

r`
K ÝÑ Λˆ and where Mχ is a direct sum of finitely

many copies of χ.
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Assume moreover that F is of finite type over a perfect field. We denote by OK the
integral closure of OK in K, by F the residue field of OK and by ord : K ÝÑ Q

Ť

t8u

a valuation normalized by ordpKˆq “ Z. For any r P Qě0, we put

mr
K
“ tx P K

ˆ
; ordpxq ě ru and mr`

K
“ tx P K

ˆ
; ordpxq ą ru.

The quotient mr
K
{mr`

K
is a 1-dimensional F -vector space. For r P Qą1, there exists

an injective homomorphism called the characteristic form

(1.6.1) char : HomFppG
r
K{G

r`
K ,Fpq // HomF pm

r
K
{mr`

K
,Ω1

OK
bOK F q.

1.7. — We present three elementary lemmas on Galois modules that will be used
in the sequel of the article.

Lemma 1.8. — Assume that charpKq “ p, that the residue field F is perfect and
that Λ contains a primitive p-th root of unity. Then, for any two positive integers r, s
co-prime to p, there exists a non-trivial Λ-module N with continuous GK-action such
that N is pure of logarithmic slope r{s.

Proof. — Let π be a uniformizer of K, let L1 “ Krθs{pθs´πq and L2 “ L1rts{pt
p´t´

θ´rq. The extension L2{L1 is Galois with GalpL2{L1q – Z{pZ. Let χ : GalpL2{L1q ÝÑ

Λˆ be a non-trivial representation and we denote by N1 the associated Λ-module of
rank 1 with a continuous GL1-action. Since pr, pq “ 1, we have rL1,logpN1q “ r
([Lau81, 1.1.7]). Since L1{K is tamely ramified with epL1{Kq “ s, the GL1

-module

Res
GL1

GK
Ind

GL1

GK
N1 – N1 bΛ Res

GL1

GK
Ind

GL1

GK
Λ

is pure of logarithmic slope r. Hence the GK-module N “ Ind
GL1

GK
N1 is logarithmic

isoclinic of slope r{s.

Lemma 1.9. — Let M and N be finitely generated Λ-modules with continuous GK-
actions. Put r “ rKpMq and s “ rKpNq. Put rlog “ rK,logpMq and slog “ rK,logpNq.

(i) If r ě s, then we have rKpM bΛ Nq ď r and

(1.9.1) dimtotKpM bΛ Nq ď dimΛN ¨ dimΛM ¨ r

Assume that N is isoclinic and that s is not a slope of M . Assume that M and N
are not trivial. Then,

(1.9.2) dimtotKpM bΛ Nq ě dimΛN ¨ dimΛM ¨ s

with equality if and only if s ą r. In the latter case, M bΛ N is isoclinic of slope s.

(ii) If rlog ě slog, then we have rK,logpM bΛ Nq ď rlog and

swKpM bΛ Nq ď dimΛN ¨ dimΛM ¨ rlog.

Assume that N is logarithmic isoclinic and that slog is not a logarithmic slope of M .
Assume that M and N are not trivial. Then,

swKpM bΛ Nq ě dimΛN ¨ dimΛM ¨ slog
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with equality if and only if slog ą rlog. In the latter case, M bΛ N is logarithmic
isoclinic of slope slog.

Proof. — The proofs of piq and piiq are the same. We prove piq. Since the action of
Gr`K onM andN is trivial, its action onMbΛN is trivial too. Hence, rKpMbΛNq ď r
and we get (1.9.1). Assume that N is isoclinic and that s is not a slope ofM . To prove
the second part of lemma 1.9 piq, we can suppose thatM is isoclinic. If r ą s, we have
MbΛN –M‘ dimΛ N as GrK-representation. Hence pMbΛNq

GrK “ pMGrK q‘ dimΛ N “

t0u. Hence M bΛ N is isoclinic of slope r. Thus,

dimtotKpM bΛ Nq “ dimΛN ¨ dimΛM ¨ r ą dimΛN ¨ dimΛM ¨ s

If r ă s, we have

dimtotKpM bΛ Nq “ dimΛN ¨ dimΛM ¨ s

and the second part of lemma 1.9 piq is proved.

Lemma 1.10. — Let M be a non trivial finitely generated Λ-module with continuous
GK-action. Let s ě 0 be a real number.

(1) If N is a finitely generated Λ-module of pure logarithmic slope s, and if s is
not a logarithmic slope of M , then pM bΛ Nq

PK “ 0.

(2) If pM bΛ Nq
PK “ 0 for every finitely generated Λ-module of pure logarithmic

slope s, then s is not a logarithmic slope of M .

Proof. — p1q We can suppose that M is logarithmic isoclinic and that N is not
trivial. Then, lemma 1.9 piiq implies that M bΛ N is isoclinic of logarithmic slope
MaxprK,logpMqq, sq ą 0, so that pM bΛ Nq

PK “ 0 follows.
p2q Put N “ pM

psq
log q

_ and observe that N has pure logarithmic slope s. The inclusion

M
psq
log ÝÑM induces an inclusion

pM
psq
log bΛ Nq

PK ÝÑ pM bΛ Nq
PK

If pMbΛNq
PK “ 0, we deduce that the identity morphism ofM psq

log is the zero element

of the space of endomorphisms of M psq
log . Hence, M psq

log “ 0 and the proof of lemma
1.10 is complete.

2. Singular support and characteristic cycle for `-adic sheaves

2.1. — Let k be a field of characteristic p ą 0. Let X be a smooth connected
k-scheme. Let C be a closed conical subset of the cotangent bundle T˚X. Let x be a
point of X and x̄ ÝÑ X a geometric point of X above x. Set T˚xX “ T˚X ˆX x and
Cx “ C ˆX x. Set T˚x̄X “ T˚X ˆX x̄ and Cx̄ “ C ˆX x̄. Let Λ be a finite field of
characteristic ` ‰ p.
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2.2. — Let f : U ÝÑ X be a morphism of smooth k-schemes. Let u P U and
let ū ÝÑ U be a geometric point of U lying over u. We say that f : U ÝÑ X is
C-transversal at u if ker dfū

Ş

Cfpūq Ď t0u Ď T˚fpūqX, where dfū : T˚fpūqX ÝÑ T˚ūU
is the cotangent map of f at ū. We say that f : U ÝÑ Y is C-transversal if it is
C-transversal at every point of U . For a C-transversal morphism f : U ÝÑ X, let
f˝C be the image of C ˆX U in T˚U by df : T˚X ˆX U ÝÑ T˚U . Note that f˝C is
a closed conical subset of T˚U .

Let g : X ÝÑ Y be a morphism of smooth k-schemes. Let x P X and let x̄ ÝÑ X
be a geometric point of X lying over x. We say that g : X ÝÑ Y is C-transversal
at x if dg´1

x̄ pCx̄q “ t0u Ă T˚x̄Y . We say that g : X ÝÑ Y is C-transversal if it is
C-transversal at every point of X.

Let pg, fq : Y ÐÝ U ÝÑ X be a pair of morphisms of smooth k-schemes. We
say that pg, fq is C-transversal if f : U ÝÑ X is C-transversal and if g : U ÝÑ Y is
f˝C-transversal.

Let F be an object in Db
cpX,Λq. We say that F is micro-supported on C if for any

C-transversal pair of morphisms of smooth k-schemes pg, fq : Y ÐÝ U ÝÑ X, the
map g : U ÝÑ Y is universally locally acyclic with respect to f˚F . We say that F
is weakly micro-supported on C if for any C-transversal pair of morphisms of smooth
k-schemes pg, fq : A1

k ÐÝ U ÝÑ X satisfying
(1) If k is infinite, the map f : U ÝÑ X is an open immersion;
(2) If k is finite, there exists a finite extension k1{k such that f : U ÝÑ X is

the composition of the first projection pr1 : U bk k
1 ÝÑ U with an open immersion

h : U ÝÑ X;
the map g : U ÝÑ Y is universally locally acyclic with respect to f˚F .

The following theorem is due to Beilinson [Bei16, Th. 1.3, Th. 1.5].

Theorem 2.3. — Let F be an object in Db
cpX,Λq. Then, there exists a smallest

closed conical subset SSpF q in T˚X on which F is micro-supported. The closed con-
ical subset SSpF q coincides with the smallest closed conical subset in T˚X on which
F is weakly micro-supported. Furthermore, SSpF q is equidimensional of dimension
dimkX.

The closed conical subset SSpF q is called the singular support of F .

2.4. — We assume that k is perfect. Let S be a smooth k-curve. Let f : X ÝÑ S
be a morphism. Let x be a closed point of X and put s “ fpxq. We say that x
is an at most C-isolated characteristic point for f : X ÝÑ S if f : Xztxu ÝÑ S is
C-transversal. Any local trivialization of T˚S in a neighborhood of s gives rise to a
local section of T˚X by applying df : T˚S ˆS X ÝÑ T˚X. We abusively denote by
df this section. Let A be a cycle in T˚X supported on C. Under the condition that x
is an at most C-isolated characteristic point of f : X ÝÑ S, the intersection of A and
the cycle rdf s is supported at most at a single point in T˚xX. Since C is conical, the
intersection number pA, rdf sqT˚X,x is independent of the chosen local trivialization for
T˚S in a neighborhood of s.

The following theorem is due to Saito [Sai17b, Th. 5.9].
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Theorem 2.5. — Let F be an object in Db
cpX,Λq. There exists a unique cycle

CCpF q in T˚X supported on SSpF q such that for every étale morphism h : U ÝÑ
X, for every morphism f : U ÝÑ S with S a smooth k-curve, for every at most
h˝pSSpF qq-isolated characteristic point u P U for f : U ÝÑ S, we have the following
Milnor type formula

(2.5.1) ´
ÿ

i

p´1qidimtotpRiΦūph
˚F , fqq “ ph˚pCCpF qq, rdf sqT˚U,u,

where RΦūph
˚F , fq denotes the stalk of the vanishing cycle of h˚F with respect to

f : U ÝÑ S at the geometric point ū ÝÑ U above u.

The cycle CCpF q is called the characteristic cycle of F .

Example 2.6. — Assume that X is a smooth k-curve. Let U be an open dense
subscheme of X and j : U ÝÑ X the canonical injection. Let F be a locally constant
and constructible sheaf of Λ-modules on U . Then we have

CCpj!F q “ ´rankΛF ¨ rT˚XXs ´
ÿ

xPXzU

dimtotxpF q ¨ rT˚xXs

The following facts are due to Saito [Sai17b, 5.13, 5.14].

Proposition 2.7. — (i) Let F be an object in Db
cpX,Λq. If F is perverse, then,

the support of CCpF q is SSpF q and the coefficients of CCpF q are positive.
(ii) Let f : Y ÝÑ X be a separated morphism of smooth k-schemes. For every

object G in Db
cpY,Λq, we have CCpRf˚G q “ CCpRf!G q.

2.8. — Assume that C has pure dimension dimkX. Let f : Y ÝÑ X be a C-
transversal morphism of smooth connected k-schemes. We say that f : Y ÝÑ X
is properly C-transversal if every irreducible component of Y ˆX C has dimension
dimk Y . Assume that f : Y ÝÑ X is properly C-transversal. Consider the diagram

T˚Y Y ˆX T˚X
df
oo

pr2 // T˚X

Let A be a cycle in T˚X supported on C. We put

f !A :“ p´1qdimkX´dimk Y df˚pr˚2A

The following compatibility of the characteristic cycle with properly transversal mor-
phism is due to Saito [Sai17b, Th. 7.6]

Theorem 2.9. — Let F be an object in Db
cpX,Λq. Let f : Y ÝÑ X be a morphism

of smooth connected k-schemes such that f : Y ÝÑ X is properly SSpF q-transversal.
Then, we have

f !pCCpF qq “ CCpf˚F q.

Assume that C has pure dimension dimkX. Let f : X ÝÑ Y be a C-transversal
morphism of smooth connected k-schemes with dimk Y ď dimkX. We say that
f : X ÝÑ Y is properly C-transversal if for every closed point y in Y , the fiber
y ˆY C has dimension dimkX ´ dimk Y . The following theorem is due to Saito
[Sai17c, Th. 2.2.3].
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Theorem 2.10. — Let f : X ÝÑ S be a quasi-projective morphism with S a smooth
connected k-curve. Let η̄ be a geometric generic point of S. Let s P S be a closed
point. Let F be an object in Db

cpX,Λq. Assume that f : X ÝÑ S is proper on the
support of F and properly SSpF q-transversal over a dense open subset in S. Then,
we have

pCCpF q, rdf sqT˚X,Xs “ ´
ÿ

iPZ
p´1qipdimΛpR

if˚F qη̄ ´ dimΛpR
if˚F qs ` swspR

if˚F qq

2.11. — Let f : Y ÝÑ X be a separated morphism of smooth k-schemes. Let F
be an object in Db

cpX,Λq. There is a canonical morphism

(2.11.1) cf,F : f˚F bLΛ Rf
!Λ ÝÑ Rf !F

obtained by adjunction from the composition

Rf!pf
˚F bLΛ Rf

!Λq
„
ÝÑ F bLΛ Rf!Rf

!Λ ÝÑ F

where the first arrow is the projection formula and where the second arrow is induced
by the adjunction Rf!Rf

!Λ ÝÑ Λ.
The following proposition is due to Saito [Sai17b, Prop. 8.13].

Proposition 2.12. — Let F be an object in Db
cpX,Λq. Let f : Y ÝÑ X be a

separated morphism of smooth k-schemes. If f : Y ÝÑ X is SSpF q-transversal, then
the canonical morphism (2.11.1) is an isomorphism.

Corollary 2.13. — Let

V
h1 //

j1

��

l

U

j

��

W
h
// X

be a cartesian diagram of smooth schemes over k such that the vertical arrows are
open immersions and such that h is separated. Let F be an object in Db

cpX,Λq.
Suppose that h : W ÝÑ X is SSpRj˚F q-transversal. Then, there is an isomorphism
in Db

cpX,Λq

(2.13.1) h˚Rj˚F
„ // Rj1˚h

1˚F .

Proof. — Since the schemes X and W are smooth, we have Rh!Λ – Λpcqr2cs and
Rh1!Λ – Λpcqr2cs for some integer c. To prove corollary 2.13, it is thus enough to
prove that the base change morphism

(2.13.2) h˚Rj˚F bLΛ Rh
!Λ ÝÑ Rj1˚ph

1˚F bLΛ Rh
1!Λq.

is an isomorphism. Since h : W ÝÑ X is SSpRj˚F q-transversal, proposition 2.12
implies that the canonical morphism

ch,Rj˚F : h˚Rj˚F bLΛ Rh
!Λ ÝÑ Rh!Rj˚F
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is an isomorphism. On the other hand, the fact that h : W ÝÑ X is SSpRj˚F q-
transversal implies that h1 : V ÝÑ U is SSpF q-transversal. Hence, proposition 2.12
implies that the canonical morphism

ch1,F : h1˚F bLΛ Rh
1!Λ ÝÑ Rh1!F

is an isomorphism. Hence, the base change morphism (2.13.2) identifies with

(2.13.3) Rh!Rj˚F ÝÑ Rj1˚Rh
1!F .

By proper base change theorem [SGA4III, XVIII 3.1.13], the morphism (2.13.3) is
an isomorphism, and proposition 2.13 follows.

2.14. — Let D be a smooth connected divisor in X. Put U :“ XzD. Let j : U ÝÑ
X be the canonical injection. Let ξ be the generic point of D, K the fraction field of
the henselization Xpξq of X at ξ, η “ SpecpKq the generic point of Xpξq, K a separable
closure of K, F the residue field of the ring of integer OK of K, F the residue field
of the ring of integer OK of K, and let GK be the Galois group of K over K. Let F
be a locally constant and constructible sheaf of Λ-modules on U .

We suppose that the ramification of F along D is non-degenerate. In a nutshell,
this means that étale locally along D, the sheaf F is a direct sum of sheaves of Λ-
modules which are isoclinic at ξ and whose ramification at a closed point of D is
controlled by the ramification at ξ. See [Sai17a, Def. 3.1] for details. Under the
non-degenerate condition, the characteristic cycle of j!F can be expressed in terms
of ramification theory. Let us explain how.

Let M be the finitely generated Λ-module with continuous GK-action correspond-
ing to F |η. Let

M “
à

rPQě1

M prq

be the slope decomposition of M . For r P Qą1, let

M prq “
à

χ

M prq
χ

be the central character decomposition of M prq, for r ą 1. Let ψ be a non-trivial
character ψ : Fp ÝÑ Λˆ. For r P Qą1, the graded piece GrK{G

r`
K is abelian and

p-torsion. Hence, each central character χ uniquely factors as χ : GrK{G
r`
K ÝÑ Fp

ψ
ÝÑ

Λˆ. We also denote by χ the induced character GrK{G
r`
K ÝÑ Fp and by

charpχq : mr
K
{mr`

K
ÝÑ Ω1

OK bOK F

the characteristic form of χ. Let Fχ be a finite extension of F contained in F such
that charpχq is defined over Fχ. The characteristic form charpχq defines a line in
T˚XˆX SpecFχ. Let Lχ be the closure of the image of Lχ in T˚X. If the ramification



CHARACTERISTIC CYCLE AND RAMIFICATION 13

of j!F is non-degenerate along D, we have [Sai17b, Th. 7.14]:

CCpj!F q “ p´1qdimkX

ˆ

rankΛF ¨ rT˚XXs ` dimΛM
p1q ¨ rT˚DXs(2.14.1)

`
ÿ

rą1

ÿ

χ

r ¨ dimΛM
prq
χ

rFχ : F s
rLχs

˙

.

When F is not trivial, the non-degeneracy of the ramification of F along D implies
that for every geometric point x̄ ÝÑ D, the fiber SSpj!F q ˆX x̄ is a finite union of
1-dimensional vector spaces in T˚x̄X.

In general, the ramification of F along D becomes non-degenerate after removing
a codimension one closed subset in D (cf. [Sai17a, Lemma 3.2]).

3. Semi-continuity for the largest slope

3.1. — Let k be a perfect field of characteristic p ą 0. Let Λ be a finite field of
characteristic ` ‰ p. Let X be a smooth k-scheme. Let D be a smooth connected
divisor in X. Put U :“ XzD. Let j : U ÝÑ X be the canonical injection. Let
ξ the generic point of D, K the fraction field of the henselization Xpξq of X at ξ,
η “ SpecpKq the generic point of Xpξq, K an algebraic closure of K, and let GK be
the Galois group of K over K.

3.2. — Let F be a locally constant and constructible sheaf of Λ-modules on U .
The restriction F |η corresponds to a finitely generated Λ-module with continuous
GK-action. Let rpD,F q be the largest slope of F |η. Set RDpF q :“ rpD,F q ¨D and
we call it the largest slope divisor of F . Let rlogpD,F q be the largest logarithmic
slope of F |η. Set RD,logpF q “ rlogpD,F q ¨D and we call it the largest logarithmic
slope divisor of F . Similarly, we denote by dimtotDpF q the total dimension of F |η,
by

DTDpF q :“ dimtotDpF q ¨D

the total dimension divisor of F , by swDpF q the Swan conductor of F |η and by

SWDpF q :“ swDpF q ¨D

the Swan divisor of F .
In [HY17, Hu17], the authors studied the behavior of the total dimension divisors

and the Swan divisors by pull-back, and deduced several semi-continuity properties.
In this section, we pursue a similar study for the largest slope divisor and the largest
logarithmic slope divisor. For an analogue for differential systems in characteristic 0,
we refer to [And07].

In the following of this section, we assume that k is algebraically closed.

Proposition 3.3. — (1) [Sai17a, Prop. 2.22.2] Let C be a smooth k-curve in
X meeting D transversally at a closed point x. We put C0 “ Cztxu. Then, if the
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ramification of F along D is non-degenerate at x and the immersion i : C ÝÑ X is
SSpj!F q-transversal at x, then

rpx,F |C0q “ rpD,F q.

(2) The following two conditions are equivalent:
(a) r ě rpD,F q;
(b) r ě rpx,F |C0

q for any smooth k-curve C in X meeting D transversally at
a closed point x, where C0 “ Cztxu.

Proof. — Since the slopes are unchanged by scalar extensions, we can assume that Λ
contains a primitive p-th root of unity.
p1q Since the ramification of F along D is non-degenerate at x, at the cost of

replacing X by an étale neighborhood of x, we can suppose that F is a direct sum of
locally constant and constructible sheaves tFαuαPI of Λ-modules on U such that for
every α P I, the ramification of Fα along D is non-degenerate and Fα|η is isoclinic.
Since i : C ÝÑ X is SSpj!F q-transversal at x, it is SSpj!Fαq-transversal at x for
every α P I. Hence, proposition 3.3 p1q is a direct consequence of [Sai17a, Prop.
2.22.2].
p2q We firstly show (a)ñ(b). It is sufficient to show that rpD,F q ě rpx,F |C0

q

for a smooth k-curve C in X meeting D transversally at a closed point x. At the
cost of replacing X by an étale neighborhood of x, we can suppose that there exists
a smooth morphism f : X ÝÑ T with T a smooth k-curve, and a closed point t P T
such that D “ f´1ptq. From lemma 1.8, we can find a rational number s such that
s ą rpD,F q, that s is not a slope of F |C0

at x and that there exists a locally constant
and constructible sheaf of Λ-modules N on the generic point of Tptq such that N
is isoclinic with slope s. At the cost of replacing T by an étale neighborhood of t,
we can suppose that N extends to T zttu. We still denote by N this extension. Let
N be the rank of N . Let us consider the sheaf f˚N bΛ F on U “ XzD. Since
f : X ÝÑ T is smooth, it is transversal with respect to the extension by 0 of N to T .
From [Sai17a, Prop. 2.22.2], we deduce that f˚N |η is isoclinic with slope s. Hence,
by lemma 1.9 piq, we have

dimtotDpf
˚N bΛ F q “ N ¨ rankΛF ¨ s.

From [HY17, Prop. 4.1], we deduce

dimtotxppf
˚N bΛ F q|C0q ď N ¨ rankΛF ¨ s.

Notice that f |C : C ÝÑ T is étale at x since C and D intersect transversally at x.
Hence, the restriction pf˚N q|C0 is isoclinic with slope s at x. Lemma 1.9 piq then
gives

dimtotxppf
˚N bΛ F q|C0q “ N ¨ rankΛF ¨ s.

Hence, lemma 1.9 piq ensures that s ą rpx,F |C0
q. Since this holds for every rational

number s ą rpD,F q with s “ s1{s2 and ps1, pq “ ps2, pq “ 1, which is not a slope of
F |C0 at x, we obtain that rpD,F q ě rpx,F |C0q.

(b)ñ(a). We only need to treat the case where dimkX ě 2. Let x be a closed
point in D such that the ramification of F is non-degenerate at x. In particular, the
fiber of SSpj!F q above x is a finite number of lines L1, . . . , Ld Ă T˚xX. Since TxX
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is a k-vector space of dimension ě 2, we can take a non-zero vector L P TxX away
from the hyperplane TxD Ă TxX and dual hyperplanes L_i Ă TxX p1 ď i ď dq. Let
C be a smooth curve in X passing through x such that TxC “ k ¨L. Then, the curve
C meets D transversally and the immersion i : C ÝÑ X is SSpj!F q-transversal at
x. By proposition 3.3 p1q, we obtain that rpD,F q “ rpx,F |C0

q for this curve C. It
finishes the proof of (b)ñ(a).

Corollary 3.4. — Let Y be a smooth connected k-scheme. Let g : Y ÝÑ X be a
separated morphism such that E :“ D ˆX Y is an irreducible smooth divisor in Y .
We put V “ Y zE and let j1 : V ÝÑ Y be the canonical injection. Then, we have

rpE,F |V q ď rpD,F q

Proof. — The morphism g : Y ÝÑ X is a composition of the graph embedding
Γg : Y ÝÑ Y ˆk X and the projection pr2 : Y ˆk X ÝÑ X. Since pr2 is smooth,
proposition 2.22.2 from [Sai17a] implies

rpD ˆk Y,F |UˆkY q “ rpD,F q.

We are thus reduced to treat the case where g : Y ÝÑ X is a closed immersion. By
proposition 3.3 p2q, we are left to show that, for any smooth k-curve in Y meeting
E transversally at y P E, we have rpD,F q ě rpy,F |C0

q, where C0 “ Cztyu. Notice
that E “ D ˆX Y is smooth implies that Y and D meets transversally. Hence the
smooth k-curve C above meets D transversally at y. By proposition 3.3 p2q again, we
have rpD,F q ě rpy,F |C0q indeed.

Proposition 3.5. — The following two conditions are equivalent:
(a) r ě rlogpD,F q;
(b) pC,Dqx ¨ r ě rlogpx,F |C0

q for any smooth k-curve C in X meeting D properly
at x such that the intersection number pC,Dqx is co-prime to p, where C0 “ Cztxu.

Proof. — (a)ñ(b). It is sufficient to show that, for a smooth k-curve C in X meeting
D properly at x such that the intersection number m “ pC,Dqx is co-prime to p, we
have

(3.5.1) m ¨ rlogpD,F q ě rlogpx,F |C0
q.

At the cost of replacing X by an étale neighborhood of x, we can suppose that there
exists a smooth morphism f : X ÝÑ T with T a smooth k-curve, and a closed point
t P T such that D “ f´1ptq. From lemma 1.8, we can find a rational number s such
that s ą rlogpD,F q, that m ¨ s is not a logarithmic slope of F |C0

at x and that
there exists a locally constant and constructible sheaf of Λ-modules N on the generic
point of Tptq such that N is logarithmic isoclinic with logarithmic slope s. At the
cost of replacing T by an étale neighborhood of t, we can suppose that N extends to
T zttu. We still denote by N this extension. Let us consider the sheaf f˚N bΛ F
on U “ XzD. Since f : X ÝÑ T is smooth, from [Sai08, Lemma 1.22], we deduce
that f˚N |η is logarithmic isoclinic with isoclinic slope s. Hence, by lemma 1.9 piiq,
we have

swDpf
˚N bΛ F q “ N ¨ rankΛF ¨ s.
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From [Hu17, Th. 6.6], we deduce

swxppf
˚N bΛ F q|C0

q ď m ¨N ¨ rankΛF ¨ s.

Notice that f |C : C ÝÑ T is tamely ramified at x with the ramification index m, the
restriction pf˚N q|C0 is isoclinic with slope m ¨ s at x. Lemma 1.9 piiq then gives

swxppf
˚N bΛ F q|C0q “ m ¨N ¨ rankΛF ¨ s.

Hence, lemma 1.9 piiq ensures that m ¨ s ą rlogpx,F |C0q. Since this holds for every
s ą rlogpD,F q with s “ s1{s2 and ps1, pq “ ps2, pq “ 1 such that m ¨ s is not a
logarithmic slope of F |C0

at x, we obtain (3.5.1).
(b)ñ(a). We only need to treat the case where dimkX ě 2. Let m be a positive

integer co-prime to p. By [Hu17, Prop. 6.4], after replacing X by an affine Zariski
neighborhood of ξ, we have two k-morphisms i : C ÝÑ X 1 and g : X 1 ÝÑ X satisfying:

(1) The scheme X 1 is a smooth over k with an integral and smooth divisor D1 “
pg˚Dqred and g1 : X 1 ÝÑ X is tamely ramified along D with ramification index m;

(2) The ramification of F |U 1 along D1 is non-degenerate, where U 1 “ g´1pUq;
(3) The morphism i : C ÝÑ X 1 is an SSpg˚j!F q-transversal immersion from a

smooth k-curve to X 1 such that C and D1 meet transversally at a closed point x P D1
and that the composition g ˝ i is also an immersion.
Notice that m “ pC,Dqx. By proposition 3.3 (1), we have

(3.5.2) rlogpx,F |C0q ` 1 “ rpD1,F |U 1q,

By proposition 1.4, we have

(3.5.3) rpD1,F |U 1q ě rlogpD
1,F |U 1q “ m ¨ rlogpD,F q.

Combining (3.5.2) and (3.5.3), we get

(3.5.4)
rlogpx,F |C0

q

pC,Dqx
ě rlogpD,F q ´

1

m
.

Hence the supremum of rlogpx,F |C0
q

pC,Dqx
is greater than or equal to rlogpD,F q, by taking

all smooth k-curves C in X meeting D properly at some closed point x such that the
intersection number m “ pC,Dqx is co-prime to p. We obtain (b)ñ(a).

Corollary 3.6. — Let Y be a smooth connected k-scheme. Let g : Y ÝÑ X be a
separated morphism such that E :“ D ˆX Y is an irreducible smooth divisor in Y .
We put V “ Y zE and let j1 : V ÝÑ Y be the canonical injection. Then, we have

rlogpE,F |V q ď rlogpD,F q

Proof. — It is enough to treat the case where k is algebraically closed. The morphism
g : Y ÝÑ X is a composition of the graph embedding Γg : Y ÝÑ Y ˆk X and the
projection pr2 : Y ˆkX ÝÑ X. Since pr2 is smooth, it is SSpj!F q-transversal. Hence,
proposition 1.22 from [Sai08] implies

rlogpD ˆk Y,F |UˆkY q “ rlogpD,F q.
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We are thus reduced to treat the case where g : Y ÝÑ X is a closed immersion.
Applying proposition 3.5 to the sheaf F |V ramified along E, we are sufficient to show
that pC,Eqx ¨ rlogpD,F q ě rlogpx,F |C0q for any smooth k-curve C in Y meeting
E properly at x such that the intersection number pC, Y qx is co-prime to p, where
C0 “ Cztxu. Notice that Y Ď X is a closed subscheme and that Y and D meet
transversally. Hence the smooth k-curve C above is a curve in X meeting D properly
at x with pC,Dqx “ pC,Eqx. Applying proposition 3.3 p2q to the sheaf F ramified
along D, we have pC,Dqx ¨ rlogpD,F q ě rlogpx,F |C0q. We finish the proof of this
corollary.

4. Characteristic cycle of a sheaf after twist

Lemma 4.1. — Let k be an algebraically closed field of characteristic p ą 0. Let X
be a smooth connected k-scheme of dimension d ě 2. Let D be a smooth connected
divisor in X. Let x be a closed point in D. Let g : X ÝÑ A1

k be a smooth morphism
such that g|D : D ÝÑ A1

k is smooth. Then, at the cost of replacing X by a suitable
Zariski neighborhood of x, there exists a map h : X ÝÑ Ad´1

k such that

(1) g is the composition of h and the projection pr1 : Ad´1
k ÝÑ A1

k;
(2) h : X ÝÑ Ad´1

k is smooth and the restriction h|D : D ÝÑ Ad´1
k is étale.

Proof. — Suppose that the image of x in A1
k is the origin o P A1

k. Consider the
canonical maps

(4.1.1) T˚oA1
k ÝÑ T˚xX ÝÑ T˚xD

We denote by t1, . . . , td a basis of T˚xX, by s1, . . . , sd´1 a basis of T˚xD such that ti
maps to si for 1 ď i ď d´ 1 and such that td maps to 0. Let l be a basis of the line
T˚oA1

k. Let
ř

1ďiďd λiti (λi P k) be the image of l by T˚oA1
k ÝÑ T˚xX. Since g|D :

D ÝÑ A1
k is smooth, the composition (4.1.1) is injective. Hence, pλ1, . . . λd´1q ‰ 0.

We may assume that λ1 ‰ 0. Let rt2, . . .rtd´1 be regular functions on X defined around
x and lifting t2, . . . , td´1 respectively. We have the following morphism of k-algebras

(4.1.2) kry, x2, . . . , xd´1s ÝÑ OX,x y ÞÑ g˚pyq, xi ÞÑ rti.

In a neighbourhood of x, the map (4.1.2) induces a map

h : X ÝÑ Ad´1
k .

It induces an injection dhx : T˚oAd´1 ÝÑ T˚xX and an isomorphism pdh|Dqx :

T˚oAd´1
k ÝÑ T˚xD. Hence, h : X ÝÑ Ad´1

k is smooth at x and h|D : Ad´1
k ÝÑ D is

étale at x. By construction, the composition of h and pr1 is g.

Proposition 4.2. — Let k be a perfect field of characteristic p ą 0. Let X be
a smooth connected k-scheme. Let D be a smooth connected divisor in X. Put
U :“ XzD. Let j : U ÝÑ X be the canonical injection. Let Λ be a finite field of
characteristic ` ‰ p. Let F be a non zero locally constant and constructible sheaf of
Λ-modules on U . Suppose that for every smooth curve Z Ă X meeting D transversally
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at a point x, the Swan conductor swxpF |Zq is constant depending neither on x nor
on Z. Then,

SSj!F “ T˚XX
ď

T˚DX

Proof. — We may assume that k is algebraically closed. We first show

(4.2.1) SSj!F Ă T˚XX
ď

T˚DX.

Let x be a closed point ofD. Let g : X ÝÑ A1
k be a k-morphism which is pT˚XX

Ť

T˚DXq-
transversal at x. To prove (4.2.1), we need to show by Beilinson’s Theorem 2.3 that
g : X ÝÑ A1

k is universally locally acyclic with respect to j!F in an open neigh-
borhood of x. By assumption, g : X ÝÑ A1

k and g|D : D ÝÑ A1
k are smooth at x.

At the cost of replacing X by a Zariski neighborhood of x, lemma 4.1 ensures that
g “ pr1 ˝ h where pr1 : Ad´1

k ÝÑ A1
k is the first projection and h : X ÝÑ Ad´1

k is a
smooth morphism such that hpxq “ 0 and h|D : D ÝÑ Ad´1

k is étale. For any closed
point z P Ad´1

k in a sufficiently small neighbourhood of 0, Tz “ h´1pzq is a smooth
k-curve transverse to D. By assumption, for every closed point w P Tz

Ş

D, the Swan
conductor swwpF |Tz q does not depend on z nor w. Applying Deligne and Laumon’s
semi-continuity theorem for Swan conductors [Lau81, Th. 2.1.1] to the sheaf j!F
on the relative curve h : X ÝÑ Ad´1

k , we obtain that h : X ÝÑ Ad´1
k is universally

locally acyclic with respect to j!F . Since pr1 : Ad´1
k ÝÑ A1

k is smooth, lemma 7.7.6
from [Fu11] ensures that g “ pr1 ˝h is universally locally acyclic with respect to j!F .
Since this holds in the neighbourhood of every closed point of D, we obtain that the
sheaf j!F is weakly micro-supported on T˚XX

Ť

T˚DX. From Beilinson’s Theorem 2.3,
we deduce that the inclusion (4.2.1) holds. On the other hand, since F ‰ 0, the sheaf
j!F is not constant. Hence, the singular support SSj!F must contain irreducible
components of dimension dimkX supported on D. Proposition 4.2 thus follows.

Theorem 4.3. — Let k be a perfect field of characteristic p ą 0. Let X be a smooth
connected k-scheme. Put d “ dimkX. Let D be a smooth connected divisor in X.
Put U :“ XzD. Let j : U ÝÑ X be the canonical injection. Let S be a connected
smooth k-curve. Let s be a closed point in S. Put V :“ Sztsu. Let f : X ÝÑ S be
a smooth morphism such that D “ f´1psq. Let Λ be a finite field of characteristic
` ‰ p. Let F be a non-zero locally constant and constructible sheaf of Λ-modules on
U . Let N be a locally constant and constructible sheaf of Λ-modules on V of rank
N ą 0. Suppose that N has pure logarithmic slope rlog at s with rlog ą rpD,F q ´ 1.
Then, we have

SSpj!pF bΛ f
˚N qq “ SSpj!f

˚N q “ T˚XX
ď

T˚DX

CCpj!pF bΛ f
˚N qq “ rankΛF ¨ CCpj!f

˚N q

“ p´1qd
`

N ¨ rankΛF ¨ rT˚XXs ` prlog ` 1qN ¨ rankΛF ¨ rT˚DXs
˘

Proof. — We may assume that k is algebraically closed and that dimkX ě 2. The
equality

SSpj!f
˚N q “ T˚XX

ď

T˚DX
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follows from [Bei16, Th. 1.4]. Let Z Ă X be a smooth curve meeting D transversally
at a point x. Then, f |Z : Z ÝÑ S is étale in a neighborhood of x. Thus, pf˚N q|Z
has pure logarithmic slope rlog at x. From lemma 1.9 and proposition 3.3, we deduce

(4.3.1) dimtotxpj!pF bΛ f
˚N q|Zq “ prlog ` 1qN ¨ rankΛF .

In particular, the left-hand side of (4.3.1) does not depend on x nor on Z. Then, the
first part of Theorem 4.3 follows from proposition 4.2.

We now compute the characteristic cycles CCpj!pF bΛ f
˚N qq and CCpj!f˚N q.

Applying Theorem 2.9 to the smooth morphism f : X ÝÑ S, we have

(4.3.2) CCpj!f
˚N q “ p´1qd

`

N ¨ rT˚XXs ` prlog ` 1qN ¨ rT˚DXs
˘

.

From (2.14.1), the coefficient of T˚XX in CCpj!pF bΛ f
˚N qq is p´1qdN ¨ rankΛF .

We are thus left to compute the coefficient of T˚DX in CCpj!pF bΛ f˚N qq. Let
i : C ÝÑ X be a smooth curve in X transverse to D. Since

SSpj!pF bΛ f
˚N qq “ T˚XX

ď

T˚DX,

the curve i : C ÝÑ X is properly SSpj!pF bΛ f
˚N qq-transversal. By Theorem 2.9

again, we have

(4.3.3) i!CCpj!pF bΛ f
˚N qq “ CCpi˚j!pF bΛ f

˚N qq.

Hence, example 2.6 and proposition 3.3 imply that the sought-after coefficient is

p´1qdprlog ` 1qN ¨ rankΛF ,

which finishes the proof of Theorem 4.3.

Lemma 4.4. — Let k be a perfect field of characteristic p ą 0. Let X be a smooth
k-scheme. Let D be a smooth divisor in X. Put U :“ XzD. Let j : U ÝÑ X
be the canonical injection. Let F be a locally constant and constructible sheaf of
Λ-modules on U such that SSj!F Ă T˚XX

Ť

T˚DX. Suppose that for every smooth
curve C Ă X meeting D transversally at a point x, we have pRjC˚F |CXU qx “ 0
where jC : C X U ÝÑ C denotes the open immersion. Then, j!F ÝÑ Rj˚F is an
isomorphism.

Proof. — Let x be a closed point of D. We have to show that the germ of Rj˚F at x
vanishes. Let i : C ÝÑ X be a locally closed immersion from a smooth k-curve C to
X such that C meets D transversally at x. Consider the following cartesian diagram

C X U
iC //

jC
��

l

U

j

��

C
i
// X

Since SSj!F Ă T˚XX
Ť

T˚DX, the morphism i : C ÝÑ X is SSpj!F q-transversal.
Since j!F is perverse up to a shift, proposition 2.7 implies that SSpj!F q “ SSpRj˚F q.
Hence, the morphism i : C ÝÑ X is SSpRj˚F q-transversal. From corollary 2.13, we
deduce

(4.4.1) i˚Rj˚F – RjC˚F |CXU
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Lemma 4.4 thus follows by assumption on F .

Corollary 4.5. — Under the conditions of Theorem 4.3, we have

Rj˚pF bΛ f
˚N q “ j!pF bΛ f

˚N q.

Proof. — We may assume that k is algebraically closed. Let i : C ÝÑ X be a locally
closed immersion from a smooth k-curve C to X such that C meets D transversally
at x. Let jC : C X U ÝÑ C be the open immersion. Notice that pf˚N q|CXU has
pure slope rlog ` 1 at x since f |C : C ÝÑ S is étale in a neighborhood of x. From
proposition 3.3, the largest slope of F |CXU at x is no greater than rpD,F q. Hence
pF bΛ f

˚N q|CXU is totally wild ramified at x of pure slope rlog`1. By [Fu11, Prop.
8.1.4], we deduce

(4.5.1) RjC˚ppF bΛ f
˚N q|CXU q “ jC!ppF bΛ f

˚N q|CXU q.

Hence, corollary 4.5 follows from the combination of Theorem 4.3 with lemma 4.4.

5. Bound for the wild ramification of nearby cycles

5.1. — In this section, let R be a henselian discrete valuation ring. Let K be the
fraction field of R and let F be the residue field of R. Suppose that F is perfect of
characteristic p ą 0. Put S “ SpecpRq. Let s be the closed point of S. Let s̄ ÝÑ S
be a geometric point above s. Let η be the generic point of S, ηt a maximal tame
cover of η, η̄ a geometric point above ηt. Let G be the Galois group of η̄ over η. Let
P be the wild inertia subgroup of G.

Let f : X ÝÑ S be a morphism of schemes, fη : Xη ÝÑ η its generic fiber and
fs : Xs ÝÑ s its closed fiber and fs̄ : Xs̄ ÝÑ s̄ its geometric closed fiber. Let Λ
be a finite field of characteristic ` ‰ p. For an object F in D`pXη,Λq, we denote
by RΨpF , fq (resp. RΨtpF , fq) the nearby cycles complex (resp. the tame nearby
cycles complex) of F with respect to f : X ÝÑ S. For an object F in D`pX,Λq, we
denote by RΦpF , fq the vanishing cycles complex of F with respect to f : X ÝÑ S.
All these complex are objects of D`pXs̄,Λq with G-actions.

Note that RΨ, RΨt and RΦ also make sense when S is a smooth curve over a
perfect field with a closed point s. For nearby cycles and vanishing cycles on a more
general base scheme, we refer to [Or06].

The following definition was introduced in [Tey15].

Definition 5.2. — Let F be an object in Db
cpXη,Λq. Let x̄ ÝÑ Xs̄ be a geometric

point above a closed point x P Xs̄. We say that r P Qě0 is a nearby slope for F with
respect to f : X ÝÑ S at x if there is a locally constant and constructible sheaf N
of Λ-modules on η with pure logarithmic slope r such that

RΨt
x̄pF bΛ f

˚
η N , fq ‰ 0.

We denote by SlpF , f, xq the set of nearby slopes of F with respect to f : X ÝÑ S
at x.
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Lemma 5.3. — Suppose that f : X ÝÑ S is of finite type. Let F be an object in
Db
cpXη,Λq. Let N be an object in Db

cpη,Λq. Then, for any geometric point x̄ ÝÑ Xs̄

above a closed point x in Xs̄, there is a canonical G{P -equivariant isomorphism

(5.3.1) RΨt
x̄pF bLΛ f

˚
η N , fq – pRΨx̄pF , fq bLΛ N |η̄q

P .

Proof. — Consider the following cartesian diagram

Xpx̄q ˆS η̄ //

lfη̄

��

Xpx̄q ˆS η
t

fηt

��

//

l

Xpx̄q ˆS η

fη

��

//

l

Xpx̄q

f

��

l

Xpx̄q ˆS s̄oo

fs̄

��

η̄ // ηt // η // S s̄oo

Then we have

RΨt
xpF bLΛ f

˚
η N q – RΓpXpx̄q ˆS η

t, pF bLΛ f
˚
η N q|Xpx̄qˆηtq(5.3.2)

“ RΓpηt, Rfηt˚pF |Xpx̄qˆSηt bLΛ f
˚
ηtpN |ηtqqq

– RΓpηt, Rfηt˚pF |Xpx̄qˆSηtq bLΛ N |ηtq

“ RΓpP,Rfη̄˚pF |Xpx̄qˆS η̄q b
L
Λ N |η̄q

“ pRfη̄˚pF |Xpx̄qˆS η̄q b
L
Λ N |η̄q

P

“ pRΓpXpx̄q ˆS η̄,F |Xpx̄qˆS η̄q b
L
Λ N |η̄q

P

“ pRΨx̄pF , fq bLΛ N |η̄q
P ,

where the third identification comes from the projection formula

Rfηt˚pF |XpxqˆSηt bLΛ f
˚
ηtpN |ηtqq – Rfηt˚pF |XpxqˆSηtq bLΛ N |ηt ,

which is valid since Rfηt˚ has finite cohomological dimension and each cohomology
sheaf of N is locally constant.

Corollary 5.4. — Suppose that f : X ÝÑ S is of finite type. Let F be an object in
Db
cpXη,Λq. Let x̄ ÝÑ Xs be a geometric point above a closed point x in Xs̄. Then

(5.4.1) SlpF , f, xq “
ď

iPZ
Sllog,KpR

iΨx̄pF , fqq

Proof. — Put
M “

à

iPZ

RiΨx̄pF , fq.

If M “ 0, then lemma 5.3 ensures that both sides of (5.4.1) are empty so that lemma
5.4 holds in that case. We can thus suppose M ‰ 0. Let s ě 0. Let N be a finitely
generated Λ-module with continuous G-action. Assume that N has pure logarithmic
slope s. We denote by N the locally constant and constructible sheaf of Λ-modules
on η associated to N . By lemma 5.3, we have

(5.4.2)
à

iPZ

RiΨt
x̄pF bLΛ f

˚
η N , fq – pM bΛ Nq

P .

If s is not a nearby slope of F with respect to f at x, then pM bΛ NqP “ 0 for
every N as above. Then, lemma 1.10 p2q implies that s is not a logarithmic slope for
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M . Conversely, suppose that s is not a logarithmic slope of M . Then, lemma 1.10
p2q implies that the left hand side of (5.4.2) vanishes for every locally constant and
constructible sheaf of Λ-modules N on η with pure logarithmic slope s. Hence, s is
not a nearby slope of F with respect to f at x. This finishes the proof of corollary
5.4.

Lemma 5.5. — Suppose that f : X ÝÑ S is of finite type. Let F be a constructible
sheaf of Λ-module on Xη. We assume that there is a sequence of subsheaves

0 “ F0 Ă F1 Ă ¨ ¨ ¨ Ă Fn “ F

such that F1 – Fr{Fr´1 for any 1 ď r ď n. Let H be a closed subgroup of P . Let
x̄ ÝÑ Xs̄ be a geometric point. The action of H on each RiΨx̄pF , fq is trivial if and
only if that of H on each RiΨx̄pF1, fq is also trivial (i P Z).

Proof. — Since H is a pro-p group and charpΛq “ ` p` ‰ pq, every Λ-modules with
continuous H-actions are semi-simple.

We first prove the if part. Suppose an integer 1 ď r ď n ´ 1 satisfies that the
action of H on each Rix̄ΨpFr, fq is trivial. The short exact sequence

0 ÝÑ Fr ÝÑ Fr`1 ÝÑ F1 ÝÑ 0

gives a long exact sequence

¨ ¨ ¨ ÝÑ RiΨx̄pFr, fq ÝÑ RiΨx̄pFr`1, fq ÝÑ RiΨx̄pF1, fq ÝÑ Ri`1Ψx̄pFr, fq ÝÑ ¨ ¨ ¨

Since the actions of H on each RiΨx̄pFr, fq and each RiΨx̄pF1, fq are trivial, that
of H on each RiΨx̄pFr`1, fq are also trivial, for each i P Z. By the induction on r,
we finish the proof of the if part.

Now we treat the only if part. Let A be the set of integers such that, for any i P A
and any 1 ď r ď n, the action of H on RiΨx̄pFr, fq is trivial. It is easy to see that
Zď´1 Ď A. We take q P A, for any 1 ď r ď n, we have an exact sequence

¨ ¨ ¨ ÝÑ RqΨx̄pF1, fq ÝÑ Rq`1Ψx̄pFr, fq ÝÑ Rq`1Ψx̄pFr`1, fq ÝÑ ¨ ¨ ¨

Since actions of H on RqΨx̄pF1, fq and on Rq`1Ψx̄pFn, fq is trivial, then, that of H
on each Rq`1Ψx̄pFr, fq p1 ď r ď nq is trivial. Hence q ` 1 P A. By the induction on
q, we see that A “ Z. We finish the proof of the only if part.

5.6. — Let Z be a reduced subscheme of X containing Xs. We say that pX,Zq is
a semi-stable pair over S if f : X ÝÑ S is of finite type and if, étale locally, X is
étale over SpecpRrt1, . . . , tds{ptr`1 ¨ ¨ ¨ td´πqq, where r ă d and Z “ XsYZf with Zf
defined by t1 ¨ ¨ ¨ tm “ 0, where m ď r.

We now prove the main theorem of this article.

Theorem 5.7. — Let k be a perfect field of characteristic p ą 0. Suppose that S is
the henselization at a closed point of a smooth curve over k. Let pX,Zq be a semi-
stable pair over S such that f : X ÝÑ S is smooth. Let F be a locally constant and
constructible sheaf of Λ-modules on U :“ XzZ. Let j : U ÝÑ X be the canonical
injection. Suppose that F is tamely ramified along the horizontal part of Z. Let
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rlogpF q be the maximum of the set of logarithmic slope of F at generic points of the
special fiber Xs of X.

Then, for every r ą rlogpF q, the r-th upper numbering ramification subgroup of G
acts trivially on RiΨpj!F , fq for every i P Zě0.

Proof. — We may assume that k is algebraically closed and that the special fiber Xs

is irreducible. To show that the action of GrlogpFq`
K,cl on each RiΨpF , fq is trivial is

equivalent to show that for every i P Z, for every closed point x of Xs, we have

(5.7.1) rlog,KpR
iΨxpF , fqq ď rlogpF q.

Step 1. We first prove (5.7.1) in the case where U “ Xη, that is Zf “ H. From
corollary 5.4, we have to prove that for any locally constant and constructible sheaf
N of Λ-modules on η with pure logarithmic slope rlog ą rlogpF q, we have

(5.7.2) RΨtpF bΛ f
˚
η N , fq “ 0.

Let n ą 0 be an integer prime to p. Let $ be a uniformizer of R. Put

Sn “ SpecpRrts{ptn ´$qq,

put Xn “ X ˆS Sn and put Un “ U ˆS Sn. Let ηn be the generic point of Sn. We
thus have the following commutative diagram

Un
jn //

hn

��

l

Xn

gn

��

Xs
inoo

U
j
// X Xs

i
oo

By [SGA4II, VII 5.11], we have

(5.7.3) RΨtpF bΛ f
˚
η N q “ lim

ÝÑ
pn,pq“1

i˚nRjn˚ph
˚
nF bΛ h

˚
nf
˚
η N q.

To show the vanishing (5.7.2), it is thus enough to show that for any integer n ą 0
prime to p, we have

(5.7.4) Rjn˚ph
˚
nF bΛ h

˚
nf
˚
η N q “ jn!ph

˚
nF bΛ h

˚
nf
˚
η N q.

Since S is the henselization of a smooth curve over k, since f is of finite type and
since F and N are constructible, we may descend to situation where S is a smooth
k-curve. From corollary 4.5, to show (5.7.4), it is enough to show that

rpXs, h
˚
nF q ´ 1 ă rlogps,N |ηnq

From (ii) and (iii) of proposition 1.4, we have

rpXs, h
˚
nF q ´ 1 ď rlogpXs, h

˚
nF q “ n ¨ rlogpXs,F q “ n ¨ rlogpF q(5.7.5)

Furthermore, N |ηn has pure logarithmic slope n ¨ rlog at s. Hence,

rpXs, h
˚
nF q ´ 1 ă n ¨ rlog “ rlogps,N |ηnq

This concludes the proof of Theorem 5.7 in the case where Z has no horizontal part.
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Step 2. We now prove the general case. We need to prove (5.7.1) for a fixed closed
point x of Xs. As Step 1, we may descend to the case where S is an affine smooth
k-curve with local coordinate $ at the closed point s. Since this is an étale local
question, we may assume that X is affine and étale over SpecpOSrt1, . . . , tds{ptd´$qq
such that the image of x is the point associated to the ideal pt1, . . . , tdq, and Z “

XsYZf with Zf defined by t1 ¨ ¨ ¨ tm “ 0, where m ă d. We denote by tZiuiPI the set
of irreducible components of Z passing through x and, for any subset J Ď I, we put
ZJ “ XiPJZi. Since each ZJ is smooth at x, at the cost of replacing X by a Zariski
neighborhood of x, we may assume that the ZJ ’s are connected and smooth.

From Abhyankar’s lemma [SGA1, XIII 5.2], there exist prime to p integers n1, . . . nm
such that after setting

X 1 “ SpecpOX rt
1
1, . . . , t

1
ms{pt

1n1
1 ´ t1, . . . , t

1nm
m ´ tmqq

the locally constant sheaf F |X1ˆXU is unramified at the generic points of X 1 ˆX Zf .
Consider the following cartesian diagram

U 1
j1
//

lπU

��

X 1zX 1s

��

//

l

X 1

π

��

U
j
// XzXs

// X

where X 1s “ X 1ˆS s. By Zariski-Nagata’s purity theorem, F |X1ˆXU “ π˚UF extends
into a locally constant and constructible sheaf of Λ-modules F 1 on X 1zX 1s. Note that
πU : U 1 ÝÑ U is finite Galois étale. Hence,

πU˚π
˚
UF – F bΛ πU˚π

˚
UΛ.

Since the cardinality of GalpU 1{Uq may be divisible by `, the locally constant sheaf
πU˚π

˚
UΛ has a direct summand H which is a finite successive extension of the constant

sheaf Λ. Hence πU˚π˚UF has a direct summand F bΛ H which is a successive
extension of F . By lemma 5.5, to show

rlog,KpR
iΨxpj!F , fqq ď rlogpXs,F q

for all i P Z, it is sufficient to show

rlog,KpR
iΨxpj!πU˚π

˚
UF , fqq ď rlogpXs,F q

. Let x1 be the unique point of X 1s above x P Xs. Since the nearby cycles functor
commutes with proper push-forward, there is a Galois-equivariant isomorphism

RΨxpj!πU˚π
˚
UF , fq

„
ÝÑ RΨx1pj

1
!π
˚
UF , f ˝ πq

Hence, we are left to show that

rlog,KpR
iΨx1pj

1
!π
˚
UF , f ˝ πqq ď rlogpXs,F q.

Observe that the map induced by π at the level of the henselianization of X and X 1 at
the generic points of Xs and X 1s is unramified. Hence, rlogpXs,F q “ rlogpX

1
s, π

˚
UF q.

Thus, we are left to show that

rlog,KpR
iΨx1pj

1
!π
˚
UF , f ˝ πqq ď rlogpX

1
s, π

˚
UF q.
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Hence, we are left to prove (5.7.1) in the case where F extends into a locally constant
and constructible sheaf of Λ-modules G on XzXs. We will thus make this assumption
from now on.

We put Z˝f “ Zf zXs. Applying the nearby cycles functor to the short exact
sequence

0 ÝÑ j!F ÝÑ G ÝÑ G |Z˝f ÝÑ 0

produces a distinguished triangle of complexes with Galois actions

RΨxpj!F , fq ÝÑ RΨxpG , fq ÝÑ RΨxpG |Z˝f , f |Zf q ÝÑ

Apply Step 1 to the locally constant sheaf G , we are reduced to prove

(5.7.6) rlog,KpR
iΨxpG |Z˝f , f |Zf qq ď rlogpXs,F q.

for every integer i. We proceed by the induction on m. If m “ 0, there is nothing
to do. Suppose that m ą 0 and suppose that (5.7.6) holds when Zf has m ´ 1
irreducible components. For 1 ď n ď m, let Zn (resp Z˝n) be the component of Zf
(resp. Z˝f ) defined by tn “ 0. Set Zămf :“

Ťm´1
n“1 Zn (resp. Z˝ămf :“

Ťm´1
n“1 Z

˝
n). Let

im : Z˝m ÝÑ Z˝f , iăm : Z˝ămf ÝÑ Z˝f and jm : Z˝mzZ
˝ăm
f ÝÑ Z˝f be the canonical

injections. Applying the nearby cycles functor to the short exact sequence

0 ÝÑ jm!j
˚
mpG |Z˝f q ÝÑ G |Z˝f ÝÑ iăm˚pG |Z˝ămf

q ÝÑ 0

produces a distinguished triangle of Galois modules

RΨxpjm!j
˚
mpG |Z˝f q, f |Zf q ÝÑ RΨxpG |Z˝f , f |Zf q ÝÑ RΨxpG |Z˝ămf

, f |Zămf q ÝÑ

By the induction hypothesis, we have

rlog,KpR
iΨxpG |Z˝ămf

, f |Zămf qq ď rlogpXs,F q

for every integer i. We are thus left to prove that

RiΨxpjm!j
˚
mpG |Z˝f q, f |Zf q ď rlogpXs,F q

for every integer i. Let m : Z˝mzZ
˝ăm
f ÝÑ Z˝m be the canonical injection. Observe

that
jm!j

˚
mpG |Z˝f q » im˚m!

˚
mpG |Z˝mq.

Hence,
RΨpjm!j

˚
mpG |Z˝f q, f |Zf q » RΨpm!

˚
mpG |Z˝mq, f |Zmq

We are thus left to prove that

(5.7.7) rlog,KpR
iΨxpm!

˚
mpG |Z˝mq, f |Zmqq ď rlogpXs,F q.

for every integer i. Put Tf :“ Zm X Zămf , T ˝f “ Z˝m X Z˝ămf and T :“ Zm,s Y Tf .
Note that pZm, T q is a semi-stable pair over S and that Tf has m ´ 1 irreducible
components. The sheaf ˚mpG |Z˝mq on Z˝mzZ

˝ăm
f is extended to a locally constant

sheaf G |Z˝m .
Applying the nearby cycle functor to the short exact sequence

0 ÝÑ m!
˚
mpG |Z˝mq ÝÑ G |Z˝m ÝÑ G |T ˝f ÝÑ 0
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produces a distinguished triangle of Galois modules

RΨxpm!
˚
mpG |Z˝mq, f |Zmq ÝÑ RΨxpG |Z˝m , f |Zmq ÝÑ RΨxpG |T ˝f , f |Tf q ÝÑ

From Step 1 applied to the locally constant sheaf G |Z˝m on the generic fiber of Zm,
we have for every integer i

rlog,KpR
iΨxpG |Z˝m , f |Zmqq ď rlogpZm,s,G |Z˝mq

Applying proposition 3.4 to the sheaf G onXzXs and the closed immersion Zm ÝÑ X,
we have rlogpZm,s,G |Z˝mq ď rlogpXs,G q “ rlogpXs,F q. Hence, for each integer i,

rlog,KpR
iΨxpG |Z˝m , f |Zmqq ď rlogpXs,F q

By the induction hypothesis and proposition 3.4, we have for every integer i

rlog,KpR
iΨxpG |T ˝f , f |Tf qq ď rlogpZm,s,G |Z˝mq ď rlogpXs,F q

Hence, the inequality (5.7.7) holds and this finishes the proof of Theorem 5.7.

In view of Theorem 5.7, it is natural to formulate the following local version of the
conjecture from [Lea16].

Conjecture 5.8. — Let S be an henselian trait with perfect residue field of charac-
teristic p ą 0. Let G be an absolute Galois group of the field of function of S. Let
pX,Zq be a semi-stable pair over S. Let U :“ XzZ and j : U ÝÑ X the canonical
injection. Let F be a locally constant and constructible sheaf of Λ-modules on U .
Suppose that F is tamely ramified along the horizontal part of Z. Let rlogpF q be the
maximum of the set of logarithmic slopes of F at generic points of the special fiber of
X.

Then, for every r ą rlogpF q, the r-th upper numbering ramification subgroup of G
acts trivially on RiΨpj!F , fq for every i P Zě0.

6. Ramification along the special fiber of a relative curve over a trait

6.1. — In this section, let k be a perfect field of characteristic p ą 0. Let S be a
smooth connected k-curve, s a closed point of S, s̄ a geometric point above s, and η̄ a
geometric generic point of the strict henselization Sps̄q of S at s̄. Put V “ Sztsu. Let
f : C ÝÑ S be a smooth proper relative curve over S with geometrically connected
fibers. Put U “ f´1pV q. Consider the cartesian diagram

(6.1.1) U
j
//

fV
��

l

C

f

��

l

D
ioo

fs

��
V // S soo

Let Λ be a finite field of characteristic ` ‰ p and F an locally constant and con-
structible sheaf of Λ-modules on U . Let ZpF q be the set of closed points x P D such
that TxC is an irreducible component of the singular support of j!F .

We give a boundedness result for the cardinality of ZpF q, by applying our main
result Theorem 5.7. It is an `-adic analogue of [Tey18, Th. 2].



CHARACTERISTIC CYCLE AND RAMIFICATION 27

Theorem 6.2. — Assume that each fiber of f : C Ñ S has genus g ě 2. Let F be a
locally constant and constructible sheaf of Λ-modules on U . Then, we have

(6.2.1) p2g ´ 2q ¨ rankΛF ` 2g ¨ rankΛF ¨ rlogpD,F q ě 7ZpF q

Proof. — The Swan conductor swsp´q at s is a well-defined function on Db
cpV,Λq

associating to K the integer
ř

np´1qnswspHnK q. From Theorem 5.7, we have for
every n “ 0, 1, 2,

(6.2.2) swspR
nfV ˚F q ď dimΛH

npCη̄,F |Cη̄ q ¨ rlogpD,F q.

Note that for n “ 0, 2, we have

(6.2.3) dimΛH
npCη̄,F |Cη̄ q ď rankΛF .

The Euler-Poincaré characteristic formula applied to F |Cη̄ gives furthermore

(6.2.4) dimΛH
1pCη̄,F |Cη̄ q ď 2g ¨ rankΛF .

We deduce

(6.2.5) ´ 2g ¨ rankΛF ¨ rlogpD,F q ď swspRfV ˚F q ď 2 ¨ rankΛF ¨ rlogpD,F q.

By Saito’s conductor formula recalled in Theorem 2.10, we have

p2´ 2gq ¨ rankΛF ` swspRfV ˚F q “ ´pCCpj!F q, dfqT˚C,D.(6.2.6)

Since F is locally constant on U , we write

CCpj!F q “ rankΛ F ¨ rT˚CCs ` αrT˚DCs `
ÿ

Z

βZrZs,(6.2.7)

where Z runs over the set of integral 2-dimensional closed conical subschemes in T˚C
supported on D, distinct from the conormal bundle T˚DC and the zero section T˚CC.

The section df : C ÝÑ T˚C is a regular embedding of codimension 2. Since
f : C ÝÑ S is smooth, we have df X T˚CC “ H. By applying Theorem 2.10 to the
constant sheaf Λ on U , we obtain

(6.2.8) prT˚DCs, rdf sqT˚C,D “ pCCpj!Λq, rdf sqT˚C,D “ 2g ´ 2.

Let Z be an integral 2-dimensional closed conical subscheme in T˚C supported on
D, distinct from T˚DC and T˚CC. Notice that, for any closed point x P D, the fiber
pT˚DCqx Ă T˚xC is a 1-dimensional kpxq-vector space spanned by dfx. Hence we have
T˚DC Ď Z, if dimkpZ ˆT˚C dfq ě 1. Thus, by our assumption, Z meets df at most at
a finite number of points. Hence, df and Z intersect properly. As a general fact from
intersection theory [Ful98, 7.1], we have

prZs, rdf sqT˚C,D ě 7pZ ˆT˚C dfqred(6.2.9)

In particular, if Z “ T˚xC for a closed point x P D, we have

prZs, rdf sqT˚C,D “ 7pZ ˆT˚C dfqred “ 1
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Hence, we have

p2g ´ 2q ¨ rankΛF ´ swspRfV ˚F q “ pCCpj!F q, rdf sqT˚C,D(6.2.10)

“
ÿ

Z

βZprZs, rdf sqT˚C,D ` p2g ´ 2q ¨ α

ě
ÿ

Z

βZ ¨ 7pZ ˆT˚C dfqred ` p2g ´ 2q ¨ α.

Let us recall from proposition 2.7 that α and that each βZ are positive integers. We
have

(6.2.11)
ÿ

Z

βZ ¨ 7pZ ˆT˚C dfqred ě 7ZpF q

Thus, from (6.2.5), (6.2.10) and (6.2.11)

p2g ´ 2q ¨ rankΛF ` 2g ¨ rankΛF ¨ rlogpD,F q ě

p2g ´ 2q ¨ rankΛF ´ swspRfV ˚F q ě 7ZpF q.

This finishes the proof of Theorem 6.2.

Remark 6.3. — When the fibers of f : C Ñ S have genus g “ 0, we have ZpF q “ H.
Indeed, for the case where g “ 0, we may assume that k is algebraically closed. The
étale fundamental group of Cη is isomorphic to the Galois group Galpη{ηq. Hence,
there is a sheaf of Λ-modules G on η such that F |Cη – f˚η G . By passing to the limit,
after replacing S by an étale neighborhood of s, we can find a locally constant and
constructible sheaf of Λ-modules G on V such that F – f˚V G . From [Bei16, Th.
1.4], we see that

SSpj!F q “ T˚CC
ď

T˚DC.

When the fibers of f : C Ñ S have genus g “ 1, we refer to the more general
Theorem 7.10 in the next section due to T. Saito. It is valid for abelian schemes over
curves.

7. Ramification along the special fiber of an abelian scheme over a trait
(after T. Saito)

7.1. — In this section, K denotes a field of characteristic p ě 0, A an abelian variety
over K with origin eA and g : X ÝÑ A a finite étale covering of degree m such that
g´1peAq contains a rational point eX P XpKq. Notice that X has a K-abelian variety
structure with origin eX making g : X ÝÑ A an étale isogeny (cf. [M70, §18]).

Lemma 7.2. — Assume that the étale isogeny g : X ÝÑ A is Galois. Then, ker g
is a constant finite abelian K-group scheme and there is an isomorphism of abelian
groups

ψ : pker gqpKq ÝÑ AutpX{Aq, x ÞÑ `x : X ÝÑ X.
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Proof. — Indeed, ker g “ g´1peAq is a finite étale K-scheme over eA. Since ker g
contains a rational point and is an AutpX{Aq-torsor, it is a disjoint union of rational
points in XpKq. Hence, ker g is a constant finite abelian K-group scheme. We have
a bijection

ϕ : AutpX{Aq ÝÑ kerpgqpKq, σ ÞÑ σp0q.

For any x P pker gqpKq, we have the following commutative diagram

txu ˆk X

g
''

� � // g´1peAq ˆk X

gˆg

��

//

l

X ˆk X

gˆg

��

mX // X

g

��

teAu ˆk A // Aˆk A
mA // A

The outline of the diagram gives the following commutative diagram

X

g
  

`x
// X

g

��

A

Hence, `x is an element of AutpX{Aq for any x P kerpgqpKq. It is easy to see that ψ
is a groups homomorphism and is the inverse of ϕ. We finish the proof.

Lemma 7.3. — Assume that the étale isogeny g : X ÝÑ A is Galois. Let n be a
positive integer such that pn,mq “ 1. Then, for any a P ArnspKq, we have

g´1paq –
ž

m

SpecpKq.

Proof. — Let xay be the constantK-subgroup scheme of A generated by a P ArnspKq.
Its cardinality is divisible by a power of n. We have an exact sequence of finite étale
abelian K-groups

(7.3.1) 0 ÝÑ ker g ÝÑ g´1xay ÝÑ xay ÝÑ 0

By Lemma 7.2, ker g is a constant finite abelian K-group scheme of cardinality m.
The cardinalities of ker g and xay are co-prime, hence Ext1

pxay, ker gq “ 0. Thus, the
short exact sequence (7.3.1) is split and g´1xay is a constant finite abelian K-group
scheme. Hence g´1paq –

š

m SpecpKq.

Lemma 7.4. — Assume that the étale isogeny g : X ÝÑ A is Galois. Then, for any
a P ApKq and for any b P pg´1paqqpKq, the following diagram of schemes is cartesian

(7.4.1) X

g

��

`b
//

l

X

g

��

A
`a
// A
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Proof. — We have the following commutative diagram

tbu ˆk X

g
''

� � // g´1paq ˆk X

gˆg

��

//

l

X ˆk X

gˆg

��

mX // X

g

��

tau ˆk A // Aˆk A
mA // A

The outline of the diagram above implies that (7.4.1) is commutative. Since `b and
`a are isomorphisms, the diagram (7.4.1) is furthermore cartesian.

Corollary 7.5. — Assume that the étale isogeny g : X ÝÑ A is Galois. Let Λ be
a commutative finite ring in which p is invertible. Let F be a locally constant and
constructible sheaf of Λ-modules on A trivialized by X. Then, for any a P ArnspKq
with pn,mq “ 1, we have

p`aq˚F – F .

Proof. — By lemma 7.3, we know that g´1paq is a disjoint union of m copies of
SpecpKq. Let b be a rational point in g´1paq. By lemma 7.4, the pull-back by
`a : A ÝÑ A induces an automorphism

p`aq7 : AutpX{Aq ÝÑ AutpX{Aq, σ ÞÑ p´bq ˝ σ ˝ p`bq.

Let ρF : AutpX{Aq ÝÑ GLpΛrq be the representation corresponding to F . Then,
p`aq˚F corresponds to the representation ρF ˝ p`aq7. By lemma 7.2, σ “ `x for
some x P g´1peAq Ă XpKq. Since p`aq7p`xq “ p´bq ˝ p`xq ˝ p`bq “ `x, we deduce
that p`aq7 is the identity. Thus, we have p`aq˚F – F .

Lemma 7.6. — Let Λ be a commutative finite ring in which p is invertible. Let F
be a locally constant and constructible sheaf of Λ-modules on A. Then, there exists a
Galois étale covering h : Y ÝÑ A trivializing F such that

(i) There is a Galois extension K 1{K such that h : Y ÝÑ A is the composition of
a map h1 : Y ÝÑ AK1 with the canonical projection π1 : AK1 ÝÑ A;

(ii) h1 : Y ÝÑ AK1 is a finite Galois étale isogeny of abelian varieties over K 1.

Proof. — Let Z ÝÑ A be a finite Galois étale covering trivializing F . Let K 1 be a
finite Galois extension of K such that the image of ZK1pK 1q ÝÑ AK1pK

1q contains the
origin eAK1 of AK1 . Let Y be a connected component of ZK1 containing a pre-image
e1 of eAK1 in ZK1pK

1q. The induced morphism h : Y ÝÑ A satisfies the conditions of
lemma 7.6.

Proposition 7.7. — Let Λ be a commutative finite ring in which p is invertible. Let
F be a locally constant and constructible sheaf of Λ-modules on A. Then, there exists
a positive integer mpF q depending on F such that, for any positive integer n co-prime
to mpF q and for any a P ArnspKq, we have p`aq˚F – F .

Proof. — Let h : Y
h1
ÝÑ AK1

π1
ÝÑ A be a finite Galois étale covering trivializing F

as in lemma 7.6. We put m1 “ rY : AK1s. We denote by m2 the cardinality of
AutpAutpY {Aqq. We put mpF q “ m1m2. Let n be a positive integer co-prime to
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mpF q. Pick a P ArnspKq. We abusively denote by a its pull-back in AK1rnspK
1q.

Since n is co-prime to m1, lemma 7.3 ensures that h1´1paq is a disjoint union of copies
of SpecpK 1q. Pick b P h1´1paq. From lemma 7.4, we have the following cartesian
diagrams

Y

h1

��

`b
//

l

Y

h1

��

AK1

π1

��

`a
//

l

AK1

π1

��

A
`a

// A

The pull-back by `a : A ÝÑ A induces an automorphism

p`aq7 : AutpY {Aq ÝÑ AutpY {Aq, σ ÞÑ p´bq ˝ σ ˝ p`bq.

On the one hand, since na “ eA, we have nb P pkerh1qpK 1q. From lemma 7.2, we
deduce

`nb P AutpY {AK1q Ă AutpY {Aq.

Hence
`

p`aq7
˘n
“ Adp`nbq P InnpAutpY {Aqq.

On the other hand, since p`aq7 P AutpAutpY {Aqq, we get
`

p`aq7
˘m2

“ idAutpY {Aq.

Since pn,m2q “ 1, we deduce that

p`aq7 P InnpAutpY {Aqq.

Hence, the representations of AutpY {Aq induced by F and that of p`aq˚F are iso-
morphic. Thus, we have p`aq˚F – F .

7.8. — Let S be a strict henselian trait with an algebraically closed residue field of
charateristic p ą 0. We denote by s its closed point, by η its generic point and by η
a geometric point above η. Let A be an abelian scheme over S of relative dimension
g ą 0. Let n be a positive integer co-prime to p. The S-group scheme Arns is finite
étale over S. Since S is a strictly henselian trait and since Asrns is a constant group
scheme over s of group pZ{nZq2g, the S-group scheme Arns is a constant group scheme
over S of group pZ{nZq2g. Restricting to the generic fiber, Aηrns is a constant group
scheme of pZ{nZq2g over η. There are canonical bijections between the three sets
Aηrnspηq, Asrnspsq and ArnspSq. Notice that the set of closed points

ď

iě1

Aηrn
ispηq Ă Aηpηq

is dense in Aη. Hence, the union of rational points
ď

iě1

Aηrn
ispηq Ă Aηpηq

is also dense in Aη.



32 H.HU & J.-B. TEYSSIER

7.9. — Let k be an algebraically closed field of characteristic p ą 0, C a connected
smooth k-curve, c a closed point of C,  : V “ C ´ tcu ÝÑ C the canonical injection.
Let S be the henselization of C at c and let η be the generic point of S. Let A
be an abelian scheme over C of relative dimension g ą 0. We have the following
commutative diagrams

U

fV

��

j
//

l

A

f

��

l

Ac
oo

fc

��

Aη

��

//

l

AS

��

l

Ac

��

oo

V

// C coo η // S coo

Let n be a positive integer co-prime to p. For an element a P Acrnspcq, we denote by
aS the corresponding element in ASrnspSq. Then, there exists an étale neighborhood
π : C 1 ÝÑ C of c such that The S-point aS : S ÝÑ AS descends to a C 1-point
aC1 : C 1 ÝÑ AC1 . Notice that T˚AC1 “ T˚A ˆA AC1 . The C 1-point aC1 induces an
isomorphism

dp`aq : T˚AˆA Ac “ T˚AC1 ˆAC1 Ac
dp`aC1 q
ÝÝÝÝÝÑ T˚AC1 ˆAC1 Ac “ T˚AˆA Ac,

which is independent of the choice of aC1 . For any closed point x P Ac, it induces an
isomorphism of fibers dp`aqx : T˚xAÑ T˚x´aA.

Let Λ be a finite field of characteristic ` ‰ p and let F be a non-trivial locally
constant and constructible sheaf of Λ-modules on U .

Theorem 7.10. — We use the notations and assumptions of 7.9. Then,
(i) The ramification of F along the divisor Ac of A is non-degenerate. In partic-

ular, for any closed point x P Ac, the fiber of the singular support SSpj!F q ÝÑ A
above x is a union of lines in T˚xA.

(ii) For a closed point x P Ac, we put Ex “ SSpj!F q ˆA x. Then, there exists
a positive integer r depending on F such that, for any closed point x P Ac and any
a P Acrnspcq with pn, rpq “ 1, we have

(7.10.1) dp`aqxpExq “ Ex´a

In particular, assuming that f : A ÝÑ C is a trivial family of abelian varieties, i.e.,
A – Ac ˆk C, we have

(7.10.2) SSpj!F q “ T˚AA
ď

pE0 ˆk Acq,

where 0 denotes the origin of Ac and E0 ˆk Ac is considered as a closed conoical
subset of T˚AˆA Ac Ď T˚A by the isomorphism T˚AˆA Ac – T˚0Aˆk Ac.

Proof. — By proposition 7.7, we can find an integer r depending on F |Aη , such that,
for any positive integer n co-prime to r and any rational point aη P Aηrnspηq, there is
an isomorphism p`aηq

˚pF |Aη q – F |Aη . Pick aη P
Ť

pn,rpq“1 Aηrnspηq and denote by
aS and a the corresponding elements in

Ť

pn,rpq“1 ASrn
ispSq and

Ť

pn,rpq“1 Acrn
ispcq

respectively (7.8). Then, there exists an étale neighborhood π : C 1 ÝÑ C of c such
that
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(1) The S-point aS : S ÝÑ AS descends to a C 1-point

(7.10.3) aC1 : C 1 ÝÑ AC1 ;

(2) The isomorphism p`aηq
˚pF |Aη q – F |Aη descends to an isomorphism

(7.10.4) p`aC1q
˚pj!F |AC1 q – j!F |AC1

(i). Let W be a dense open subset of Ac along which the ramification of F is
non-degenerate ([Sai17a, Lemma 3.2]). Since the non-degeneracy property is étale
local, the non-degenerate loci of F |AV 1 , where V

1 “ C 1 ´ tcu, and F along Ac are
the same. Hence, the isomorphism (7.10.4) implies that the ramification of F is also
non-degenerate along W `a Ă Ac. Since X “

Ť

pn,rpq“1 Acrnspcq is dense in Ac (7.8),
we have

Ac “
ď

aPX
W ` a.

Hence, the ramification of F along Ac is non-degenerate. We finish the proof of (i).
(ii). The isomorphism (7.10.4) implies that

p`aC1q
˝pSSpj!F |AC1 qq “ SSpj!F |AC1 q(7.10.5)

dp`aqpSSpj!F |AC1 q ˆA Acq “ SSpj!F |AC1 q ˆA Ac

Taking the fiber of SSpj!F q ÝÑ A at a closed point x P Ac, (7.10.5) implies that

(7.10.6) dp`aqxpExq “ Ex´a,

for any a P X . The equality (7.10.1) is proved.
Assume that A – Ac ˆk C is a trivial family. Since SSpj!F q is a closed conical

subset of T˚A, for any x P Acpcq, we have

(7.10.7)
ď

aPX
dp`aqxpExq “

ď

aPX
Ex´a Ď SSpj!F q.

For any x P Acpcq, we denote by xC P ApCq its lift by the base change. Since X is
dense in Ac, we have

dp`xCq0pE0q Ď
ď

aPX
dp`aq0pE0q Ď SSpj!F q

dp´xCq0pExq Ď
ď

aPX
dp`aqxpExq Ď SSpj!F q

for any x P Acpcq. Hence,

(7.10.8) dp`xCq0pE0q Ď E´x, and dp´xCq0pExq Ď E0,

for any x P Acpcq. Therefore, dp`xCq0pE0q “ E´x for any x P Acpcq. Hence, we have

(7.10.9)
ď

xPAcpcq

dp`xCq0pE0q “
ď

xPAcpcq

E´x “ SSpj!F q ˆA Ac

Notice that T˚AˆA Ac – T˚0Aˆk Ac is a trivial vector bundle. We have

(7.10.10) SSpj!F q ˆA Ac “
ď

xPAcpcq

dp`xCq0pE0q “ E0 ˆk Ac.
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We obtain (7.10.2).

Corollary 7.11. — We use the notations and assumptions from 7.9. Let x be a
closed point in Ac. Let T be a smooth k-curve in A meeting the divisor Ac transversely
at x and such that the immersion T ÝÑ A is SSpj!F q-transversal at x. Then, the
slope decomposition of F |T at x and that of F at the generic point of Ac have the
same Newton polygon ( 1.5) .

Proof. — From Theorem 7.10, the ramification of F along Ac is non-degenerate
around x. By [Sai17a, Lemma 3.1], after replacing A by a sufficiently small étale
neighborhood U of x in A, the sheaf F decomposed as a direct sum of locally constant
and constructible sheaves tFiuiPI on U such that the ramification of each Fi along Ac

is non-degenerate and isoclinic. Notice that T ÝÑ A is also SSpj!Fiq-transversal for
each i P I. By [Sai17a, Prop. 2.22], the ramification of Fi|T at x is also isoclinic at x
with the same slope as Fi. Hence, the slope decomposition of F |T at x and the slope
decomposition of F at the generic point of Ac have the same Newton polygon.

In [Tsu17], Tsuzuki showed the constancy of Newton polygons for convergent F -
isocrystals on abelian varieties over a finite field. Corollary 7.11 offers a similar con-
stancy of Newton polygons for the ramification of locally constant and constructible
étale sheaves on abelian schemes over a curve ramified along a vertical divisor.

Proposition 7.12. — We use the notations and assumptions of 7.9. Then,
(i) For any irreducible component T of SSpj!F q different from T˚AcA, we have

T
č

T˚AcA Ă T˚AA.

(ii) We have the following conductor formula

(7.12.1)
2g
ÿ

i“0

p´1qiswcpR
ifV ˚F q “ 0.

Proof. — (i) Let B be the union of the irreducible components of SSpj!F q different
from T˚AcA and T˚AA. Hence, either we have SSpj!F qˆAAc “ B or SSpj!F qˆAAc “

B
Ť

T˚AcA. It is sufficient to show that B
Ş

T˚AcA Ă T˚AA. By proposition 7.7, we can
find an integer r depending on F |Aη , such that, for any positive integer n co-prime to
r and any rational point a P Aηrnspηq, there is an isomorphism p`aq˚pF |Aη q – F |Aη .
We take an element a in X “

Ť

pn,rpq“1 Acrnspcq. By the proof of proposition 7.10,
we have

(7.12.2) dp`aqpSSpj!F |AC1 q ˆA Acq “ SSpj!F |AC1 q ˆA Ac.

We have the following commutative diagram of vector bundles on Ac

(7.12.3) 0 // T˚AcA

φ

��

// T˚AˆA Ac
//

dp`aq

��

T˚Ac
//

dp`aq

��

0

0 // T˚AcA // T˚AˆA Ac
// T˚Ac

// 0



CHARACTERISTIC CYCLE AND RAMIFICATION 35

where the horizontal lines are exact sequences and φ is the restriction of dp`aq :
T˚AˆA Ac ÝÑ T˚AˆA Ac to T˚AcA, which is also an isomorphism. Hence

dp`aqpT˚AcAq “ T˚AcA.
Thus, (7.12.2) implies that dp`aqpBq “ B. It is valid for any a P X . Suppose that
the intersection of B and T˚AcA is not contained in T˚AA, i.e., there exists a closed
point x P Ac, such that T˚A,xA Ď Bx. Thus, for any a P X , we have

T˚Ac,x´aA “ dp`aqpT˚Ac,xAq Ă dp`aqpBq “ B.

Since X “
Ť

pn,rpq“1 Acrnspcq is dense in Ac, we have

T˚AcA “
ď

aPX
T˚Ac,x´aA.

Hence, T˚AcA Ď B which contradicts the fact that each irreducible component of B
is different from T˚AcA. This finishes the proof of proposition 7.12 piq.

We now prove 7.12 piiq. By Saito’s conductor formula recalled in Theorem 2.10,
we have

2g
ÿ

i“0

p´1qiswcpR
ifV ˚F q “ ´pCCpj!F q, rdf sqT˚A,Ac(7.12.4)

where df denotes a section of T˚A as recalled in 2.4. Since f : A ÝÑ S is smooth, we
have df

Ş

T˚AA “ H. By applying (7.12.4) to the constant sheaf Λ on U , we obtain
that

prT˚AcAs, rdf sqT˚A,Ac “ p´1qg`1pCCpj!Λq, rdf sqT˚A,Ac “ 0.

Note that the image of the canonical map T˚C ˆC Ac Ñ T˚AˆA Ac is the conormal
bundle T˚AcA. From piq, for any irreducible component T of SSpj!F q different from
T˚AcA, we have df

Ş

T “ H. In summary, we have pCCpj!F q, rdf sqT˚A,Ac “ 0. From
(7.12.4), we deduce the sought-after vanishing (7.12.1).

7.13. — In an earlier version of this article, the vanishing property of the conductor
(7.12.1) was proved in the relative dimension 1 case by using Theorem 5.7. T. Saito
then pointed out the remarkable fact 7.7 to the authors. By using it, we could obtain
the non-degeneracy of the ramification of étale sheaves on abelian schemes along a
vertical divisor (Theorem 7.10) as well as (7.12.1) without any restriction on the
relative dimension.
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