TOPOLOGICAL EXODROMY WITH COEFFICIENTS

MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

ABsTrRACT. We improve the exodromy equivalence of MacPherson, Treumann and Lurie in
several ways: first, we allow stratified spaces that have locally weakly contractible strata,
rather than being locally of singular shape, we remove all noetherianity assumptions and
we consider more general coefficients (e.g. compactly assembled or stable presentable oco-
categories). Furthermore, our approach shows that the exodromy equivalence is functorial for
every morphism of stratified spaces. As an application, we construct, under suitable finiteness
assumptions, a higher Artin derived stack of hyperconstructible hypersheaves and prove that
every perversity function gives rise to an open substack of perverse hypersheaves. Using the
derived structure, we provide the construction of a new cohomological Hall algebra, generalizing
the ones of character varieties studied in the past by Schiffmann-Vasserot, Davison and Mistry.
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1. INTRODUCTION

Let X be a locally contractible topological space. In classical terms, the monodromy corre-
spondence is an equivalence between the abelian category LC(X; Ab) of locally constant sheaves
of abelian groups on X and the abelian category Fun(Il; (X), Ab) of representations of the first
fundamental groupoid of X. This equivalence can be seen as a concrete way of bridging the
topological world, incarnated by the locally constant sheaves, and the algebraic world, incarnated
by the representations of the first fundamental groupoid of X. The advent of higher categorical
techniques [HTT] allowed to improve this correspondence by replacing IT (X) with the homotopy
type I (X) of X, which in many senses is still an object of algebraic nature. There is a natural
map I (X) — II;(X), which induces an equivalence

Fun(II; (X), Ab) — Fun(Il.(X), Ab)
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but interestingly this is no longer true if we replace Ab by its derived co-category D(Ab)!. On
the other hand, what is still true is that there is a canonical equivalence

Fun(Il.. (X), D(Ab)) ~ LC™P(X; D(Ab)) ,

where the right hand side denotes the co-category of hypersheaves that are locally the hyper-
sheafification of a constant presheaf. Notice that these two categories are sensitive to the whole
homotopy type of X, rather than just to its first fundamental groupoid.

There is a second natural generalization of the monodromy correspondence, whose fundamental
idea is due to MacPherson. When X is equipped with a stratification P, that is a continuous
morphism X — P where P is a poset endowed with the Alexandroff topology (cf. Section 2.1),
one can introduce a stratified variant of II; (X), noted IIT (X, P). This is a non-full subcategory of
IT; (X) which is no longer a groupoid; its objects are the same (that is, the points of X), but the
only morphisms that are allowed are those that exit from lower strata to go to upper ones. For
this reason, the category I1¥ (X, P) is called the category of exit paths of (X, P). In [T, Theorem
5.7], D. Treumann studied this category and established an equivalence

Fun (II¥ (X, P), Ab) ~ Consp(X; Ab) ,

where the right hand side denotes the abelian category of Ab-valued constructible sheaves.
Following the influential work [BGH], this equivalence is nowadays referred to as the exodromy
equivalence. It was generalized to the higher categorical world by J. Lurie in [HA, Appendix A].
His first step is to define a version II% (X, P) of II;(X, P) and establish a major result (Theorem
A.6.4 in loc. cit.) asserting that if the stratification (X, P) is conical, then I1Z (X, P) is indeed
an co-category. Then, he proves:

Theorem 1.1 (J. Lurie, [HA, Theorem A.9.3|). Let X be a paracompact topological space which
18 locally of singular shape and equipped with a conical P-stratification, where P is a partially
ordered set satisfying the ascending chain condition. Then there is a natural equivalence

Ux p: Fun (I (X, P),S) — Consp(X;S) ,
where S denotes the co-category of homotopy types (a.k.a. co-groupoids or animated sets).

The goal of this paper is to improve this result in several ways:

(1) replace the condition that X is locally of singular shape with the weaker condition that
the strata of (X, P) are locally weakly contractible;

(2) remove the ascending chain condition on the poset P;

(3) allow more general coefficients than S; in particular every presentable co-category that is
either stable or a retract of a compactly generated co-category is permitted.

(4) provide an explicit formula for the inverse of Ux p.

We refer to Theorem 5.17 for the precise statement. Let us observe that improvements (1) and
(2) are related, and the latter has already been addressed by D. Lejay in [L]. The key idea is to
replace the co-category Consp(X;S) with the oo-category Cons};;yp(X ; S) of P-hyperconstructible
hypersheaves. Indeed, the singular shape assumption guarantees that every locally constant sheaf
is automatically a hypersheaf. Working with hypersheaves from the very beginning, we can relax
this assumption and replace it with the weaker one of having locally weakly contractible strata.

Improvements (3) and (4) are also related. The proof contained in [HA] explicitly relies on
model categories, and is heavily built on the fact that functors from IIZ (X, P) to S can be
realized as left fibrations over I1% (X, P). These two facts together make it difficult to adapt the

INotice that throughout the main body of the paper, we will rather write Mody instead of D(Ab).
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proof verbatim to different coeflicients than S. On the other hand, it is also difficult to bootstrap
on Lurie’s result to deduce the same result for arbitrary presentable co-categories, although it
would be possible to deal with the case of compactly generated oo-categories in this way.

We propose therefore a new proof which is purely oo-categorical and that we briefly summarize
below. Our approach has also several pleasant consequences. First and foremost, we obtain a
better functoriality of the exodromy equivalence. Notably, if f: (X, P) — (Y, Q) is a morphism
between conically stratified spaces, then the square

Py,
Fun (II2, (Y, Q), S) e, Consgyp(Y;S)
Jﬂi(f)* [
Fun (12 (X, P),S) 225 ConsyP(X;S)

is made 2-commutative by a natural transformation ¢ that is a priori not invertible. We say
that f is exodromic if ¢y is an equivalence. In [HA, Proposition A.9.6] it is shown that if the
stratification on X coincides with the stratification f~!(Q) induced by f, then f is exodromic.
Our approach allows to improve this result:

Corollary 1.2 (See Proposition 6.8). If f: (X, P) — (Y,Q) is a morphism between conically
stratified spaces with locally weakly contractible strata, then f is exodromic.

As a consequence of this improved functoriality, we obtain the following:

Corollary 1.3 (See Corollary 6.12). Let (X, P) be a conically stratified space and let (X, Q)
be a conical refinement of P. Assume that the strata of (X, P) and (X, Q) are locally weakly
contractible. Then the natural map

is a localization.

Taking P to be the trivial stratification, we deduce that IT,(X) is a localization of IIZ (X, Q).
This result, which is of course extremely intuitive at the geometric level, was only known to the
best of our knowledge in the conically smooth situation [AFTb, Proposition 1.2.13].

The key new ingredient in our proof is to interpolate between Open(X)°? and I1Z (X, P) as
follows. Given a conically stratified space (X, P), let Ex be the co-category informally defined as:

e its objects are pairs (U, z), where U is an open subset of X and  is an object in I, (U, P),
where U is seen as a P-stratified space in the natural way;

e given two objects (U, x) and (V,y), the mapping space Mapg (U, z), (V,y)) is non-empty
if and only if V' C U, and in that case it coincides with Mapys (¢ py(2, ).
Put otherwise, Ex is the Grothendieck construction of the functor II% : Open(X) — Cats,. We

refer to Section 3 and to Notation 5.3 for the precise definition of Ex. This co-category comes
with natural functors

Ex
=N
Open(X)°P Iz (X, P) .

Then the functor ¥ x p of Lurie can be identified with mx . o A% where mx . denotes the right
Kan extension along 7x ., and A% denotes the restriction along Ax. The main bulk of the paper
is dedicated to show, for more general coefficients than just S and independently from Lurie’s
result, that this functor and its left adjoint ® x p := Ax 1 o 7% realize the exodromy equivalence.
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Let F' € Shhyp(X; €) be a hypersheaf. A simple inspection reveals that ®x p(F') evaluated at
one point x € X seen as an object in I1Z (X, P) can be written as

Oy p(F)(x) =~ colim F(U) ,
Uyy)

where the colimit ranges over all morphisms 7: y — x in IIZ (X, P) and over all possible open
neighborhood U of y. If we could simply limit ourselves to the case where 7 is the identity of
x, this would simply produce the stalk F, of F' at the point x. However, this is typically false
and ®x p(F)(x) should be rather thought of as an “average over all the possible stalks at points
close to ”. Remarkably, when F' is P-hyperconstructible, we can prove that there is indeed an
equivalence
(I)Xyp(F)(JZ) ~ Fm .

See Corollary 6.10. Although this is formally obtained as a consequence of our results, in many
ways one should think of this equivalence as the key technical ingredient needed in the proof of
our main theorem. Interestingly, the left hand side only depends on the equivalence class of x
inside ITZ (X, P), a statement that neatly encodes the parallel transport on the right hand side.

In the rest of the paper, we explore the consequences of the exodromy correspondence. First,
we obtain a couple of structural results for constructible hypersheaves:

Theorem 1.4 (See Corollaries 5.20, 5.22, 6.3 and 6.5). Let (X, P) be a conically stratified
space with locally weakly contractible strata. Let £ be a presentable co-category satisfying the
assumptions of Theorem 5.17. Then:
(1) Stability under limits and colimits: the co-category Cons}},yp(X ; €) of P-hyperconstructible
hypersheaves is presentable and closed under limits and colimits inside Shhyp(X;E);

(2) Recognition criterion: a hypersheaf F € Shhyp(X;é') is P-hyperconstructible if and
only if for every pair of open subsets U C V of X for which the induced morphism
12 (U, P) — I1Z (V, P) is a categorical equivalence, the restriction map

F(V)— F(U)
is an equivalence in E.

(8) Tensor decomposition: the canonical equivalence Shhyp(X; E) ~ Shhyp(X) ® & restricts to
an equivalence

Cons}},yp(X; &) ~ Cons};,yp(X; S)®E;

(4) Categorical Kiinneth formula: given a second conically stratified space (Y, Q) with locally
weakly contractible strata, there is a canonical equivalence

Cons};;,ny(X X Y;8) ~ Conspy?(X;S) ® Consgyp(Y;S) .

Observe that point (1) implies that the inclusion Cons};;yp(X;E) < Sh™P(X; &) admits both
a left and a right adjoint. Combined with Corollary 1.2, it follows that for every morphism
f+(X,P) = (Y,Q) of conically stratified spaces with locally weakly contractible strata, the
pullback functor

frop. Consgyp(Y;S) — Cons};,yp(X;E)

admits a left adjoint fﬂh P a statement that is generically false for the oo-category Sh™ P(X;€)
(with the due exceptions, see [HPT, §2.2]). Points (2), (3) and (4) are generalizations to the
setting of hyperconstructible hypersheaves of the analogous results already obtained in [HPT] for
locally hyperconstant hypersheaves. As an immediate consequence of these results, we recover
and generalize some of the results on Morita cohomology of J. V. Holstein [Ha, Hb|:
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Corollary 1.5. Let X be a locally weakly contractible topological space and let A be a Eo.-ring
spectrum. Assume that X is connected and let x € X be a point. Then there exists a canonical
equivalence

LC™P(X; Mod4) =~ Modg, (a, (x):4) »

where Cy(Qz(X); A) =T (2,(X)) ® A are the A-valued chains on the based loop space of X at
x.

Last but not least, we combine the results of this paper together with the recent finiteness
result for IIZ (X, P) of M. Volpe [V, Corollary 2.13], to prove the following result:

Theorem 1.6 (cf. Theorems 7.8 & 7.32). Let X be a complex analytic space equipped with a
Whitney stratification (X, P). Assume that for every p € P, the stratum X, is homotopically com-
pact.> Then there exists a higher Artin derived stack Consp(X) parametrizing hyperconstructible
hypersheaves on (X, P). Furthermore, for every perversity function p: P — Z, there exists an
open substack PPervp(X) of Consp(X) parametrizing p-perverse hypersheaves on X .

In the main body of the paper we actually prove a finer result which does not require neither
a complex analytic structure nor the stratification to be Whitney. The analysis carried out
suggests that Volpe’s finitness result can be strengthened and we provide a precise statement of
the expected result in Conjecture 7.10. Recall also that a similar result was obtained by Nitsure
and Sabbah in [NS]. The novelty in our case is the derived structure and the fact that Consp(X)
and PPervp(X) are sensitive to the higher homotopical information of (X, P). As an example of
application of the derived structure, we obtain the following result:

Theorem 1.7. Let X be a Riemann surface and let (X, P) be a stratification on X made by
a finite number of points. Let p be the middle perversity function. Then the stable oco-category
Coh®(PPervp (X)) carries an Ei-monoidal structure a la Hall, whose underlying tensor product
1s given by pull-push along the correspondence

PPervy®(X)
o
PPervp(X) x PPervp(X) PPervp(X)

Similarly, the Borel-Moore homology and the G-theory of PPervp(X) carry a canonical Hall
multiplication.

Implicit in the above theorem is the fact that the map p is derived locally complete intersection and
that ¢ is representable by proper algebraic spaces (see Lemma 7.34). This result generalizes [PS,
Theorem 1.4], where the case of local systems was dealt with, and generalizes the cohomological
Hall algebras of character varieties studied in [M]. This raises new interesting questions in
geometric representation theory, that are outlined in Remark 7.36 and to which we will come
back in a future work. Finally, we expect Consp(X) to carry a canonical shifted symplectic
form, at least under some orientation condition on (X, P) that should conjecturally be related to
Poincaré duality for the intersection homology of (X, P) [AFTal, and tightly related to the paper
in preparation [APT].

2This means that I (X) is a compact object in S. This is a very mild condition that includes many cases of
interest, see Example 7.3.



6 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

Acknowledgments. We are grateful to Clark Barwick, Federico Binda, Damien Calaque, Denis-
Charles Cisinski, Andrea Gagna, Julian V. Holstein, Damien Lejay, Alexandru Oancea, Marco
Robalo, Francesco Sala, Olivier Schiffmann and Alberto Vezzani for useful conversations about
this paper. We especially thank Peter J. Haine, Guglielmo Nocera, Tony Pantev and Marco
Volpe for their continuous support and interest in this work. We wish to thank the Oberwolfach
MFO institute that hosted the Research in Pairs “2027r: The geometry of the Riemann-Hilbert
correspondence”, where the initial bulk of this paper was conceived. We also wish to thank the
CNRS for the fundings PEPS “Jeunes Chercheurs Jeunes Chercheuses” and the ANR CatAG
from which both authors benefited during the writing of this paper.

2. REVIEW
2.1. Stratified spaces. The main reference for the definitions below is [HA, Appendix A].

If P be a poset, we endow P with the topology whose open subsets are the closed upward
subsets Q C P. That is for every a € @ and b € P such that b > a, we have b € Q.

Definition 2.1. Let X be a topological space. Let P be a poset. A stratification of X by P is
a continuous morphism f: X — P. For a subset S C P, we let f|s: Xg — S be the induced
stratification. For a € P, the subset X, is the stratum of (X, P) over a.

Remark 2.2. We abuse notations by denoting a stratification of X by P as (X, P) instead of
f+ X — P and refer to (X, P) as a stratified space. The collection of stratified spaces organize
into a category in an obvious manner.

Example 2.3. Let f: Y — @Q be a stratified space. Put C(Y) := «U(Y x Rsg). The set C(Y) is
endowed with the topology whose open subsets are the subsets U C C(Y") such that UN(Y x Rsg)
is open and if * € U, then

C.(Y):=xU(Y x(0,6)) CcU
for some € > 0. Let Q< be the poset obtained from @ by adding a smallest element —co. We
define a continuous map g: C(Y) — Q< by sending * to —oo and (y,t) € Y x Ry to f(y). We
refer to (C(Y), Q<) as the cone of (Y, Q).

Following [HA, A.6.2], we introduce the

Definition 2.4. Let (X, P) be a stratified space. We define Exit(X, P) as the simplicial
subset of Sing X formed by the simplices o: |A™| — X such that there exists a chain a; <
-+ < ay of elements of P such that for every (¢o,...,%;,0,...,0) € |A™| with ¢; > 0, we have
O'(to,...,ti,07...,0> S Xa,y

The simplicial set Exit(X, P) is the exit-path simplicial set of (X, P).
Notation 2.5. If X is trivially stratified ITI%,(X) is the homotopy type Il (X) of X. In virtue

of this observation, we think of IIZ (X) as the stratified homotopy type of X |D, H], and for this
reason if Exit(X, P) is an oo-category we write I (X, P) instead of Exit(X, P).

The following lemma follows immediately from the definition of the exit-paths.

Lemma 2.6. Let (X, P) be a stratified space. Let S C P be a subset. Assume that Exit(X, P)
and Exit(Xg, S) are co-categories. Then, the natural inclusion Exit(Xg,S) — Exit(X, P) is
fully-faithful.

Lemma 2.7. Let (Y, Q) be a stratified space such that Exit(C(Y), Q) is an co-category. Then,
x is an initial object in Exit(C(Y), Q7).
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Proof. Since x is the only point of its stratum, Mapgyic(yv),g<)(*,*) is contractible. Let
(y,e) € Y x Rso. We are going to construct a deformation retract of

Mapgyit(c(v),q<) (*; (¥,€))
on the simplicial subset spanned by the exit path v: [0,1] — C(Y") sending 0 to * and ¢ to (y, te).
To do this, we represent the above mapping space as HomR(*, (y,€)) and construct an homotopy
H: Hom®(x, (y,€)) x Al — Hom® (%, (y,¢))

between the map constant to v and the identity of HomR(*, (y,€)). At the cost of writing
Hom®(x, (y, €)) as a colimit of its simplices o: A" — Hom ™ (x, (y,€)), it is enough to construct
an homotopy H between the n-simplex constant to v and o. That is, we have to construct

H: A" x A' — Hom® (%, (y,¢))
such that H|any a0y is constantly equal to v and H|an a1y = 0. Set Z = |A"| x [0,1] and
Zy = |A"| x {A\} for every A € [0,1]. By definition, the above construction amounts to the
construction of a continuous map
H: ZxA" — C(Y)
satisfying the following conditions :

(1) H|zysno is constantly equal to v and H|z,,a0 = 0.
2) H sends the base of Z x A® to x and the tip of Z x A° to (y,¢).

(
(3) H sends Zx]0,1] in the stratum of (y,¢).
For (u,t) € Z1x]0,1], put
o(u,t) = (y(u,t),e(u,t)) €Y x Ryg
By definition o (u,1) = (y,¢). For (u,\,t) € Z x A°, we define

(y(u, t/X), Ae(u, t/X)) 0 <t <A,
H(u, A\ t) = ¢ ~(t) ifA<t,
* ift=0.

Observe that H satisfies conditions (1), (2), (3). To conclude the proof of Lemma 2.7, we have
to show that H is continuous. Away from ¢ = 0, the map H is continuous as the glueing of two
continuous maps along t = \. Let (ug, Ao, 0) € Zx A’. We want to check that H is continuous at
(ug, Ao, 0). If A\ > 0, we have to check that H is continuous on the open set A > ¢, which is true
since o is continuous. The continuity of H at (ug,0,0) follows from the definition of the topology
of C(Y) and the observation that € is bounded. O

Definition 2.8. Let (X, P) be a stratified space. We say that (X, P) is conically stratified if for
every point x € X lying over a € P, there exists a topological space Z, a stratified space (Y, Psq)
and a morphism of stratified spaces (Z x C(Y), P>,) — (X, P) inducing an homeomorphism
between Z x C(Y) and an open neighbourhood of z in X.

Remark 2.9. The open sub-stratified space (Z x C(Y), P>,) of (X, P) in Definition 2.8 is a
conical chart of (X, P) at z. By definition of the topology of C(Y’), the set of conical charts of
(X, P) at x form a fundamental system of open neighbourhoods of = in X.

Conically stratified spaces enjoy the following stability property:

Lemma 2.10. Let (X, P) be a conically stratified space. Let S C P be a subset. Then (Xg,S) is
a conically stratified space.
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Proof. Let x € Xg and let s € S be the stratum of z. We have to show that (Xg, S) is conical at
2. The question is local on Xg. At the cost of replacing X by the open set X, we can thus
suppose that s is the minimum of P. Since X is conical at x, we can suppose further that (X, P)
is of the form (Z x C(Y'), P) where Z is a topological space and where (Y, P ;) is a stratified
space. Then Xg = Z x C(Ys.,) and Lemma 2.10 is proved. O

The following theorem due to Lurie [HA, A.6.4| provides a wide range of stratified spaces
whose exit-paths form an oco-category:

Theorem 2.11. Let (X, P) be a conically stratified space. Then Exit(X, P) is an oo-category.

Remark 2.12. In view of Theorem 2.11 and Notation 2.5, the oco-category of exit-paths of a
conically stratified space (X, P) will be denoted as 1% (X, P).

Definition 2.13. Let (X, P) be a conically stratified space. We say that (X, P) is locally weakly
contractible if every point x € X admits a fundamental system of open neighbourhoods U such
that z is an initial object of I1Z (U, P).

Lemma 2.14. Let f: X — X' be a weak homotopy equivalence and let (Y, Q) be a stratified
space. Then the induced map

Exit(X x Y,Q) — Exit(X' x Y, Q)
s a categorical equivalence of simplicial sets.

Proof. Unraveling the definitions, we find canonical isomorphisms of simplicial sets
Exit(X x Y, Q) ~ Sing(X) x Exit(Y,Q) and Exit(X’' x Y, Q) ~ Sing(X') x Exit(Y, Q) .

Since the map f induces a categorical equivalence Sing(X) — Sing(X’), the conclusion now
follows from [HTT, Corollary 2.2.5.4]. O

Proposition 2.15. Let (X, P) be a conically stratified space. The following conditions are
equivalent:

(1) (X, P) is locally weakly contractible.
(2) The strata of (X, P) are locally weakly contractible.

Remark 2.16. Let (X, P) be a conically stratified space whose strata are CW-complexes. Then
Proposition 2.15 states that (X, P) is locally weakly contractible if and only if its strata are
locally contractible.

Proof of Proposition 2.15. Lemma 2.6 shows that (1) implies (2). Assume now that (2) holds. Let
2 € X be a point and let a be its image in P. Since X is conical, we can suppose that X = ZxC(Y')
where (Y, Q) is a stratified space with @ the minimum of P = Q<. Let W, be a fundamental
system of weakly contractible open neighborhoods of  in Z. Then {W x C.(Y)}wew, >0 is a
fundamental system of open neighborhoods of = inside X. For W € W, and € > 0, we have an
isomorphism of simplicial sets

Exit(W x C-(Y), P) ~ Sing(W) x Exit(C.(Y), Q%)

On the other hand, if K and L are non empty simplicial sets such that K x L is an oo-category,
so are K and L. Thus, Theorem 2.11 ensures that Exit(C.(Y), Q) is an co-category. Since W
is weakly contractible, we obtain an equivalence of co-categories

Exit(W x C.(Y), P) ~ Exit(C.(Y), Q<)
sending x to * € C(Y). We conclude using Lemma 2.7. O
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2.2. Local excellence at strata.

Definition 2.17. Let (X, P) be a conically stratified space and let S C P be a subposet. We say
that an open neighbourhood U of Xg inside X is excellent at S if the functor

Exit(Xg, S) — Exit(U, P)
is a final.

Definition 2.18. Let (X, P) be a conically stratified space and let S C P be a subposet. We say
that (X, P) is excellent at S if the collection of excellent at S open neighbourhoods of X inside
X forms a fundamental system of neighbourhoods of Xg inside X.

Definition 2.19. Let (X, P) be a conically stratified space and let S C P be a subposet. We say
that (X, P) is locally excellent at S if every point © € Xg admits a fundamental system of open
neighbourhoods U such that the stratified space (U, P) is excellent at S.

Proposition 2.20. Let (X, P) be a conically stratified space. Then (X, P) is locally excellent at
every stratum.

Proof. Let a € P and let z € X be a point lying over a. Since (X, P) is conically stratified, the
point z admits a fundamental system of open neighbourhoods of the form Z x C(Y') where (Y, Q)
is a stratified space, where Z is an open set of X, containing z and where a is the minimum of
P>, = Q<. To prove Proposition 2.20, it is thus enough to prove that the conically stratified
space (Z x C(Y),Q7) is excellent at a. In that case, {Z x C.(Y)}cs0 is a fundamental system of
open neighborhoods of Z. On the other hand, there is an isomorphism of simplicial sets

Exit(Z x C.(Y), Q<) ~ Sing(Z) x Exit(C.(Y), Q<)

Hence, the functor
Exit(Z x *,{a}) — Exit(Z x C-(Y),Q")

reads as a product

(2.21) Sing(Z) x * —» Sing(Z) x Exit(C.(Y),Q7)
From Lemma 2.7, the functor *+ — Exit(C.(Y), Q<) is final. Thus, Eq. (2.21) is final as a
consequence of [HTT, 4.1.1.13]. O

2.3. Hypersheaves, hyperconstancy and hyperconstructibility.

Definition 2.22. Let X be a topological space. Let £ be a presentable co-category. We denote
by Sh(X; &) the full subcategory of Fun(Open(X)°P, £) spanned by £-valued presheaves satisfying
descent.

Remark 2.23. If £ = S, we simply denote Sh(X; &) by Sh(X). In general, we have Sh(X; &) ~
Sh(X) ® &€, where the tensor product denotes the tensor product of presentable co-categories
introduced in [HA, §4.8].

Definition 2.24. The category of hypersheaves on X is the subcategory Shhyp(X) C Sh(X)
spanned by objects which are local with respect to co-connective morphisms in Sh(X). For a
presentable co-category £, we put

Sh™P(X; €) == Sh™P(X) ® £ ~ Fun®(Sh™P(X)P, &)

Remark 2.25. The canonical inclusion Sh™P(X) ¢ Sh(X) admits a left adjoint (—)»P :
Sh(X) — Sh™P(X) referred to as the hypersheafification functor. Tensoring with £ thus induces

a functor
(—)™P: Sh(X; &) — Sh™P(X;€)
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admitting a fully-faithful right adjoint. Hence, we can think of objects of Shhyp(X ;) as E-valued
preseheaves satisfying hyperdescent.

Let f: X — Y be a morphism of topological spaces. Let £ be a presentable co-category. Let

f*:Sh(Y;€) = Sh(X58): f
be the canonical adjunction. The functor f, preserve hypersheaves and thus restricts to a functor
fe: Sh™P(X; E) — Sh™P(V; €)
Furthermore, the functor f, admits
P = ()P o £ ShYP(Y ) — ShYP(X E).

as left adjoint.

In the next definition, I'y : X — * denotes the tautological morphism.

Definition 2.26. Fix F € Sh™P(X;&). We say that F is hyperconstant if F lies in the essential
image of I'y™P: £ — Sh™P(X; ).

We say that F is locally hyperconstant if there exists a cover of X by open subsets i: U — X
such that *"P(F) is hyperconstant. We denote by LC(X ;&) the full subcategory of Sh™P(X; &)
spanned by locally hyperconstant hypersheaves.

Following [L], we now introduce the main player of this paper:

Definition 2.27. Let (X, P) be a stratified space. Let £ be a presentable co-category. An hyper-
sheaf F': Open(X)°P — &£ with value in £ is hyperconstructible if for every p € P, the hypersheaf
j;’hyp (F') is locally hyperconstant on X, where j,: X, — X denotes the canonical inclusion.

We denote by Cons};)y P(X;€) the full-subcategory of Sh™P(X; &) spanned by hyperconstructible
hypersheaves on (X, P).

2.4. Change of coefficients and hyperconstructibility. Let X be a topological space.
Let f: & — D be a cocontinuous functor between presentable co-categories with right adjoint
g: D — &. Then, there is an adjunction

(2.28) fo—: Fun(Open(X)°?, &) = Fun(Open(X)°P,D): go —
whose left adjoint induces a cocontinuous functor
fivP = ()P o fo—: ShYP(X; &) = ShYP(X; D) .

Furthermore, for every continuous morphism of topological spaces i : ¥ — X, the following
diagram

Sh™P(X; ) _inhe ShMP (Y €)

J{fhyp J{fhyp

Z->;<‘hyp

Sh"P(X; D) L— Sh™P(Y; D).
commutes. In particular, if (X, P) is a stratified space, f"P restricts to a functor
FP: ConsiP(X;E) — ConsP(X;D) .

Remark 2.29. Note that f"™P may not have a right adjoint in general. We will show that when
Exodromy holds, a right adjoint exists and admits an explicit description. See Corollary 6.16.
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Lemma 2.30. Let X be a locally weakly contractible topological space. Let f: &€ — D be a
cocontinuous functor between presentable oco-categories with right adjoint g : D — E. Then, the
commutative diagram

Sh"P(X; D) £ ShP(X;¢€)

lrx,* ll—‘x,*

D—— 9 ¢

is vertically left adjointable. That is, the Beck-Chevalley transformation
F;hyp 0g—go F},hyp
is an equivalence. In particular, g o — restricts to a well-defined functor
go—:LC(X,D) — LC(X, &)
Proof. Let d € D be an object. We have to show that
I3"Pg(d) — g0 TP (d)

is an equivalence of hypersheaves on X. It is enough to check that the above morphism is an
equivalence above any weakly contractible open subset U of X. From [HPT, Theorem 2.13], we
have
*,h; — h; —
(TP o g(d)(U) := (Tx'(9(d)) " (U) = Tk 0 g(d))(U) = g(d)
From [HPT, Theorem 2.13| again, we have

(9o TR™P(@)(U) = g((TX™(d)(V)) =~ g(d)
and Lemma 2.30 follows. [l

3. THE CATEGORICAL FRAMEWORK

Let X be an oo-category and let A: X — Caty, be a functor with values in small co-categories.
Throughout this section we either assume X to be a small co-category with a terminal object 1
or to be presentable. In the latter case, we assume A to be an accessible functor. We let

ma: A — XP

be the associated cartesian fibration. Writing 1y for the terminal object of X', [HTT, Corollary
3.3.4.3] provides a canonical localization functor

/\AI A— A(lx)

Example 3.1. In this paper we are mainly interested in the following situations:
(1) Let X be a topological space. Take X := Open(X) and A := Il the functor Open(X) — S
sending an open set U to its homotopy type I (U). We will also take X’ := PSh(X) and
A: PSh(X) — S the colimit-preserving functor obtained as left Kan extension of Il
along the Yoneda embedding. From [HA, A.3.10], A carries co-connective morphisms in
PSh(X) to equivalences in S. If we finally put X := Sh"™P(X), the functor A thus factors
as a colimit-preserving functor issued from Sh™P(X).

(2) Let (X, P) be a conically stratified topological space. Take X := Open(X) and A = I1%,
the functor Open(X) — Cats, sending an open set U to IIZ (U, P|y). We will also
take X := PSh(X) and A: PSh(X) — S the colimit-preserving functor obtained as left
Kan extension of 112 along the Yoneda embedding. Similarly as in situation (1), A
carries co-connective morphisms in PSh(X) to equivalences in Cato,. If we finally put
X = Shhyp(X ), the functor A thus factors as a colimit-preserving functor issued from
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Shhyp(X ). We will abuse notations by using the notation II% to also refer to the functors
A and its factorization through Sh™P(X).

Remark 3.2. Situation (1) is a special case of situation (2) in the same way monodromy is a
special case of exodromy. Still, the proof of the latter is a reduction to the trivial stratification
case. It will therefore be useful to analyze the situation (1) on its own.

3.1. Size issues. The main point of this paper is to show that the exodromy adjunction is realized
by push-pull along the correspondence ma X Aa: A — X°P X A(1x). When X is a presentable
oo-category, there may be size-theoretical issues in defining the right Kan extension along ma and
the left Kan extension along Aa. The following lemmas show this is not an actual problem:

Lemma 3.3. For every x € X, the canonical functor
A(l’) — A X xop (XOP)T/
s limit-final. In particular, for every presentable oco-category &, the pullback functor
ma: Fun(X° £) — Fun(A4, )

admits a right adjoint, given by right Kan extension along ma.
Proof. The second half of the statement is a direct consequence of the first half and the fact
that A(z) is a small co-category, which implies that the right Kan extension along p is indeed
well-defined. To prove the first half, we use Quillen’s theorem A [HTT, Theorem 4.1.3.1]. Write
D = A X yo» (X°P),,. We can represent an object a € D as a pair a = (a, f) where a belongs to
A and f: 2 — ma(a) is a morphism in X°P. We have to prove that for every object a € D, the
oo-category

A(l‘) XD D/a
is weakly contractible. By definition, an object of A(x) xp D/, is a lift of f with target a. In
particular, A(z) xp D/, identifies with A/, Xae {f}. From [HTT, 2.4.1.9], the latter category

7\'A a

admits a cartesian lift of f as final object. It is thus weakly contractible. (I

It is slightly more technical to deal with the left Kan extension along Aa. It is useful to
introduce the following definition:

Definition 3.4. Let x be a regular cardinal. We say that a functor f: C — D is k-cofiltered if
for every essentially k-small co-category I, the functor f has the right lifting property against
the inclusion I < I<. When x = w, we simply say that f is cofiltered instead of w-cofiltered.

The proof of the following lemma is straightforward and it is left to the reader:

Lemma 3.5. Let s be a reqular cardinal. Then:

(1) the collection of k-filtered functors is closed under composition and pullback in Cateo;
(2) the functor Tc: C — * is k-filtered if and only if C is k-filtered.

Lemma 3.6. Choose a regular cardinal k > 0 such that X is k-presentable and A is k-accessible.
Let
A(K) = (XH)OP X xop A
Then for every a € A(ly) the canonical functor
A% X a1 Alx) ja —> A XA Alx) /o
s colimit-final. In particular, for every presentable oo-category &, the pullback functor
Aa: Fun(A(1x),€) — Fun(A4,€)

admits a left adjoint, given by left Kan extension along Aa.
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Proof. The second half of the statement is a direct consequence of the first half and the fact that
A XA(1x) A(lx)/q is a small co-category, which implies that the left Kan extension along Aa
is indeed well-defined. To prove the first half, we use Quillen’s theorem A. Write for simplicity

Ao = Axaa) A(ly) /o and A(/';) = A% Xa(x) Alx)/a-
Fix an object 8 € A/, which we represent as a pair 3 = (3, f), where 3 € A and f: Aa(8) — «
is a morphism in A(1x). Write Ag/, = (A/q)g/. Then, we have to prove that co-category
(K) . 4
Aﬁ//oz '_ A/a X-A/a ‘AB//Q

is weakly contractible. We claim that it is cofiltered. To see this, start by writing x := p(8), so
that 3 can be seen as an element of A(z), and 3 as an element of A(z) /o = A(7) Xa(12) A(1x) /a-
We can thus set A(z)g /o = (A(z)/o)3/. Observe now that since 7a is a cartesian fibration, there
is an induced commutative diagram

J l

Inspection immediately reveals that it is a pullback square. Moreover, A(x)g/, has an initial
object, and it is in particular cofiltered. Thus, Lemma 3.5 reduces us to check that the map
A(;/) — A(z)g, is cofiltered. Unraveling the definitions, we see that it is enough to check that for
every finite category I the canonical map

colim Fun(I, A(y)z,) — Fun(l,A(x)z/)

yEX/""ac

is an equivalence. This, however, is guaranteed from the assumption that X is x-filtered and that
the functor A is k-accessible. (I

Fix a presentable co-category £. Lemma 3.3 provides a functor

\Ilf\,,A =7a« 0 Ap: Fun(A(ly), &) — Fun(X°P,€).

From Lemma 3.3, this functor is concretely described by the formula

(3.7) V& A(F) (2) = i Flag

where the restriction is performed along the map A(z) — A(1lxy) induced by the canonical

morphism z — 1x. On the other hand, Lemma 3.6 shows the existence of a second functor
@%A = A 0my: Fun(X°P, ) — Fun(A(1lx),E).

By construction, @‘E\/,A is left adjoint to \I/f(7A.

3.2. Change of coefficients. Let £ be a presentable oco-category. For every presentable oo-
category &’ and for every C € Cat,, there is a canonical equivalence
Fun(C,£) ® & ~ Fun(C,E ® E&') .

This gives an evident functoriality in £ with respect to morphisms in Prt. To see that the
exodromy adjunction is compatible with this functoriality, consider first the following lemma:

Lemma 3.8. Let X be an co-category with a terminal object 1x. Let A: X — Catyo be a functor.
For every presentable co-categories £ and E', there is a canonical equivalence

ERE’ :
(I)XQ?A 2®§6,A®1d5' .
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Proof. Since @i@i " commutes with colimits, it is enough to observe that for every F' € Fun(X°P, £)

and E’ € £, one has

PLAF ® E') = M i(mA(F @ E')) = A y(7A(F) © E') > Ay (ma(F)) ® B
where the last equivalence follows from the fact that the external tensor product ®: Ex &' — ERE’
commutes with the colimits computing the left Kan extension in the first variable. O
Corollary 3.9. Let X be an co-category with a terminal object 1x. Let A: X — Cats be a
functor. Let f: & — &' be a morphism in PrY. Then the diagram

£
Fun(X°P, &) —*2, Fun(A(1x), &)

- -
o€

Fun(X°P, &) —2 Fun(A(1x),&")
s canonically commutative.

Proof. This follows from Lemma 3.8 and the observation that under the identification Fun(C, £) ~
Fun(C,S) ® £ for C € Catq, the functor f o — corresponds to idpyn(c,s) ® f- O

3.3. The sheaf condition. Assume now that X is presentable and that the functor A commutes
with colimits. Then the adjunction @‘3’;7 A \I/fY A can be refined thanks to the following observation:

Lemma 3.10. Assume that A: X — Cate, commutes with colimits. Then \Pf\?,A factors through
the full subcategory X @ £ ~ Fun®(X°P, &) of Fun(X°P,£).
Proof. Fix a functor F: A(1x) — &€ and let I — X°P be a diagram, noted ¢ — z;, and let
denote the limit of this diagram. By assumption, the canonical map

colimA(z;) — A(x)

ielop
is an equivalence, the colimit being computed in Cat.,. It follows that the canonical map

Fun(A(z),&) — hHIl Fun(A(x;),€)
1€

is an equivalence as well. Applying [PY, §8.2], we deduce a canonical equivalence

fan Flage) = 1ty Pl -

Thus, \Ilf()A(F) commutes with limits in A°P. O

Corollary 3.11. Assume that A: X — Cats, commutes with colimits. Then for any presentable
oco-category &, the functors ¢§(,A and \IIE()A induce an adjunction

D5 At X ®E S Fun(A(ly),€): U5 4 -

Example 3.12. Let us place ourselves again in the context of Example 3.1. Let (X, P) be a
conically stratified space. To lighten the notation, we write

@1’)1{}/71358 = (I)ghhyp(X),ch and \I/})l(ygg’g = ngll’yp(x)7H§o .
When the stratification is trivial we further simplify these notations by removing the subscript
P, so that in this case I, = I1Z. When X and & are clear from the context we also remove
the corresponding decoration. Given F € Fun(IIZ (X, P), ), Lemma 3.10 shows that the functor
W(F) belongs to Fun®(Sh™P(X)°P: £) ~ Sh™P(X; £). The previous discussion shows that for an
open subset U of X, U(F)(U) is canonically given by the formula

(3.13) (F)(U) ~ Ha%%lu) Flus w,ply)-
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Finally, we have obvious variants

psh,& . £E& psh,& . &
(I)X,P = (I)PSh(X),Ha ) \IIX,P = ‘I/PSh(X),ch

E . HE £ . £
(I’X,P = q)Open(X),Hgo ’ ‘I’X,P Ea ‘I’open(x),ngo )
obtained replacing Sh™P(X) by PSh(X) and Open(X) respectively.
3.4. Functoriality. Let f: X — ) be a functor. We assume that X and ) are either small with
final objects, or presentable (importantly, we allow X to be of the first kind and Y to be of the

second). Furthermore, we assume that f(1x) ~ 1y, and if both X and ) are presentable then
we additionally assume that f is a left adjoint. Let

B: Y — Caty, and A: X — Caty

be two functors and let

y:Bof—A
be a natural transformation. We can summarize this information in the following diagram:
B(1y) = A(lx)
V X T)\A
(3.14) B g By —X— A
yor J xor

where By and the maps 7; and ¢ are defined by declaring that the bottom left square is a pullback,
p is induced by the natural transformation v and 7y := 71, is the value of v on the final object
of X.

Lemma 3.15. For every presentable co-category £, the diagram
Fun(V°P, &) I Fun(x°®, &)
| I
Fun(B, &) —~— Fun(By, &)
1s vertically right adjointable.

Proof. The existence of the right adjoints to 73 and 7§ follows from Lemma 3.3. In order to
check that the Beck-Chevalley transformation

ffomgs — mpuo0q”

is an equivalence, it is enough to fix F € Fun(B,€) and x € X°P. Then Lemma 3.3 identifies
[ (8. (F))(x) and 7y . (q" (F))(x) with

lim F .
sl lB(f(2))

The conclusion follows. O

Notation 3.16. Assume that X and ) are presentable and that f: X — ) commutes with
colimits. For any presentable co-category & set fe = fRide: X ®E = Y R E. We let ge denote
the right adjoint to f¢.

Corollary 3.17. Fiz a presentable co-category &.
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(1) Assume that X and Y are small. Then the diagrams

Fun(B(1y),& Fun(X°P,€) S | B Fun(Y°P,€)
\PX Bo f and
/ \ oo™ %6 ‘
Fun(Y°?, ) - r Fun(X°P, &) Fun(B(1y),&

are canonically commutative.

(2) Assume that X and ) are presentable and that B and f commute with colimits. Then the
diagrams

Fun(B(1 e

‘I’XBof ‘I’yB

V®E X®E& Fun(B(1y),&

®E

are canonically commutative.

Proof. Tt is enough to prove the commutativity of the left triangle of (1). Breaking \I’?B into its
components, we have to show that the squares of the following diagram commute:

Fun(B(1y), £) —2 Fun(B,€) — =" Fun()°P, £)

Ik r
Fun(B(1y),&) — Fun(By, &) — Fun(X°P,€) .

For the left square, this just follows obviously from the definition of the functors. For the right
square, this is a consequence of Lemma 3.15. O

Example 3.18. Let (X, P) be a conically stratified topological space.

(1) Take X := Open(X), Y := PSh(X) and take f to be the Yoneda embedding. We take
A :=TIZ | the exit paths co-functor and we take B to be the left Kan extension of A along
f. Then

f*: Fun®(PSh(X)°P, ) — Fun(Open(X)°P, &)
is an equivalence as a consequence of [HTT, Theorem 5.1.5.6]. Thus Lemma 3.10 (1) and
Corollary 3.17 yield a natural equivalence

\II%P_\IJpshS.

Corollary 3.17 also identifies @I;(S}};g with the left Kan extension of fI>§(, p along the Yoneda
embedding.

(2) Take X = PSh(X), Y := Sh™P(X) and take f := (—=)™P to be the hypersheafification
functor. In this case, Corollary 3.17 yields natural equivalences

psh,& hyp,& psh,& hyp,€ hyp
Uxp =¥xp and @ pT = OB o (=)

In particular, we see that for every F € PSh(X; &), the functor <I>§(’P takes the natural
transformation F' — F™P to an equivalence.

Construction 3.19. Associated to the top right square in the diagram (3.14) there is, for every
presentable oo-category £, a Beck-Chevalley transformation

BC: A\p1op™ — 70Xy,
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which induces the following transformation

BC
¢A,B,f,'y: ‘I)i),B ] fg ~ (bfY,Bof ~ /\f,l 07'(';; ~ /\f,lp*ﬂ'z — ’y{ o )\A,! o 71'2 ~ ’yI o q)i',A

In turn, associated to ¢ap,f, there is a natural exchange transformation

YaB.fai e o \IJS:‘A — \Iff;’Bq)?Bfg\I/f(’ e T \I’y 871 P A‘I’X A =% \I’y BO1
where 7y denotes the unit of the adjunction <I>§,,B = ‘I’y,B and £y denotes the counit of the
adjunction <I>i,7A = ‘l’f\a,A- In the rest of the paper we will often write ¢ and 1) instead of ¢a B, s~
and 1 g, 1., respectively.

Remark 3.20.

(1) The triangular identities imply that the exchange transformation associated to ¥a . f, 1 is
once again ¢a g, r~. In particular, if one knows that both <I> g 23 v, and <I> A \I/X A
are equivalences, then ¢a g, 7~ is an equivalence if and only if ¢A,B, #, is one. Furthermore,
triangular identities also imply that the square

is canonically commutative.

(2) Suppose that the natural transformation vy is an equivalence, so that it renders the

square
£

\IIX A
Fun(A(1x),&) —> X ®¢&
J’Y; st
L
Fun(B(1y),£) — Y€
commutative. Then this square is horizontally right adjointable if and only if the natural
transformation ¢; is an equivalence as well. Thus, if both ¢¢ and 1y are equivalences, it
follows formally that fg takes the unit of the adjunction <I>§(7 A \I/i A to the unit of the
adjunction <I)§,7B n \If§,7B. Similarly, v; takes the counit of the adjunction @f()A - \11‘557A to
the counit of the adjunction ‘I)é,s — \I/?B.
Corollary 3.21. Assume that X and ) are presentable, that B commutes with colimits, that
f: X =Y has aleft adjoint h: Y — X and that the induced transformation
BLBofohl Aoh

s an equivalence, where 1 is the unit of the adjunction h 4 f. Then the natural transformation

VAB.fo feo Uha — U5 p07
18 an equivalence.
Proof. Indeed, since f has a left adjoint h, the same goes for fe¢ and moreover under the
equivalences X ® £ ~ Fun®(X°P, £) and Y ® € ~ Fun™()°P, £), the functor fg corresponds to h*.
Unwinding the definitions and using Lemma 3.3, we see that for every F' € Fun(A(1x),&) and
every y € Y°P, the map ¥a g r(F) at y is given by

lim F lim (F
A lahy)) — l(m)( ou)lg(y) -

Thus, the conclusion follows from the fact that the functor B(y) — A(h(y)) is an equivalence. O



18 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

Example 3.22.

(1) Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces. Take X := Sh™P(X)
and Y := Sh™P(Y) and f*P: Sh"™P(X) — Sh™P(Y) the induced geometric morphism.
We let A and B be the exit paths functors

I~ : Sh™P(X) — Cato,  and T2 : Sh™P(Y) — Cato,,
respectively. The functoriality of the exit path construction yields a natural transformation
v: Bo f*wP 5 A In this setup, we denote by
GPP @F o P I () 0 ®%  and PP NP o WS — W o I ()"

the natural transformations of Construction 3.19. Taking X = PSh(X) and Y = PSh(Y)
or X = Open(X) and Y = Open(Y') we obtain obvious variants of this construction, that
we denote respectively by ¢?Sh7 w?Sh, ¢r and ¥y.

(2) In the setting of the previous point, assume furthermore that the underlying morphism of
topological spaces f: Y — X is an open immersion. Then f*"P: Sh™P(X) — Sh™P(Y")
admits a fully faithful left adjoint, denoted f,hyp. Furthermore, if U is an open subset of

Y, seen as an object in Sh™P(Y’), then flhyp(U) € Sh™P(X) represents again U, seen as
an open in X. It follows that the assumptions of Corollary 3.21 are satisfied and therefore
that w}lyp is an equivalence in this case.

3.5. A glimpse of higher-functoriality. The natural transformations ¢, and v of Construc-
tion 3.19 enjoy themselves a form of higher functoriality. We fix two composable morphisms
f: X = Yand h: Y — Z in Caty,. We further fix three functors

A: X — Catyo, B: Y — Caty, C: Z — Caty ,
together with natural transformations
~v:Bof— A and 0:Coh—B.

As in the previous section, we assume that X, ), Z are either small with a final objects or
presentable. As for f and h, we assume that they preserve final objects and, if both their source
and target are presentable, that they commute with colimits.

Fix a presentable oco-category £. In this situation, Construction 3.19 provides three natural
transformations

Gn: @5 cohe — 05055, ¢ g0 fr — 0 PG A

as well as
Gnp: @5 cohgo fe —> 0jorfo®5a
We have:

Proposition 3.23. The triangle

% coheo fe onele, §io @5, 5o fe
3.24 l
( ) bt P

CHERERE S9N

18 canonically commutative.



TOPOLOGICAL EXODROMY WITH COEFFICIENTS 19

Proof. Consider the following diagram

A

C ™
| [, v/~

ZoP h Jop f xopP

Using Corollary 3.17 twice, we find canonical equivalences
o (Dé,cohgofg:)\hﬁgon;f, B: ¢’§,730f52/\f7;o7r;§ .

Write o7 for the square whose edges are (As,d1,Ans,s) and oo for the square with edges
(Aas 71, A, u). We also let 012 denote the rectangle obtained juxtaposing o1 and oy. Write

BC(O‘l): )\hﬁg 0s* — 5{ o )\f}[

for the Beck-Chevalley transformation associated to the square o1, and define similarly BC(o3)
and BC(012). Unwinding Construction 3.19 and under the equivalences « and 3 above, we are
called to prove that the diagram

BC
)\hf’g 9 7T;;f le )\f’! o 7T3kc

BC(m JBC(W“)

AA,L O TA

is canonically commutative. Since o1 is the composite square of o1 and o9, this follows from the
well-known componibility property of Beck-Chevalley transformations. (]

Remark 3.25. The above proposition is just a shadow of the actual functorial dependence of @iy A
on the pair (X, A). To make this construction into an actual functor requires, as clearly shown by
the above proof, to use the (o0, 2)-functoriality property of the Beck-Chevalley transformation.
Since this is not needed for the current paper, we leave the details for the interested reader.

Corollary 3.26. In the same setting of Proposition 3.23, the triangle

hgowf %
he o fe o \IJ(EY,A — hgo \IJ§J,B °7
on th

E * *
‘I/z,c 00y ©Yq

18 canonically commutative.
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Proof. We consider the case where X', ) and Z are presentable, as every other case is dealt with
similarly. We start with the following diagram:

Xot—T Lyge M Lzge

[#5.4 55 [#£.c

Fun(A(1x), &) —2— Fun(B(1y), &) — Fun(C(12),€)

It is made 2-commutative by the transformations ¢, ¢5,. Proposition 3.23 identifies their composite

(bf o (gf)h o] fg) with ¢hf- Since 1/)f = BC(¢f), 1/)h = BC((ZS}J and 1/th = BC(¢hf), the conclusion
follows directly from the componibility property of the Beck-Chevalley transformations. O

3.6. Monodromy, revisited. Let us explain how to recover the monodromy equivalence as a
particular instance of Corollary 3.11. Let X be a topological space and let £ be a presentable
oo-category. From [HPT, Construction 2.1], we have a functor

I, : Sh™?(X;&) — £ .

When £ = S is the oco-category of spaces, this functor — denoted simply by I, — is the left Kan
extension of the homotopy type functor, sending an open U € Open(X) to its homotopy type
o (U). For a general £, we have a canonical identification I1£, ~ I, ® ide. As observed in loc.
cit., I, has a right adjoint

I: £ — Sh"™P(X;¢) .
Assume now that X is locally weakly contractible. Then, [HPT, Proposition 2.5] implies that

&° is canonically identified with the constant hypersheaf functor I‘}hyp.
If £ =S, the functor II,, can be canonically lifted to a functor

M. : Shhyp(X) — S/mo(x) s
which in turn admits a right adjoint I1°° sending f: K — I, (X) to the hypersheaf defined by
(3.27) I (K)(U) = Map,p1__ (x) (1o (U), K) .
Put ﬁio .= Iloc ®ide and denote by ﬁ?:o the right adjoint of ﬁio

Lemma 3.28. Let X be a weakly contractible and locally weakly contractible topological space.
Let £ be a presentable co-category. Then, IIg° factors through the full subcategory LChyp(X; £).

Proof. Since X is weakly contractible, IIo,(X) ~ %, and therefore Il identifies with IT.. By
tensoring with £, we deduce that ﬁ‘go identifies with I1€_. Hence, ﬁgo identifies with IIZ°. Since
X is locally weakly contractible, [HPT, Proposition 2.5] supplies a canonical identification of II°
with TP & — Sh™P(X;€). The conclusion follows. 0
Lemma 3.29. Let X be a locally weakly contractible topological space and let £ be a presentable
co-category. Then <I>})1(yp’€ and ﬁfo are canonically equivalent as functors from Sh™P(X: ) to

Fun(Ile (X), E). In particular, Y™ and I are canonically equivalent.

Proof. 1t is enough to show that @I;(yp < and ﬁgo are canonically equivalent. From Lemma 3.8,
we have q)l;(yp’g ~ <I>})‘(yp ®idg. Since I1¢, = I, ® idg, we are left to show that q)})l(yp and Il are
canonically equivalent. To do this, it is enough to show that \I/})’(yp and II°° are canonically equiva-
lent. Under the straightening equivalence S/ (x) ~ Fun(Ilo(X),S), the formula Eq. (3.27) for

I1°° identifies canonically with the formula Eq. (3.7) for \If})}yp. Thus \Ifk)l(yp and II°° are canonically
equivalent. O
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Corollary 3.30. Let X be a locally weakly contractible topological space. Then for every
presentable co-category & the functor \Il})lgp’gt Fun(Ilo (X), £) — Sh™P(X; &) factors through the
full subcategory LChyp(X; £).

Proof. Let F: 1o(X) — & be a functor. Since X is locally weakly contractible, it is enough
to prove that for every weakly contractible open subset U of X the restriction \I/h)gp’g (F)|y is
locally hyperconstant. Using Corollary 3.21 in the form of Example 3.22-(2), we find a canonical
equivalence

£ E
VPE(F) |y = P (Flu, w))-

Hence, we are left to suppose that X is weakly contractible and locally weakly contractible. In
that case, Corollary 3.30 follows from the combination of Lemma 3.29 and Lemma 3.28. O

In particular, Corollary 3.30 implies that the adjunction @l;g'p’g n \I/};(yp’g restricts to an
adjunction

(3.31) PP LCYP(X;€) S Fun(Ioo(X), £): WRP .
At this point, we have:

Corollary 3.32. Let X be a locally weakly contractible topological space. Let £ be a presentable
oo-category. Then the adjunction (3.31) is an equivalence.

Proof. Combine Lemma 3.29 with the monodromy equivalence [HPT, Corollary 3.9]. O

4. EXODROMY ADJUNCTION FOR CONSTRUCTIBLE HYPERSHEAVES

Fix a conically stratified space (X, P). We specialize the discussion of Section 3 to the context
of Example 3.1-(2). In other words, we take X := Sh™P(X) and consider the functor

12 : Sh™P(X) — Caty,

left Kan extended from the functor sending an open U of X to the oco-category of exit paths
2 (U, P|y). Van Kampen’s theorem for exit paths (see [HA, Theorem A.7.1]) shows that 112 is
a colimit preserving functor. Thus, Corollary 3.11 provides for every presentable oco-category £
an adjunction

@};(y’%s: Sh™P(X; €) < Fun(Il2 (X, P), E): \1/1;({%5 7

which we refer to as the exodromy adjunction. When the stratification on X is trivial, Corollaries
3.30 and 3.32 show that this adjunction restricts to an equivalence between Fun(II% (X, P), )
and the oo-category of locally hyperconstant hypersheaves on X. Our goal in this section is to
show that the functor \Il})?'ﬁ,’g factors through the full subcategory Consl;,yp(X ; £) of constructible
hypersheaves on X, and therefore that the exodromy adjunction restricts to an adjunction

PR ConsPP(X;€) S Fun(Il (X, P),€): WYHE .

Since the case of trivial stratification is already known, the main point is to show that the functor

\Illgg)ﬂ’;g is compatible with the restriction to strata.

Throughout this section, we fix a presentable co-category £. To lighten the notation, we will
suppress the £ superscript in the exodromy adjunction.
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4.1. Criteria for w;‘yp to be an equivalence. Let f: (Y,Q) — (X, P) be a morphism of
conically stratified spaces. Construction 3.19 associated to f a natural transformation

h *,h ) h *
PP fOP o W — WP o T (f)*

Our goal is to prove that w}lyp is an equivalence when f is the inclusion of a single stratum. For

this, we start laying out general locality properties of 1/);1”’.

Notation 4.1. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces. For every
open U C X welet Yy := U xx Y and we denote by fi: (Yu, Q) — (U, P) the induced morphism.

The formation of the hypersheaf associated to a functor from the Exit Paths is local. This is
justified by the following

Lemma 4.2. Let (X, P) be a conically stratified space. Let j : U — X be the inclusion of an
open subset of X. Then, the natural transformation

hyp, .xh hyp hyp DN
Y7 P o W — Wi p o 11 ()

18 an equivalence.

Proof. Since j : U — X is the inclusion of an open subset of X, the functor ;P : Shhyp(X; &) —
Sh™P(U; €) is computed as the presheaf pullback j7!. On the other hand, j~! admits a fully-
faithul left adjoint j,. Hence, jély P .= hyp o is left adjoint to j*™P. Since the hypersheafification
commutes with j~!, the unit transformation id — j*™Po j;“ VP is an equivalence. Then, Lemma 4.2
follows from Corollary 3.21. O
Lemma 4.3. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces. Leti:U — X
be the inclusion of an open subset of X. Let j : f~Y(U) — Y be the induced inclusion. Then,
for every F € Fun(I1%, (X, P), &), the transformation j*’hyp(d)?yp(F)) is canonically equivalent to
h Nk

Gl (I (1) (F)).

Proof. Apply Corollary 3.26 and Lemma 4.2 twice. O
Corollary 4.4. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces. Let B be a
basis for the topology of X. Assume that for every U € B, the transformation

h #,h h h *
S A W — W o ()

yp

. . h . .
18 an equivalence. Then, z/Jf 18 an equivalence.

Proof. Fix F € Fun(Il% (X, P),£). We have to show that w?yp(F) is an equivalence of hy-
persheaves on Y. This statement is local on Y. In particular, for U € B, if i : U — X and
j: f7YU) = Y are the inclusions, it is enough to show that j*7hyp(w}lyp(F)) is an equivalence.
Then, Corollary 4.4 follows from Lemma 4.3. O

Lemma 4.5. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces. Then, w?yp is
canonically equivalent to hyp(i/)?Sh).
Proof. Apply Corollary 3.26 and Example 3.18-(2) twice. O

Corollary 4.6. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces. Fix
F € Fun(T1Z (X, P), ). Assume that the collection B = B(f, F) of open subsets V. CY for which
the transformation

YRR (V) s R (F)) (V) — W (I () (F)) (V)

s an equivalence is a basis for the topology of Y. Then, w?yp (F) is an equivalence.
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Proof. Let j: B < Open(Y) be the canonical inclusion. Consider the commutative square

PRt (p)) — e (1 () ()

(4.7) l J

P : G dTHPNE) .

Ged TR (F) L 5T e (I () ()
From Example 3.18, the presheaf \Il;;;g (ITZ (f)* (F)) is a hypersheaf on Y. From [HPT, Proposition
1.13], the adjunction =1 H j, induces an equivalence between Shhyp(Y; £) and the full subcategory
Sh™P(B; €) of PSh(B; ) spanned by the functors F : B? — £ such that j,(F) is a hypersheaf
on Y. Hence, the right vertical arrow of Eq. (4.7) is an equivalence. Since j ’lw?Sh(F ) is an
equivalence by assumption, the bottom arrow is an equivalence as well. Thus, 7,j ' f~! (\I/I));}}D(F ))
is a hypersheaf on Y. Then, [HPT, Remark 1.14] implies that the left vertical arrow exhibits its
target as the hypersheafification of its source. Hence,

Jed TR (F) = hyp(@F (F)) = PP (F)
where the last equivalence follows from Lemma 4.5. Corollary 4.6 thus follows. O
Corollary 4.8. Let f: Y — X be a morphism between locally weakly contractible topological
spaces. Then for every presentable co-category £, both transformations
YR P o WP WRP 0TI (f)* and PP BP0 fUIP 5 T (f)" 0 BRP
are equivalences once restricted to locally hyperconstant hypersheaves.
Proof. Combining Remark 3.20-(1) and Corollary 3.32 we see that it is enough to show that ¢

is an equivalence. Using Corollary 4.4, we can reduce ourselves to the case where X is weakly
contractible, so that the conclusion follows from Lemma 3.29 and [HPT, Proposition 2.5]. O

4.2. Restriction to strata for W.

Proposition 4.9. Let (X, P) be a conically stratified space. Let a € P and let i,: X, — X be
the inclusion of the associated stratum. Then the natural transformation

hyp . ;*hyp hyp hyp S\
’l/]a tlg ° \I/X,P \IIXQ ° Hoo(za)
s an equivalence.

Proof. Let B be the poset of open subsets U of X, such that the set B°(U) of open neigh-
bourhoods V' of U in X where 115 (U, {a}) — OZ (V, P) is final is a fundamental system of
open neighbourhoods of U in X. From Proposition 2.20, the set B is a basis of X,. Fix
F € Fun(II% (X, P),&). From Corollary 4.6, we are left to show that for every U € B, the
morphism

PN F)U): i (OB () (U) = OR oy (T (1) (F)) (U)
is an equivalence. On the one hand

. sh . h . .
i 1(\IJ‘§(’P(F))(U) ~ Vcohm \IIE’(S’P(F)(V) ~ Vecglg‘r(lU) th(r‘r/lp) Fluas (v,py -

Since for every V € B*¢(U), the functor I1% (U, {a}) — IZ (V, P) is final, we deduce

—1 psh ~ . . -~ .
io (Vi p(F)(U) ~ Vecglgf(lw Hgol(lUffl{a}) Flnz v.{ay) = Hgol(lUI%a}) Flnz v.4a)) -

On the other hand,

h; 3 o/eo\x ~ .
WP (IIZ, (ia) " (F)) (U) ~ Hgol(%f}{a})ﬂng(u,{a}) :
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This concludes the proof of Proposition 4.9. (]

Corollary 4.10. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Then the functor \I'I)’(yf])g: Fun(I1Z (X, P),£) — Sh™P(X; &) factors through the full subcategory
Cons'¥P(X;€).

Proof. This is an immediate consequence of Proposition 4.9 and Corollary 3.30. (]

5. THE EXODROMY EQUIVALENCE

5.1. A criterion for ¢; to be an equivalence. Let f: (Y,Q) — (X, P) be a morphism of
conically stratified spaces and let £ be a presentable oco-category. As usual £ will be fixed
throughout this section, and we therefore suppress it from the notations. Our first goal is to
provide a general method to establish when the natural transformation

hyp ¢Ilyp f* hy ) HE f * 0 q)hyp
f : Y)Q ’ OO( ) X,P
iS an equi\/alence.

Lemma 5.1. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces. Then the
following statements hold;

(1) the transformations ¢?Sh and gf)}fly P o hyp are canonically equivalent.

(2) for every diagram F : I — PSh(X; &) with I a small co-category, the canonical morphism
psh (o lim i (F - :
¢y (colim j(Fy)) — colim ¢4 (Fy)

is an equivalence, where j : PSh(X; &) — Fun(PSh(X; £)°P; ) is the Yoneda embedding.

Proof. For the first point, apply Example 3.18-(2) and Proposition 3.23 twice. For the second
point, we have

psh . . ] ~ . pshy/ . ) ~ . ]
¢y (colim j(£7)) = colim ¢ (j(£7)) = colim ¢ ()

where the first equivalence follows from the fact that qb?Sh is built out of left adjoint functors and

where the second equivalence follows from the observation that @g’;}}g identifies with the left Kan
extension of ® x p along the Yoneda embedding. O

Corollary 5.2. If ¢¢ is an equivalence, the same goes for (b?Sh and ¢>?yp.

Proof. The first statement comes from Lemma 5.1-(2) and the fact that every presheaf is a small
colimit of representable objects. The second statements then follows from the observation from
Lemma 5.1-(1). O

The advantage of ¢ is that it can be explicitly computed in terms of open subsets of Y, rather
than having to deal with all hypersheaves on Y. To fully exploit this, let us specialize the main
construction of Section 3.4 to the current setting.

Notation 5.3. For a conically stratified space (X, P), let
mx: Ex — Open(X)°P

be the cartesian fibration classifying the exit paths co-functor II% : Open(X) — Cato,. We let
Ax: Ex — IIZ (X, P)
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be the canonical localization functor. Given a morphism f: (Y, Q) — (X, P) of conically stratified
spaces, we consider the following diagram:

n2(v.Q) — = (x.p)
2N
(5-4) Ey d E; — 2 Ex
J”Y lﬂf %
Open(Y)°P i Open(X)°P

With these notations, Example 3.18-(1) shows that \Ilg’(s’};p ~ Tx « 0 A%. In turn, we obtain:

Corollary 5.5.
psh

(1) There is a canonical identification % p ~ Ax, 0Ty .
(2) The Beck-Chevalley transformation
(ST omy. — mraoq

is an equivalence.

(8) If the Beck-Chevalley transformation

Appopt — I (f)" o Axy

. . . h
is an equivalence, then so is ¢ .

Proof. Point (1) follows from the identification \111;(5}}) ~ x4 0 A% passing to left adjoints. Point

2) is just a reformulation of Lemma 3.15 in this specific situation. As for point (3), observe that
J

by construction ¢y is the composition

*

Aypomy o (fT i Appomf = Apop onk — I (f) o Ax ok .

Therefore, if the Beck-Chevalley transformation of the statement is an equivalence, the same goes

for ¢¢. Thus, the conclusion follows from Corollary 5.2. (]

5.2. Restriction to a closed union of strata for ®. Assume that f: (Y,Q) — (X, P) is the
inclusion of a closed union of strata. The following lemma is a straightforward consequence of
Quillen’s theorem A and its proof is left to the reader:

Lemma 5.6. Let
Co——¢C
b
Dy — > D
be a pullback square in Caty,. Assume that:
(1) the functors i and j are fully faithful;
(2) ford € D, dy € Dy, if Mapp(d, j(do)) # 0, then d belongs to the essential image of j.

Then, for any € presentable co-category the Beck-Chevalley transformation gy oi* — 5% o fy is an
equivalence.
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Corollary 5.7. Let (X, P) be a conically stratified space. Let S C P be a closed downwards
subset and let f: Xg — X be the inclusion of the corresponding closed union of strata. The upper
right square of the diagram (5.4)

B — ' By

L
I (Xs,S) —— 112 (X, P)
induces the Beck-Chevalley transformation
BrApop® — fFoAxy,
which is an equivalence.
Proof. We check that the conditions of Lemma 5.6 are satisfied. First of all we observe that for
every open subset U of X, one has U N Xg ~ Ug, where we consider U equipped with the induced
stratification P|y. From Lemma 2.6, the functor
fu: Exit(Us, S|v) — Exit(U, Ply)

is fully faithful. It follows that both f and p are fully faithful functors. That the above square is
a pullback is then obvious. Finally, the condition (3) from Lemma 5.6 holds since S C P is closed
downwards. 0

Combining Corollaries 5.5-(3) and 5.7 we immediately obtain the following:

Corollary 5.8. Let (X, P) be a conically stratified space. Let S C P be a closed downwards
subset and let f: Xg — X be the inclusion of the corresponding closed union of strata. Then the
natural transformation
h I h
S DT o I TS () 0 T,
18 an equivalence.

5.3. Restriction to an open union of strata for ®. Dealing with the inclusion of an open
union of strata is more complicated. We start collecting some general oo-categorical facts:

Definition 5.9. We say that a functor f: C — D is weakly cofiltered if for every object d € D
the oco-category Cq, = C Xp Dy is cofiltered.

Remark 5.10. If f: C — D is cofiltered in the sense of Definition 3.4 it is also weakly cofiltered:
indeed, Lemma 3.5 shows that for every d € D the induced map C4; — Dy, is cofiltered and,
on the other hand, Dy, is obviously cofiltered since it has an initial object. On the other hand,
Quillen’s theorem A implies that if f: C — D is weakly cofiltered, then it is also colimit-final.

Lemma 5.11. Let X be an oco-category. Let A,B: X — Caty, be functors and let
ma: A — XP mg: B — X

be the associated cartesian fibrations. Let f: A — B be a natural transformation. If for every
x € X the functor f.: A(x) — B(x) is weakly cofiltered, then the induced functor A — B is
colimit-final.

Proof. Let b € B be an object. In virtue of Quillen’s theorem A, we have to prove that the
oo-category

Ay /= A xp B, /
is weakly contractible. We claim that it is cofiltered. Set z := 7g(b), so that we can review b as
an element in B, ~ B(x). Write A(x);,, = A(z) xg(s) B(2)p, and let

YE A(x)b/ — .Ab/
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be the natural functor. Let now F': I — A, be a finite diagram. Composing F' with the canonical
projection Ay, — &,, and using the fact that both ma and mg are cartesian fibrations, we deduce
the existence of a functor

F': T — A(z)y) = A(z) Xg(a) B(z)s)

together with a natural transformation v: joF' — F. By assumption the functor f,: A(z) — B(z)
is weakly cofiltered, and therefore A(z);, is cofiltered. It follows that F’ admits an extension

FI19 — A(z),,. At this point, the natural transformation ~ allows us to prolong F’ into an
extension F': IY — A, ; of F'. The conclusion follows. (I

Let (X, P) be a conically stratified space. Fix an object = € II%, (X, P). Define II% (X, P)7, as

the full subcategory of I1% (X, P) /o spanned by its final objects. For every functor C — Iz (X, P)
we set

Cro=Cxuz (x,p) ILL(X, P)jp and  C7, = C xqz (x.p) 5 (X, P)7,, -
The following lemma contains the key geometrical argument of this section:
Lemma 5.12. The functor (Ex)7, — (Ex)/. is cofinal.
Proof. We apply Lemma 5.11 taking X = Open(X), and A and B to be the functors given by
A(U) =11, (U,P)7, and B(U):=IIL(U,P)/, .

By construction, the cartesian fibration classified by B is given by the natural projection (Ex )/, —
Open(X)°P, and similarly the cartesian fibration classified by A is given by (Ex)7, — Open(X)°P.
Thus, Lemma 5.11 shows that it is enough to show that for every open U of X, the functor

is weakly cofiltered. Let v € II% (U, P) , and write II%, (U, P)., . := (1% (U, P) /;,),/- We show
that the co-category

I2,(U, P)5 ), =1L (U, P)7, xuz w.p),. Ton (U, Py ja

is cofiltered. Let therefore I be a finite category and consider the lifting problem

I — - 1 (U, P)),

In

Since 1% (U, P)i//w is fully faithful inside 12 (U, P), jz, we can rewrite the above lifting problem
as

I —2> 15 (U,P), ).

) A
J Lo
-7 g

I<1
Ja
and where g is required to send the vertex vy of I to a morphism v — § in 1% (U, P), with

where g sends an object i € I to a morphism v — &; in II3, (U, P), with &; € IIZ, (U, P)
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§ € 12 (U, P)/:z This is equivalent to a lifting problem

(I)"

where ¢’ sends the vertex v; of the exterior cone (I<)< to v and the other objects in I1Z (U, P)7.,

and where g’ is required to send vg in II1Z (U, P)/:a: Unraveling the definitions and denoting by vy

the final object of ((I9)<)>, we can further reduce this lifting problem to the following one

(19> —t— 12 (X, P)

(=)~ ;
where we ask for h to represent a continuous morphism
he [(19)9)7 ] — X,
with the following properties:
(1) the morphism h takes the segment [v1,v2] to the exit path v underlying .
(2) the morphism h takes the complement of v; to the same stratum of x;

(3) the morphism h takes the double cone (I<)< inside the open U.
Observe that there is a canonical equivalence
(INNH> =~ (AT x ) x A” ~ At 5 (I % A%) ~ (I7)) 7,
where x denotes the join operation. Set J :== I™. By definition of I1Z (X, P), we can represent h
by an explicit continuous morphism
h: [J9] — X,

with the property that it takes the segment [vy, v2] to 7, that the complement of vy is sent in the
same stratum as x, and that the cone over I with vertex v; is sent in U. Since h is continuous, the

preimage of U is an open of |J<| containing the cone over I with vertex vy. Then, the inclusion
of the exterior cone

e B P R (AD N

admits a retraction r sending vy inside [v1,v2] close enough to v; and satisfying the following
extra properties:

(i) r sends |(I9)9| inside h=1(U);

(ii) the vertex vy is the unique point s € [(J<)<| such that r(s) = v1.
Define

h:=hor

It is then straightforward to verify that h satisfies the conditions (1),(2) and (3) listed above. [J

Corollary 5.13. Let (X, P) be a conically stratified space. Let S C P be a closed upwards subset
and let f: Xg — X be the inclusion of the corresponding open union of strata. The upper right
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square of the diagram (5.4)

B — By

(5.14) [ JAX
1 (Xs,S) —— 112 (X, P)
induces the Beck-Chevalley transformation
B:Apop" — fFoAx
which is an equivalence.

Proof. As in the proof of Corollary 5.7, f and p are fully faithful and the above square is a
pullback. Let now x € 1% (Xg, S) be an object. Committing a slight abuse of notation, we still
denote by z its image in I1% (X, P) via the functor f. Put

(Ef)/e =Ef xm2 (xq,5 15(Xs,5)/a

and consider the commutative diagram

(Ef)jfe — (Ex)/a

J J

1% (Xs,8) /e —— N5 (X, P)/a.

Unraveling the definitions, we reduce ourselves to check that (Ef),, — (Ex),, is cofinal.
Observe that since p is fully faithful, the same goes for this map. By definition, (Ey), is the
full subcategory of triples (U, y,v) in (Ex)/, such that y lies in Xg. Using the same notations of
Lemma 5.12, we find the following commutative diagram of co-categories over IT% (X, P) /,

(Ep)7 — (Ex)7

J J

(Ef)je — (Ex)/a-

Since the vertical functors and the bottom horizontal one are fully faithful, the same goes for
the top horizontal one. Furthermore, if (U,y,v) € (EX)/:w then v: y — z is an equivalence in

II1Z (X, P). Since  belongs to X, the same goes for y. In other words, (U, y,v) belongs to (Ef)/:"c
This shows that the top horizontal arrow is also essentially surjective, hence an equivalence. As a
consequence, to prove that the bottom horizontal functor is cofinal it is enough to prove that
both vertical functors are cofinal.

We now show that it is enough to prove that the right vertical functor is cofinal. By Quillen’s
Theorem A and the above discussion, it is enough to show that for y = (U,y,7) € (Ey) /s, the
fully faithful functor ((Ef),.)y; — ((Ex)/z)y, is an equivalence. Let z := (V,2,0) € (Ex)/, and
let y — z be a morphism in (Ex)/,. Observe that this morphism produces an exit path y — z.
Since S is closed upwards, this implies that z lies in Xg. Thus, we have z € (Ey)/,. Hence, the
fully faithful functor ((Ef)/z)y, — ((Ex)/z)y, is an equivalence and the sought-after reduction is
complete. We then conclude the proof of Corollary 5.13 using Lemma 5.12. ]

Combining Corollaries 5.5-(3) and 5.13 we immediately obtain the following:
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Corollary 5.15. Let (X, P) be a conically stratified space. Let S C P be a closed upwards subset
and let f: Xg — X be the inclusion of the corresponding open union of strata. Then the natural
transformation
h h * h
¢ PRTsof WP ()" o X
s an equivalence.

Corollary 5.16. Let (X, P) be a conically stratified space. Let a € P and let i,: X, — X be the
inclusion of the corresponding stratum. Then the natural transformation

hyp. &hyp . :*hyp Yo \* hyp
¢a : q)Xa Olg 1_[oo (Za) ° QX,P
18 an equivalence.

Proof. It follows by first applying first Corollary 5.15 to (X, P) and the subset P5, C P and
subsequently Corollary 5.8 to (Xsq, P>,) and the subset {a} C P>,. O

5.4. The equivalence. We are now ready for the main theorem:

Theorem 5.17. Let (X, P) be a conically stratified space and let £ be a presentable co-category.
Assume that:

(1) for every a € P, the associated stratum X, is locally weakly contractible;
(2) the hyper-restrictions
{iz™P: SHYP(X; ) — Sh™P(X,;E)}

are jointly conservative.

acP

Then the exodromy adjunction
O, ConspP(X;€) S Fun(Il (X, P), £): UiP,
18 an equivalence.
Proof. We have to prove that for every functor F': IIZ (X, P) — £ and every hyperconstructible
hypersheaf G € Cons};yp(X ; &), the unit and counit
h h h h
ng: G — VRL(YH(G)) and ep: OFL(UYL(F)) — F
are equivalences. By assumption, it is enough to check that for every a € P, the (hyper-)restrictions
i*MP(ng) and T1% (i4)* (e F) are equivalences. Consider the following square:
hyp

Sh™P(X;E) —5 Fun (IL(X, P),€)

it lni,m)*
hyp

Sh™P(X,; &) — Fun (Moo (Xa), €)

Corollary 5.16 shows that the natural transformation ¢2¥P makes this into a commutative diagram.
Moreover, combining Remark 3.20-(2) and Proposition 4.9 we deduce that it is horizontally right
adjointable. Therefore we obtain canonical identifications

i;,hyp(nG) ~ niZ’,hyp(G) and Hgo(ia)*(EF) ~ EHEO(ia)*(F) ,

where the latter are the unit and the counit of the adjunction @?g’ap n \I/l;g'ap. Observe now that

since G is hyperconstructible, i*""P(@) is locally constant. Thus the conclusion follows directly
from Corollary 3.32. O

Remark 5.18. The joint conservativity of the hyper-restrictions to strata is satisfied in the
following two cases of interest:
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(1) the category & is compactly generated. See [HPT, Corollary 5.16].

(2) the poset P is noetherian and the category £ is stable and presentable. See [HPT,
Corollary 5.21].

Let us emphasize some immediate consequences of the above theorem.

Corollary 5.19. Let (X, P) be a conically stratified space and let £ be a presentable co-category.
If the assumptions of Theorem 5.17 are satisfied, then:

(1) the oo-category Cons};;yp(X;E) is presentable;
(2) if € is an oo-topos, then so is Consl;)yp(X;E).

The following corollary generalizes at the same time [HA, Lemma A.9.14] and [HPT, Corollary
3.2]

Corollary 5.20. Let (X, P) be a conically stratified space and let £ be a presentable co-category.
If the assumptions of Theorem 5.17 are satisfied, then the full subcategory Cons};)yp(X;E) —
Sh™P(X: ) is closed under small limits and small colimits.

Proof. For colimits it is enough to observe that if a € P and if i,: X, — X is the inclusion of the
corresponding stratum, then i%™P: Shhyp(X ;) — Shhyp(Xa; £) commutes with colimits. Thus,
we are reduced to show that LC™P(X; £) is closed under colimits in Sh™P(X; £). This was shown in
[HPT, Corollary 3.2]. Concerning limits, it is enough to observe that \I/})lg,%t Fun(T12, (X, P), &) —

Sh P(X; &) is fully faithful and right adjoint to @?5’3. Thus \If})lgfl’; commutes with small limits.

On the other hand Theorem 5.17 shows that the essential image of \I!};ZI;, is Cons™P(X; €), whence
the conclusion. O

Remark 5.21.

(1) Combining Corollaries 5.19 and 5.20 it follows that if the assumptions of Theorem 5.17
are satisfied then the inclusion ¢ : Consp(X;E) < Sh™P(X; ) admits both a left adjoint
L}]‘Jyp and a right adjoint R?Dyp.

(2) The functor \Ilk)lg:% : Fun(IT% (X, P), ) — Sh™P(X; €) factors as 1 o Q};g%. Hence, if the
assumptions of Theorem 5.17 are satisfied, it admits both @?g"l’) and @lj{y_%c(msp(x;g) oL}I’;.yp
as left adjoints. Thus, for every F € Sh"™P(X; &), the unit adjunction F — ¢ o L'YP(F)
induces an equivalence @?I},(F = Q};Z%Lgyp(F ).

Corollary 5.22. Let (X, P) be a conically stratified space and let £ be a presentable co-category.

Under the assumptions of Theorem 5.17, for a hypersheaf F € Sh™P(X; €) the following statements
are equivalent:

(1) F is hyperconstructible on (X, P);

(2) for every open inclusion U C V for which the induced map IZ (U, P) — NZ (V, P) is a
categorical equivalence, the restriction map F(V) — F(U) is an equivalence;

(8) for every conical chart Z x C(Y) of (X, P), F satisfies the following two conditions:
(i) for every open subset W C Z and every 0 < € < ¢’ < 1, the restriction map

F(W x Cu(Y)) — F(W x C-(Y))

is an equivalence;
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(ii) for every inclusion U C'V of weakly contractible open subsets of Z, the restriction
map

F(VxCY)) — FUxC(Y))
is an equivalence.

Proof. The implication (1) = (2) is a direct consequence of Theorem 5.17. For the implication
(2) = (3), it is enough to observe that, on the one hand, the inclusion W x C.(Y) = W x C.(Y)
is a stratified homotopy equivalence (and hence it satisfies the assumption of point (2)); and on
the other hand, for an inclusion U C V of weakly contractible open subsets of Z, the induced
map 115 (U x O(Y)) — OZ (V x C(Y)) is also a categorical equivalence, thanks to Lemma 2.14.
We are therefore left to prove that (3) implies (1). The question is local, so we can replace X by
a conical chart of the form Z x C(Y). Letting i: Z — Z x C(Y) be the natural inclusion, we
only have to check that i*"P(F) is locally hyperconstant. Consider first the presheaf-theoretic
pullback i ~(F). For every open subset W of Z, one has
i Y (F)(W) ~ colim F(W x C.(Y)) .

0<e<1

Our assumption (i) guarantees that the transition maps in the above colimit diagram are
equivalences, and hence that the canonical restriction map

F(W x C(Y)) — i Y(F)(W)

is an equivalence. In particular, it follows that i~1(F) is a hypersheaf, and therefore that it
coincides with i*MP(F),

At this point, in order to prove that i ~*(F) ~ i*"P(F) is locally hyperconstant it is enough,
in virtue of [HPT, Proposition 3.1], to prove that for every inclusion U C V of weakly contractible
open subsets of Z, the restriction map

THE)V) — i (F)(U)
is an equivalence. As we showed above, this amounts to check that the restriction map
F(VxCY)) — FUxC(Y))
is an equivalence. Since this holds by assumption (ii), the conclusion follows. (Il

For later use, let us remark that in the previous proof we established the following fact:

Corollary 5.23. Let Z be a locally weakly contractible topological space and let (Y,Q) be a
stratified space so that (X, P) = (Z x C(Y), Q%) is conically stratified. Let £ be a presentable
oo-category and assume that the assumptions of Theorem 5.17 are satisfied by (X, P) and . Let
Fe Cons};,yp(X;E) and let U be an open subset of Z. Then the canonical map

F(U x C(Y)) — i*YP(F)(U)

is an equivalence, where i denotes the canonical inclusion i: Z — X.

6. CONSEQUENCES

Having proven Theorem 5.17, we now explore some of its consequences. In this section, we
mainly focus on improved functoriality results for the exodromy equivalence and some structural
results for the oo-category of hyperconstructible hypersheaves.
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6.1. Structural results for hyperconstructible hypersheaves. Let (X, P) be a conically
stratified with locally weakly contractible strata. Applying Corollary 5.19, we see that Cons?;yp(X )
is a presentable co-category. In particular, for every £ € Prl, the tensor product Cons};)yp(X )®E
is well defined. Our next task is to compare it with Cons}}yp(X ;).

Since Cons¥P(X) is presentable, it follows that the inclusion Cons”(X) < Sh™P(X) is a
morphism in Pr¥. Therefore, tensoring with £ yields a fully faithful functor

(6.1) Cons™¥P(X) @ £ — Sh™P(X) ® € .

Let a € P and let i,: X, — X be the inclusion of the corresponding stratum. Functoriality of
the tensor product of presentable co-categories immediately implies the commutativity of the
following diagram:

ConsFP(X) @ & —— Sh™P(X)® &
li:’]‘ypé@idf; li{’;’hy"(gidg
LCYP(X,) ® € —— Sh™P(X,)® € .

Recall from [HPT, Observation 3.11] that the equivalence Sh™P(X,) ® £ ~ Sh™P(X,; £) restricts
to an equivalence LC™P(X,) ® £ ~ LC™P(X,;&). Thus it follows that under the equivalence
Sh™P(X) @ & ~ Sh™P(X;¢€), the functor (6.1) factors through Cons®P(X;E), yielding the
following commutative diagram:

Cons¥P(X) @ & —— SW™"P(X)® €

(6.2) J J

Cons™P(X;€) —— ShP(X;€) .
Corollary 6.3. Let (X, P) be a conically stratified space and let £ be a presentable oco-category.
If the assumptions of Theorem 5.17 are satisfied, then the diagram

PWP ®id
Cons™¥P(X) ® € =5 Fun (I (X, P),S) © €

E E
} wne
ConspP(X;€) —"— Fun (I, (X, P),€)
18 canonically commutative. In particular, the left vertical functor is an equivalence.

Proof. The first half is a direct consequence of Lemma 3.8 and the commutativity of the diagram
(6.2). The second half follows from the first one and the 2-out-of-3 property of the equivalences. O

Corollary 6.4. Let (X, P) be a conically stratified space and let £ be a presentable co-category. If
the assumptions of Theorem 5.17 are satisfied, then the co-category Cons}};yp(X; &) is k-presentable.

Proof. Indeed, Fun(I1% (X, P), S) is always compactly generated, and therefore Fun (I, (X, P),S)®
€ is k-presentable by [HA, Lemma 5.3.2.11]. O

Corollary 6.5 (Categorical Kiinneth formula). Let (X, P) and (Y,Q) be conically stratified
spaces with locally weakly contractible strata. Then there is a canonical equivalence

Cons}}ny(X X Y) =~ Cons®¥P(X) ® Consgyp(Y) :
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Proof. This follows from the fact that Fun(—, S) takes products of co-categories to tensor products
of presentable co-categories, and the fact that 112 commutes with finite products of stratified
spaces. U

6.2. Exodromic morphisms. Let f: (Y,Q) — (X, P) be a morphism of conically stratified
spaces. Let £ be a presentable co-category. Although the natural transformations

YEP P o WG, — UPE oTIL(f)" and ¢ @YH o fNP — I (f) 0 DT

are always defined, they are not always equivalences.

Definition 6.6. We say that the morphism f: (Y, Q) — (X, P) is:

e right exodromic if the natural transformation w?yp is an equivalence;

e left exodromic if the natural transformation gb}}yp is an equivalence when evaluated on
hyperconstructible hypersheaves on (X, P);

o strongly left exodromic if the natural transformation (b?yp is an equivalence;
o (strongly) exodromic if it is right and (strongly) left exodromic.
With this terminology and with the help of Theorem 5.17, Remark 3.20-(2) implies:

Lemma 6.7. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces with locally
weakly contractible strata. Let £ be a presentable co-category satisfying the assumptions of
Theorem 5.17. Then f is left exodromic if and only if it is right exodromic.

Proposition 6.8. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces with
locally weakly contractible strata. Let £ be a presentable oo-category satisfying the assumptions of
Theorem 5.17. Then f is left exodromic.

Proof. From Lemma 6.7, it is enough to prove that w?yp is an equivalence. For this, it is enough to
show that for every a € Q, the hyper-restriction i%"P (d)lf]yp) is an equivalence, where i, : Y, = Y

is the inclusion. From Proposition 4.9 and Corollary 3.26, we find for every F : 1% (X, P) — € a
canonical identification

. h h

i PP (F)) = il (F)
Let b € P be the image of a, let i, : X; — X be the inclusion and let g : Y, — X}, be the morphism
morphism induced by f. Then, f oi, =14, o g so that a second application of Proposition 4.9 and

Corollary 3.26 gives a canonical identification
iy NP (PP (F)) = Y (I (i) (F)) -
Thus, the conclusion follows from Corollary 4.8. (]

Remark 6.9. In particular, if f: (Y,Q) — (X, P) is an open immersion, Proposition 6.8 implies
that (bl;yp is an equivalence on hyperconstructible hypersheaves. When f is the inclusion of an
open union of strata of (X, P), Corollaries 3.21 and 5.15 show that more is true: indeed, in this
case [ is strongly exodromic.

Corollary 6.10. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Let € be a presentable co-category satisfying the assumptions of Theorem 5.17. Let x € X be a
point and let F € ConsiyP(X;E). We have:

@?%(F)(x) ~ coéién FU),

where the colimit ranges over the open subsets of X containing x.
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Proof. Review z as a morphism z: * — X. The induced stratification on * is the trivial one, and
in particular it is conical. Thus, Proposition 6.8 implies that x is exodromic, and therefore that
the natural transformation ¢™P is an equivalence. The conclusion follows since the colimit in the
statement is canonically identified with x*™»P(F). O

The next lemma asserts that the failure for the formula from Corollary 6.10 to hold exactly
measures the defect for a hypersheaf to be hyperconstructible.

Corollary 6.11. Let (X, P) be a conically stratified space with locally weakly contractible
strata. Let £ be a presentable oo-category satisfying the assumptions of Theorem 5.17. Let
F € Sh™P(X;E). Then F is hyperconstructible on (X, P) if and only if for every x € X, the
canonical morphism

ORP(F) : D% (F)(x) — colim F(U)

s an equivalence.

Proof. The direct implication follows from Corollary 6.10. Assume now that ¢M¥P(F) is an
equivalence for every x € X. Let L};)y P be the left adjoint to the inclusion Consp(X;E) <
Shhyp(X;é') as obtained in Remark 5.21-(2). To prove Corollary 6.11, it is enough to prove
that the unit transformation £ — L};,yp(F ) is an equivalence. Since both source and target are
hypersheaves it is enough to show that for every x € X, the induced morphism F, — L?Dyp(F )z 18
an equivalence. By assumption, F;. identifies with @};(}"II’D(F )(z). On the other hand, Corollary 6.10
combined with Remark 5.21-(3) gives the following chain of equivalences

LEP(F), ~ ®Y5(LEP(F))(x) ~ O (F)(x)
Corollary 6.11 is thus proved. O

Corollary 6.12. Let (X, P) be a conically stratified space and let (X, Q) be a conical refinement
of P. Assume that the strata of (X, P) and (X,Q) are locally weakly contractible. Then the
natural map

fI5(X, Q) — T (X, P)
is a localization.

Proof. We first reduce to the case where the stratification on X is trivial. Let W be the collection
of f-local equivalences in IIZ (X, Q). Since f is essentially surjective, [C, 7.1.7, 7.1.11] shows that
it is enough to prove that the functor

f*: Fun(I1% (X, P),S) — Fun(I1Z (X, Q),S)

is fully faithful and its essential image consists of W-local objects. Since by definition f = I1Z (idx),

Proposition 6.8 shows that zﬁ?yp makes the diagram

Fun(IT% (X, P),§) —— Fun(Il% (X, Q), 5)

h; h;
[ v
i * hyp
hyp idy hyp
Consp’(X) ————— Consy " (X)

commutative, while Theorem 5.17 shows that the vertical functors are equivalences. Considering
Consgyp(X) and Cons)y®(X) as full subcategories of Sh™P(X), we see that f*™P acts as the
identity and it is therefore fully faithful. Thus, the commutativity of the above diagram implies
that the functor f* is fully faithful as well. Since f takes (by definition) arrows in W to
equivalences, we see that f* factors through the full subcategory of W-local objects. Thus, we are
left to check the essential surjectivity. Let F': II (X, Q) — S be a functor and assume that it is
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W-local. In virtue of Theorem 5.17, it is enough to prove that \Il})'g% (F) belongs to Cons P (X).
Denote by ¢: Q@ — P be the given morphism at the level of posets. Let a € P be a point and let
Qo = ¢~ '(a). Denote by j,: Xg, — X be the inclusion of the corresponding union of strata.
Applying Proposition 4.9 we see that the transformation

Y G (W (F)) — WP (15 (ja) " (F))

is an equivalence. Thus, we can replace X by X,. Equivalently, we can assume from the very
beginning that P is the trivial stratification (and therefore that X is locally weakly contractible).

Equipping % with the trivial stratification S, we can see the canonical map I'y: X — x as
a map of stratified spaces (X,Q) — (*,5). Then Proposition 6.8 implies that w?})/{p yields a

canonical identification
*hyp  \yhyp *
Iy =¥yooln: xq -

Since X is locally weakly contractible, [HPT, § 2.2] shows that F}’hyp has a left adjoint F})l(y‘g The
above identification implies
h h
F)g)g ~ FHEC(XVQ)V! o (I)XQ,,?Q .

Using [HPT, Corollary 3.5] we find a canonical identification Iy, (X) ~ FXy,lg(F}hyp(*)). Thus,
the above identification yields:

h; *,h ~ : * ~ z
o (X) ~ F;?’,IQ’FX () ~ Hgoo(l)l(%)rngc(x,@(*) ~ Env(II (X, Q)) ,

whence the conclusion. O

We conclude this subsection with Observation 6.13 showing that exodromy implies enhanced
functorialities at the level of hyperconstructible hypersheaves:

Observation 6.13. Let f: (X,P) — (Y,Q) be an exodromic morphism between conically
stratified spaces with locally weakly contractible strata, and let £ be a presentable co-category
satisfying the assumption of Theorem 5.17. The functor I1Z (f)* has both a left adjoint given
by the left Kan extension II% (f); and a right adjoint given by the right Kan extension IT% (f)..
Thus, it follows that the functor

FP: Cons'P(X;E) — Consgyp(Y;S)
also has a left and a right adjoint. We set
fEoms = U o T (F)io @R and  f2o™ = WD 0TI (f). 0 B,

Since the functor f*™P: Sh™P(X; &) — Sh™P(Y; &) has a right adjoint given by f., and the in-
clusions of Cons¥?(X; &) and Consgyp(Y; &) have right adjoints R%® and ngp (see Remark 5.21),
it follows from formal reasons that

(6.14) cons ~ RIYP o £,
When f*P has itself a left adjoint® £, it follows similarly that

3 h; h;
f&?onb ~ LPYP o fli yp .

3This is e. g. the case if f is the projection S X X — S for locally weakly contractible topological spaces, see
[HPT, § 2.2].
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6.3. Change of coeflicients revisited.

Lemma 6.15. Let (X, P) be a conically stratified space. Let f : € — D be a cocontinuous functor
between presentable co-categories with right adjoint g : D — £. Assume that the conditions of
Theorem 5.17 are satisfied. Let p € P and let iy : X;, = X be the inclusion. Then the following
commutative diagram

Sh"P(X,; D) L= Sh™P(X,; &)
Sh"P(X; D) L ShYP(X;E) .
is verticaly left adjointable on Cons};gyp(X;D). That is, for every F € Conslllgyp (X;D), the Beck-
Chevalley transformation
i2MP o g(F) — goit™P(F)

s an equivalence.

Proof. The question is local on X. Hence, we can suppose that (X, P) is of the form Z x C(Y')
where Z is a locally weakly contractible topological space and where (Y, P~,,) is a stratified space.
Let U be an open subset of Z. Then, Corollary 5.23 gives

(g0 iy™P(F))(U) = g(iy™P(F)(U)) ~ g(F(U x C(Y)))
On the other hand, we have

(i;,hyp og(F))(U) ~ E(:é)(l(i)gl) g(F(U x C.(Y)))

We know from Corollary 5.22 that for every ¢ € (0, 1), the restriction morphism
FUxC(Y)) — F(U x C(Y))
is an equivalence. Hence, the above colimit is constant and we get
(i3 0 g(F))(U) = g(F(U x C(Y)))
Lemma 6.15 is thus proved. (I
The following Corollary 6.16 contrasts with Remark 2.29.

Corollary 6.16. Let (X, P) be a conically stratified space. Let f : € — D be a cocontinuous
functor between presentable co-categories with right adjoint g : D — £. Assume that the conditions
of Theorem 5.17 are satisfied. Then, the following statements hold :

(1) For every F € ConsSP(X; &), the functor fo F : Open(X)°® — D lies in Consy?(X; D).

(2) For every F € Cons¥®(X; D), the functor go F : Open(X)°P — £ lies in ConsiP(X;E).
In particular, the adjunction Eq. (2.28) induces an adjunction

fo—: Cons®P(X;&) < Cons¥P(X;D): go—
(8) The Ezodromy equivalence induces an equivalence of adjunctions
fo—:Cons¥P(X;E) ———— Cons¥P(X;D):go—
o [
fo—:Fun(lIZ (X, P),£) —— Fun(I1% (X, P),D) : go — .

Proof. The first statement follows from Theorem 5.17 and Corollary 3.9. The statement (2)
follows from Lemma 6.15 and Lemma 2.30. The statement (3) follows from Corollary 3.9. O
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6.4. Monoidal structures. Assume now that our co-category of coefficients £ carries a pre-
sentably symmetric monoidal structure. In other words, we fix £ € CAlg(Pr®).

Recollection 6.17.

(1) For every topological space X, the oo-category Sh™P(X; £) inherits a canonical symmetric
monoidal structure, and every morphism f: X — Y induces a symmetric monoidal functor

FrP L SEYP (Y E) — ShYP(XE) .
In particular, it follows that LC™P(X; &) is stable under tensor product, and consequently

that for every stratified space (X, P), Cons};;yp(X , P) acquires a symmetric monoidal
structure.

(2) Similarly, Fun (HEO(X , P), 5) inherits a symmetric monoidal structure, where the tensor
product is computed objectwise.
Proposition 6.18. Let (X, P) be a conically stratified space and let E2 be a symmetric monoidal
oo-category. Then the functor
PR ShP(X;€) — Fun (I35 (X, P),€) |

has a natural lax symmetric monoidal structure. Under the assumptions of Theorem 5.17, @t)?'f}’;g

. . . h,
restricts to a symmetric monoidal functor on the full subcategory Consp™®(X;E).

Proof. Thanks to Lemma 3.8, we immediately reduce to the case where £ = S. In this case, the

monoidal structure induced on both Cons};jy P(X) and Fun (II% (X, P),S) is the cartesian one.

Then @};{I} has a canonical lax monoidal structure given by [HA, Proposition 2.4.1.7]. Since @%’}

is an equivalence, it commutes with products and hence Corollary 2.4.1.8 in loc. cit. guarantees
that q)};(ygg is strong monoidal. The conclusion follows. ([l

As a consequence of our criterion for constructibility (see Corollary 5.22), we obtain:

Corollary 6.19. Let (X, P) be a conically stratified space and let F,G € Cons};)yp(X; E). If the
assumptions of Theorem 5.17 are satisfied, then the internal hom Homx (F,G), computed inside
Sh™P(X; £), belongs to Cons¥P(X; E).

Proof. We apply Corollary 5.22. It is enough to prove that for every inclusion i: U C V for which
the induced map I1Z (i) : TI% (U, P) — I1%,(V, P) is an equivalence, the restriction map

Homx (F,G)(V) — Homx (F,G)(U)
is an equivalence as well. By definition, this map can be rewritten as
(6.20) Homconsgyp(v;g)(f|vag|v) — HomCOnS};’yp(U;g)(f|U7g|U) .
Theorem 5.17 allows to write the target of this morphism
h h
HomFun(Hgo(MP),é‘)(q)U}:IF;(}—'U)aq)UTJ%((-ﬂU)) )
and similarly for the source. Moreover, since the natural transformation
S B 0y 12 (5 o 0l

is an equivalence thanks to Proposition 6.8, the morphism (6.20) becomes canonically identified
with the morphism induced by I1Z (i)*

Homy (D3 (Flv), @R(Glv)) — Homy (TE (1) B (Flv ), T (1) YR (G|v)) |
where we wrote Homy to denote the £-enriched hom object computed in Fun(ITZ (V, P), ),

and similarly for Homy. Since II% (i)* is an equivalence, so is the above morphism, whence the
conclusion. (]
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6.5. Compact generation. Using the extra functorialities obtained at the end of the previous
subsection, we are now able to prove the following result, strengthening Corollary 6.4:

Theorem 6.21. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Let € be a compactly generated presentable oco-category with a single compact generator. Assume
that the poset P is finite and that for every p € P, the set mo(X,) is finite as well. Then the

oo-category Cons}}yp(X;S) has a single compact generator.
The proof relies on the following two simple observations:

Observation 6.22. Let (X, P) be a conically stratified space with locally weakly contractible
strata. Let z € X be a point and let j,: {x} — X be the natural inclusion. The stratification on
{z} induced by P is the trivial one. In particular, Observation 6.13 guarantees that the functor

JEMYP L ConsP(X;€) — &
admits a left adjoint j3°'" which can be identified with the left Kan extension along the induced
morphism 1%, (j,): Hoo ({z}) — IZ (X, P). Since j5™P has also a right adjoint, it commutes

with filtered colimits, and hence jZ%* preserves r-compact objects for every regular cardinal .

Observation 6.23. Let X be a locally weakly contractible topological space. Assume that X
is connected and let z € X be a point. Then the induced morphism I ({z}) — I (X) is an
epimorphism in S. It follows that for every presentable co-category &£ the restriction functor

oo (jo)* : Fun (Hoo (X), €) — Fun (I ({2}),€) =~ &

is conservative. If furthermore & satisfies the assumptions of Theorem 5.17, Proposition 6.8
implies that the functor
G LCMP (X E) — €

is conservative.

Proof of Theorem 6.21. Since £ is compactly generated, Remark 5.18 ensures that the hyper-
restriction functors

{35175 Cons¥P(X;€) — LC™P (X, 5)}pep

are jointly conservative. Furthermore, Observation 6.13 guarantees that they have left adjoints
j€ons. Therefore, their product

Ip.4
Consllljyp(X;E) — H LCYP(X,:E) ,
peP
is conservative and admits a left adjoint. Furthermore, it commutes with (filtered) colimits. Thus,
[AGV, Lemma 2.8.3] reduces us to check that the target has a single compact generator. Since
this properties are closed under finite products, it is enough to consider the case of a single
stratum.

When the stratification on X is trivial, our assumption guarantees that the number of connected
components of X is finite. Hence, we are left to treat the case where X is connected. Let then
x € X be a point and consider the functor

JaP L LCWP (X E) — € .

It follows from Observation 6.23 that this functor is conservative, while Observation 6.22 shows
that it has a left adjoint. Since it also commutes with filtered colimits, using once more [AGV,
Lemma 2.8.3] we see that if {E;}er is a family of compact generators for £, then {j;‘?gls(Ei)}ieI

is a family of compact generators for LC™P(X; £). In particular, since £ has a single compact
generator, then so does LC™P(X; €). O
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For future reference, let us record the following more specific statement that can be deduced
from the previous proof:

Corollary 6.24. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Let € be a compactly generated presentable co-category with compact generators { Eq tacy. Assume
that the poset P is finite and that for every p € P, the set mo(X,) is finite as well. Then

{7275 (Ba)Yicraes

is a system of compact generators for Consl;gyp(X; £).
This result is already interesting in the case of the trivial stratification:

Example 6.25. Let X be a connected, locally weakly contractible topological space and let
2 € X be a point. Let £ be a presentable co-category with a single compact generator E € £ (e.g.
£ = Mod, for some E-algebra A, and E = A). Then j, ;(A) € LC™P(X;€) is a single compact
generator.

As a consequence, we can express LC™P(X; &) as the oo-category of modules over the en-

domorphism ring of j, 4(A). It turns out that it is possible to compute quite explicitly such
endomorphism ring:*

Theorem 6.26. Let X be a connected and locally weakly contractible topological space. Fix a
point x € X and consider the x-based loop space Q. (X). Then for every Eo-algebra A, the
endomorphism ring of j, 4(A) canonically coincides with the chain algebra C.(Q;(X);A). In
particular, there is an equivalence

LC™P(X; Mod4) =~ Modg, (q, (x):4) -

Remark 6.27. This theorem recovers [Ha, Theorem 26] and [Hb, Theorem 12]. Besides it
generalizes it in several directions, as A is now allowed to be an E.,-algebra, and X is now
only required to be locally weakly contractible rather than admitting a bounded locally finite
good hypercover. In particular, the above theorem holds even without any paracompactness
assumption on X.

Proof of Theorem 6.26. The second half is a direct consequence of the first half and Lurie-Barr-
Beck’s theorem [HA, Theorem 4.7.3.5]. To compute the endomorphism ring of j, 3(A), we first
observe that there is the following natural equivalence:

Homy by (x;Mod 4) (j;]?ép(A)>j2?’rip(A)) = j;’hypjmp(A) .
Observe now that the square
Mo (22(X)) —
JF Jg
M . Mo(X) .

is a pullback in &, where we wrote I' instead of I'q_(x) for brevity. Unraveling the definitions,
this implies that I, (£2,(X)) coincides with the comma category

{z} XMoo (X) HOO(X)j:z/ )
so that combining Corollary 3.32 with the formula for the left Kan extension, we deduce that the
Beck-Chevalley transformation

hyp *hyp ,hyp J hyp
"ol — I 0 Juy

Hwe warmly thank Julian V. Holstein and Alexandru Oancea for discussions on this point.
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is an equivalence. Thus, the endomorphism ring of j, 4(A) is canonically identified with
h; * h; *
DYPTHWP(A) o~ TYPTHMYP () @ A

By definition, F?ypI‘**hyp(*) € S is the shape of the co-topos Sh™P(Q,(X)). Applying [HPT,
Corollary 3.5], we see that this shape is simply identified with the homotopy type oo (Q4(X)).
Thus, the endomorphism ring of j, 4(A) is identified with

TPPT™P(A) o Moo (2(X)) @ A = C.(2(X); 4)
where the last equivalence holds by definition of singular chains. O

Remark 6.28. It is possible to obtain a similar description in the stratified case, in line with
[HL, §6]. It should be possible to obtain an explicit description of the endomorphism ring of the
single compact generator provided by Theorem 6.21 akin to the one of Theorem 6.26, at least
in the setting of conically smooth stratified spaces. Indeed, any such description should see the
chain algebras on single strata, but at the same time, it should also have a contribution from the
links of the stratification. We will come back to this subject in a later work.

6.6. Exodromy and stalkwise compactness. Let (X, P) be a conically stratified space with

locally weakly contractible strata and let £ be a presentable co-category. The construction of @};(yll)g

and \I/?(ygj relies a priori on the existence of limits and colimits of diagrams that are typically not
finite. However, the “regularity” of conical charts paired with the homotopy-invariance property
of hyperconstructible hypersheaves [HPT, Theorem 0.4] actually implies that all infinite colimits
that are involved in the construction of the exodromy adjunction can be ignored. To give a proper
formulation of this idea, let us first introduce the following notation:

Notation 6.29. Let (X, P) be a stratified space and let £ be a presentable co-category. Let x be
a regular cardinal. We denote by Cons};,}:E(X ; €) the full subcategory of Cons};,yp(X ; &) spanned
by £-valued hyperconstructible hypersheaves F' whose stalks are x-compact objects of £. When
the stratification P is trivial, we denote this co-category by LCIP(X; €).

Warning 6.30. The oco-category Cons};)f’ P(X; &) does not coincide neither with Cons};)y P(X;ER)
nor with Cons?(X; €)*. We offer two counterexamples:
(1) Take X := [[y* to be an infinite disjoint union of points equipped with the trivial
stratification. Take also & = § and k = w. Fix K € 8" and let F = I'{;(K) be the
hyperconstant hypersheaf associated to K. Then F € Cons}}y’E(X ;E), but F(X) ~ [y K,

which does not belong to S“ unless K is contractible. In particular, F' does not belong
to Cons¥P(X; 8%).

(2) Take X = S, £ = Modc and x = w. Once again, equip X with the trivial stratification.
Then, we have canonical identifications
LC™P (S Modc) ~ Fun (Il (S*), Mode) =~ QCoh(G,, ¢) -
Therefore,
LCMP (St Modc)” ~ Perf(G,,.c) -

In particular, the structure sheaf of G, ¢ corresponds to the functor F': S L — Modc
selecting C[T, T~!] with endomorphism given by multiplication by 7. Then Corollary 6.10
implies that the stalk of \Il?{p(F) at any point of S coincides with C[T, 71|, which is
not compact as an object in Modc.
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Remark 6.31. In the second example above, it follows from [BZNP| that LC™P(S'; Modc)
corresponds to the full subcategory of QCoh(G,, ) spanned by perfect complexes with proper
support.

Proposition 6.32. Let (X, P) be a conically stratified space and let £ be a presentable co-category.

Let k be a regular cardinal. If the assumptions of Theorem 5.17 are satisfied, then the exodromy

. h h . .
equivalence ®Y, 4 W'Y, restricts to an equivalence

‘I)})’gf])g: Fun(HEO(X, P)&%) = Cons}gfg(X;E): \I'};(yf;j .

Proof. 1t is enough to prove that both @?gfl’, and \I/ggf}’, respect these two full subcategories. Let
first F € Cons}g,g (X; ). Then we have to check that the functor (ID})](}"II’D(F) takes values in £%. To
see this, let € TI% (X, P). Then Corollary 6.10 provides a canonical identification

YV (F)(2) ~ Fy
so that @};{%(F) belongs to Fun(I1% (X, P), £").

Let now G: I1Z (X, P) — £" be a functor. Let # € X. Then Corollary 6.10 and Theorem 5.17
provide the following canonical identifications:

V(e ~ (BRRUYR(G)) (2) ~ G(a) .
Thus, the stalks of \Il};(ysa(G) belong to £%. In other words, \I/})l(ygj(G) belongs to Consl;}:}:(X; &). O

6.7. Constructibility and pushforward. A general criterion. Let f: (Y,Q) — (X, P) be

an exodromic morphism of conically stratified spaces. Then the natural transformation w?yp

makes the square

b Hgo - »

Fun(TIZ, (X, P), &) = Fun(lIL, (Y, Q),€)
[ [

Shhyp(X; &) fghyp) Shhyp(Y; &)

commutative. In particular, there is an associated Beck-Chevalley transformation

whyp
h h b3 #h h b)) s h DIV > h
Xp P OO (f)e — fuof " PoW FTHoll L (f)e —— fuoWy foll L (f) ol (f)x — fro Wy

The identification (6.14) has the following immediate consequence:

Lemma 6.33. Let f: (Y,Q) — (X, P) be an exodromic morphism of conically stratified spaces
with locally weakly contractible strata. Let £ be a presentable co-category and assume that the
conditions of Theorem 5.17 are satisfied. Then for every F: 115 (Y,Q) — &, the following
statements are equivalent:

(1) the hypersheaf f. (\Il};,yg(F)) € Sh™P(X; €) is hyperconstructible on (X, P);
(2) the transformation X}}yp(F): \I/g'gg, (I (f)«(F)) = fs (\1/};}’5(}7)) is an equivalence.

The following observation gives a convenient sufficient condition to check whether pushforward
along a morphism f: (Y, Q) — (X, P) preserves hyperconstructible hypersheaves:

Lemma 6.34. Let f: (Y,Q) — (X, P) be a strongly exodromic morphism of conically stratified
spaces with locally weakly contractible strata. Let € be a presentable oco-category and assume that
the conditions of Theorem 5.17 are satisfied. Then f, preserves hyperconstructible hypersheaves.
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Proof. By assumption, the natural transformation qbl;yp makes the diagram

f*,hyp

Sh™P(X;E) —L—— SH™P(V;€)
o |22
Fun(TIZ (X, P), €) —=25 Fun(ITZ (v, Q), €)

commutative. Passing to right adjoints, we deduce that the natural transformation X?yp is an
equivalence. Then Lemma 6.34 follows from Corollary 4.10. (]

6.8. Constructibility and pushforward along immersions.

Proposition 6.35. Let (X, P) be a conically stratified space and let £ be a presentable co-category.
Let S C P be a locally closed subset of P and letig: Xg — X be the inclusion of the corresponding
union of strata. If the assumption of Theorem 5.17 are satisfied, then

is..: Sh™P(Xg; ) — Sh™P(X;€)
takes hyperconstructible hypersheaves on (Xg,S) to hyperconstructible hypersheaves on (X, P).
Proof. Combine Corollaries 5.8 and 5.15 with Lemma 6.34. O

Proposition 6.35 has the following two immediate corollaries below which are true for hyper-
constructible hypersheaves since they are already true for hypersheaves.

Corollary 6.36. Let (X, P) be a conically stratified space and let S C P be a locally closed
subset. Let € and D be presentable co-categories and let f: € — D be a cocontinuous functor. If
the assumption of Theorem 5.17 are satisfied, then the diagram

PES

ix.hyp
Cons'¥P(X;€) —*— Cons®(Xs; &)

ls ls
h ighvP h
Cons 5P (X; D) —— Consg"(Xg; D)
s horizontally right adjointable. Than is, the Beck-Chevalley transformation
h h
foigy —ighof
s an equivalence.

For the notion of recollement of oo-categories, let us refer to [HA, A.8.1].

Corollary 6.37. Let (X, P) be a conically stratified space and let £ be a presentable co-category.
Let S C P be a closed subset and let is: Xg — X be the inclusion. Put U := P\ S and
let iy : Xy — X be the inclusion. If the assumptions of Theorem 5.17 are satisfied, then the
fully-faithful functors

ig..: Cons®(Xg;E) — ConsHP(X;E) +— Consp® (X3 €): iy
exhibits Cons'P(X;€) as a recollement of Cons™P(Xg; E) and Cons;Y? (Xyr; ).
Proof. Corollary 6.37 follows immediately from the fact that the fully-faithful functors
is..: Sh™P(Xg; E) — Sh™P(X;E) «— Sh™P(Xy; €)1 iy
exhibits Sh™P(X; ) as a recollement of Sh™P(Xg; £) and Sh™P(Xy; ). O
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As for the hyperrestriction of a hyperconstructible hypersheaf to a stratum computed in
Corollary 5.23, one can compute the fibre of ig . at a point = explicitly in terms of a conical chart
containing x. This is the following

Lemma 6.38. Let Z be a weakly contractible locally weakly contractible topological space and let
(Y, Q) be a stratified space such that Exit(Y, Q) is an co-category and (X, P) = (Z x C(Y),Q)
1s conically stratified. Let £ be a presentable co-category. Let F € Cons};)yp(X; E) and let x € Z.
If the assumptions of Theorem 5.17 are satisfied, there is a canonical identification
. . h
(iQuF)e =~ Exiltl(ng) DY (F)|exit(v,Q)

where in the right-hand side, the restriction is performed along the equivalence Exit(Z x Rsq X
Y, Q) — Exit(Y, Q) induced by the canonical projection.

Proof. Write B, for the collection of weakly contractible open neighborhoods of x inside Z. Then

iQu(F)z ~ %061181115(260(13% F(U x (0,e) xY) .

From Theorem 5.17 and Eq. (3.13), we deduce

10+ (F)s =~ colim colim lim @];(Y,FI’D(F) )

U€EB, e€(0,1) Exit(Ux (0,¢) xY,Q)
Since the U € B, are weakly contractible, we have further
Exit(U x (0,€) x Y, Q) ~ Exit(U, *) x Exit((0,€), %) x Exit(Y, Q) ~ Exit(Y, Q) .
Hence, the above colimits are constant and Lemma 6.38 thus follows. (]

In view of the construction of moduli carried out in Section 7, we need to understand the
interaction of push-forward with proper hyperconstructible hypersheaves. To this end, additional
finiteness assumptions on (X, P) will be needed. They will be justified by the following general

Lemma 6.39. Let C € Caty be a compact object in Cato, and let £ be a presentable co-category.
Assume that filtered colimits are left exact in £. Then the functor

F¢.: Fun(C,&) — &

commutes with filtered colimits. When £ is stable, both the left adjoint I'c1 and the right adjoint
¢« to I'G restrict to functors

Fcyg, Fcy*: Fun(C,é’“’) — &Y.

Proof. The functor I'} takes £ in Fun(C,Y) by definition. It is therefore enough to prove that
T'¢.. commutes with filtered colimits and that in the stable case it restricts it takes Fun(C, &%)
to &Y. Let To(E) be the full subcategory of Caty, spanned by those co-categories C for which
the functor I'c . commutes with filtered colimits. Let 7(€) be the full subcategory of Cateo
spanned by those co-categories C for which the functors I'c and T'¢ . take Fun(C,&%) to £¥.
Inspection reveals that 7(€) is closed under finite colimits, retractions and contain all finite
1-categories (that is, 1-categories having a finite number of objects and of morphisms). Since
Cat, is compactly generated by the 1-categories A™, the conclusion follows. O

Definition 6.40. We say that a stratified space (X, P) is categorically compact if Exit(X, P) is
a compact object in Caty.

Definition 6.41. Let (X, P) be a conically stratified space. We say that (X, P) is locally
categorically compact if for every p € P and every x € X, there exists a conical chart of the form
Z x C(Y) containing x such that (Y, Ps,) is categorically compact and Z is weakly contractible
and locally weakly contractible.
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Proposition 6.42. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Assume that (X, P) is locally categorically compact and that P is finite. Let S C P be a locally
closed subset and let £ be a stable presentable oco-category. Then the functor

is.: Cons®P(Xg;E) — ConspyP(X;E)
commutes with filtered colimits and it restricts to a functor
i, Conshyp(XS,E) — Cons}gB(X;E) .

Proof. When S is closed inside P, the functor ig . coincides with the extension by zero and
Proposition 6.42 is trivial in that case. It is then enough to consider the case where S is open
inside P. We proceed by induction on depth(P). When depth(P) = 0, the stratification is trivial
and therefore we have either S = () or S = P. In both cases, the statement is obvious.

Assume now that depth(X) > 0. Since P is finite, the subset M C P of its minimal elements
is finite as well. Writing M = {p1,...,pn}, we see that {X>,,}i=1,.. , is an open cover of X.
Since both the compacity of stalks and the formation of filtered colimits are local statements on
X, we can assume that P has a minimum p. Using the inductive hypothesis, we further reduce
to the case where S = P~ M.

Let now F' € Conshyp(XS, &). We have to prove that the stalks of ig .(F) belong to £“. Since
i3, is fully faithful, we only have to prove this statement for the stalks at a point x € X,,. Choose
a conical chart of the form Z x C(Y'), where (Y, S) is a categorically compact stratified space
and where Z is weakly contractible and locally weakly contractible. From Lemma 6.38, we have
a canonical identification

' *F z = li (I) xi
(15 F) Eml(“% 5 % U () [Exit(v,s)
Since Exit(Y,.S) is a compact object of Cats, and since the functor <I>hyp ' (F) takes values in £¢,
Proposition 6.42 thus follows from Lemma 6.39. The same method also guarantees that ig .
commutes with filtered colimits. (]

Corollary 6.37 immediately gives the following

Corollary 6.43. Let (X, P) be a conically stratified space and let £ be a presentable co-category.
Let S C P be a closed subset and let ig: Xg — X be the inclusion. Put U := P\ S and
let iy: Xy — X be the inclusion. If the assumptions of Theorem 5.17 are satisfied, then the
fully-faithful functors

ig.: Cons D(Xs;:E) — Conb%yE(X E) +— Conbhyp(XU,E): iU
exhibits Cons}gz(X; &) as a recollement of Conss’w (Xs;E) and Conshyp(XU, ).
Corollary 6.36 and Proposition 6.42 immediately gives the following

Corollary 6.44. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Assume that (X, P) is locally categorically compact and that P is finite. Let S C P be a locally
closed subset and let £ and D stable presentable co-categories. Let f: & — D be a cocontinuous
functor preserving compact objects. Then, the diagram

i*,hyp
Consl;,“:s (X;€) =— Conshyp P(Xs;€)

| |

%, hyp

Cons};;yg(X D) N Cons! "0 (Xs;D)
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is horizontally right adjointable. Than is, the Beck-Chevalley transformation
foig? —viglof
is an equivalence.

6.9. Constructibility, pushforward and weakly stratified bundles. We now present a
second result concerning proper pushforward. Lurie proved proper non abelian base change
for sheaves on locally compact Hausdorff spaces. See [HTT, Corollary 7.3.1.18]. Note however
that it is not clear that proper base change holds for hypersheaves. We are going to see that
under some additional assumptions on the stratifications involved, proper base change holds for
hyperconstructible hypersheaves.

Observation 6.45. Let f: Y — X be a proper morphism between topological spaces. Following
[HTT, Definition 7.3.1.14], this means for us that f is universally closed. Let C' C X be a locally
closed subset of X. Write B¢ for the collection of open neighborhoods of C' inside X. Then
{f"Y(U)}ves. is a fundamental system of open neighborhoods for the inverse image f~1(C).
Indeed, since f is universally closed we can localize on X and therefore assume that C' is closed.
Let now V be an open neighborhood of f~!(C) inside Y. Since f is closed, f(Y . V) is a closed
subset of X. Furthermore f(Y N\ V)NC =0, s0o U :=X \ f(Y \ V) is an open neighborhood of
C inside X. We now observe that if y € f~1(U), then f(y) ¢ f(Y V), which in turn implies
that y € V. Therefore, f~1(U) C V.

Before proving the sought after proper base change for hyperconstructible hypersheaves, we
need a strengthening of the notion of excellency introduced in Definition 2.18.

Definition 6.46. Let (X, P) be a conically stratified space and let S C P be a subset. We say
that (X, P) is hereditary excellent at S if for every open subset U C X, the stratified space (U, P)
is excellent at S.

Proposition 6.47. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces with
locally weakly contractible strata and let S C P be a locally closed subset. Let p: QQ — P be the
underlying morphism of posets and set R == ¢~*(S). Consider the induced commutative square

(Vi R) —— (V. Q)
L‘J Jf
(Xs,9) —— (X,P) .
Assume that:
(1) the underlying morphism f:Y — X is proper;
(2) (Y,Q) is hereditary excellent at R.

Then for every presentable oco-category € satisfying the assumptions of Theorem 5.17 and every
Fe Consgyp(Y; E) the canonical map

TP (fL(F)) — g (7P (F))
18 an equivalence.

Proof. The statement is local on X. We can therefore suppose that S is a closed downwards
subset of P. Since source and target are hypersheaves, it is enough to prove that for every open
subset U of Xg the induced morphism

i A ENU) — go(G7MP(F))(U)
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is an equivalence. Let By for the collection of open neighborhoods of U inside X. Since f is proper
and U is locally closed inside X, Observation 6.45 shows that {f~*(V)}yep, is a fundamental
system of open neighborhoods of g=*(U) = f~(U) inside Y. Since (Y, Q) is hereditary excellent
at R, the collection B ;) of excellent open neighborhoods of g~ }(U) inside Y is a fundamental
system of open neighborhoods for g~ (U). Thus, Theorem 5.17 and Lemma 3.3 provide the
following chain of natural equivalences:

1 ~ . -1 ~ . ~ . . hyp
T (FI)WU) = colim F(f=(V)) =~ Wecg%g?w) F(W) ~ Wecgélxgllw) HE.}% o Oy (F) .

Since each W' € BJ* ;) is excellent at R, the functor 0z (g=1(U),R) — IIZ (W,Q) is final.
Therefore the colimit on the right is constant, and we deduce

L ()W U) ~ li WP (F
i (f(F)(U) ngo(gE?(lU),R) yoI)|n (va.r)

Since j : Yg — Y is exodromic, we deduce

S ())(U) = = e OYP (VP (F)) = P(F) (g7 (U)) =~ 9. (7P (F))(U) -

The conclusion follows. O

Remark 6.48. In the above proof, properness is only used in the form of Observation 6.45.
It would therefore be enough to ask that for every z € X the collection {f~*(V)}vep, form a
fundamental system of open neighborhood for the fiber f~1(x) inside Y (where B, denotes the
collection of open neighborhoods of = inside X).

Definition 6.49. We say that a morphism between conically stratified spaces f: (Y, Q) — (X, P)
is a weak stratified bundle if for every p € P every point x € X, admits an open neighborhood U
in X, such that there exists a conically stratified space (W, R) and an isomorphism of stratified
spaces
(f7H(U),Q) = (U x W, R)

over U.

Proposition 6.50. Let f: (Y,Q) — (X, P) be a morphism of conically stratified spaces with
locally weakly contractible strata. Let £ be a presentable co-category. Assume that:

(1) the underlying morphism f:Y — X is proper;

(2) [ is a weak stratified bundle whose fibres have locally weakly contractible strata;
(3) (Y,Q) is hereditary excellent at every locally closed subset of Q;

(4) the assumptions of Theorem 5.17 are satisfied.

Then fy: Shhyp(Y;g) — Shhyp(X;S) preserves hyperconstructible hypersheaves and for every
Fe Cons];,yp(Y; E) and every x € X there is a canonical equivalence
folF)g = T(Ye, j3™P(F))

where j: Yy <= Y denotes the inclusion of the fiber.

Proof. Using Proposition 6.47, we immediately reduce to the case where P is trivial. Since
both statements are local on the target and since f is a weak stratified bundle, we can assume
that (Y, Q) ~ (X x W, R) for some conically stratified space (W, R) and that f coincides with
the canonical projection to X. Let F € Cons};gyp(Y;S). We first show that f.(F') is locally

hyperconstant on X. To do this, [HPT, Proposition 3.1] ensures that it is enough to prove that
for every inclusion U C V of weakly contractible open subsets in X, the restriction map

f(E)YV) — f(F)(U)
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is an equivalence. Since F' is hyperconstructible, Corollary 3.21 and Theorem 5.17 allow to rewrite
this map as

1. (I)hyp F N 1 (I)hyp F .
2 (VXW.R) Xxw,r(F) IS (U %W, R) xxw,r(F)

Since 112, commutes with finite products, we have
I (V x W,R) ~ (V) x IEL(W,R),  TIL(U x W,R) ~Io(U) x L (W, R) .

Since the map I (U) — T (V) is an equivalence, the conclusion follows.

Let now z € X. To compute f.(F');, we can further suppose that X is weakly contractible. In
that case, the local hyperconstancy of f.(F') combined with [HPT, Proposition 3.1] ensures that
the canonical map

F(F)X) — fu(F),
is an equivalence. On the other hand, Corollary 3.21 combined with the fact that the morphism
Y, = {z} x W = Y is exodromic gives a chain of equivalences

FF)(X)~  lim OYP L(F) ~

li WP - (F
112 (X x W, R) IS ({2} X W,R) xoaw nl(F)

> lm @R (P (E) ~ (Y i ()

The proof of Proposition 6.50 is thus complete. (]

7. MODULI SPACES

Let (X, P) be a conically stratified space with locally weakly contractible strata and let R be
an excellent commutative ring. Consider the derived prestack

Consp(X): dAffY — S

defined by sending a derived affine scheme Spec(A) over R to the maximal oco-groupoid contained
in

Consp® (X; Mod 4) ~ Fun (I}, (X, P), Perf(A)) ,
where the equivalence is the one provided by Proposition 6.32. Observe that the right hand side
commutes with limits in Perf(A4). In particular we obtain:

Lemma 7.1. The derived prestack Consp(X) satisfies faithfully flat hyperdescent. In particular,
it 1s a derived stack.

Proof. Combine [SAG, Corollary D.6.3.3 and Proposition 2.8.4.2-(10)]. O

Our goal is to prove that when (X, P) satisfies certain mild finiteness conditions, Consp(X)
is locally geometric.

7.1. Finiteness conditions on stratified homotopy types.
Definition 7.2. For stratified space (X, P), we say that :
(1) (X, P) is categorically compact if Exit(X, P) is a compact object in Cats, ;

If furthermore (X, P) is conically stratified, we say that:

(2) (X,P) is locally categorically compact if for every p € P and every = € X, there exists
a conical chart of the form Z x C(Y') containing x such that (Y, Ps,) is categorically
compact and Z is weakly contractible and locally weakly contractible ;

(3) (X, P) is of finite stratified type if the poset P is finite and for every p € P, the homotopy
type II (X)) of the associated stratum is a compact object in S.

When the stratification is trivial, there is an abundance of examples:
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Example 7.3.

(1) Assume that X is Stein complex (smooth) manifold, equipped with a trivial stratification.
Then classical results of Remmert [R], Bishop [B] and Narasimhan [N] show that X can
be realized as a closed subvariety of C™ for n > 0. In particular, Andreotti-Frankel’s
theorem [AF] shows that X has the homotopy type of a finite CW complex, and in
particular I (X) is compact.

(2) Assume now that X is a smooth algebraic variety. If X is affine, then its analytification
X2 is smooth and Stein and therefore II,(X?") is compact by the previous point. In
general, X admits a finite cover by affine smooth open subvarieties, whose intersections
are again smooth and affine. This immediately implies that IT,,(X?") can be realized as
a finite colimit of compact objects in S, and henceforth that I, (X?") is compact itself.

(3) Assume that X is a compact topological manifold. Then the work of Kirby and Siebenmann
[KS, Theorem III] implies that X has the homotopy type of a finite CW complex (although
X might not be triangulable itself). In particular, I, (X) is a compact object in S.

Another big class of examples comes from the theory of conically smooth stratified spaces.

Recollection 7.4. We refer the reader to [AFTD, § 3.2] for the notion of conically smooth
stratified space. Although their definition is long and involved, it is an extremely convenient
setting to work in, as it enjoys the following properties:

(1) every stratum X, is a smooth manifold,;

(2) for every p € P, every point € X, has a fundamental system of open neighborhoods
of the form U x C(Z), where U is a weakly contractible (and in fact homeomorphic to
R? for some i > 0) open neighborhood of x in X, and Z is a compact conically smooth
stratified space over Ps;

(3) if the stratification on (X, P) is Whitney, then it is conically smooth, as recently shown
by Nocera and Volpe [NV, Theorem 2.7].

In other words, properties (1) and (2) enable inductive arguments on the depth of the stratification,
while property (3) guarantees that every reasonable example considered in practice falls in this
class.

Also, in [AFTDb, Definition 8.3.6] the authors introduced the notion of finitary conically smooth
stratified space, that intuitively corresponds to those conically smooth stratified spaces that admit
a finite handlebody decomposition, such as the one provided by Morse theory. Observe that
[AFTb, Theorem 8.3.10-(2)| implies that every conically smooth stratified space (X, P) whose
underlying topological space is compact is automatically finitary.

Having recalled these facts concerning conically smooth stratified spaces, we can state the
following recent theorem of Volpe:

Theorem 7.5 (Volpe, [V, Proposition 2.12 & Corollary 2.13|). Let (X, P) be a finitary conically
smooth stratified space. Then 1% (X, P) is categorically equivalent to a simplicial set having only
a finite number of non-degenerate simplexes. Hence, (X, P) is categorically compact.

Corollary 7.6. Let (X, P) be a conically smooth stratified space. Then (X, P) is locally categori-
cally compact.

Proof. Since (X, P) is a finitary conically smooth stratified space, for every p € P and every x € X,
there exists an open neighborhood of z of the form U x C(Z), where U is weakly contractible
locally weakly contractible and (Z, P,) is a compact conically smooth stratified space. In
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particular, [AFTb, Theorem 8.3.10-(2)| implies that (Z, P~,) is finitary. Then Theorem 7.5
implies that (Z, P,) is categorically compact. O

When (X, P) is categorically compact, it is particularly easy to prove that Consp(X) is a
locally geometric derived stack:

Proposition 7.7. Let (X, P) be a categorically compact conically stratified space. Then the derived

stack Consp(X) is locally geometric, and the tangent complex at a point x: Spec(A) — Consp(X)

classifying a constructible sheaf F' € Cons}gB(X; Mod ) is given by

x*TCOHSP(X) ~ Hom F, F)[l] s

Cons};pyp (X;Mod a) (
where the right hand side denotes the Mod 4-enriched Hom of Consp(X;Mody).

Proof. By assumption, IT% (X, P) is a compact object in Cats,. Since (—)°P: Cato, — Cato, is
a self-equivalence, we deduce that IT% (X, P)°P is compact as well. Moreover, every self map in

I1Z (X, P)°P is automatically an equivalence, which in turn implies that ITZ (X, P) is idempotent
complete. In particular,

I (X, P)°" ~ PSh(IIZ (X, P)°?)* ~ Fun (II3, (X, P),S)” .

Now, recall from [HTT, Proposition 5.5.7.11 & Corollary 4.4.5.21] that Catf;?’idem is closed under
filtered colimits in Catn. It follows that IIZ (X, P)°P is compact in Cat™®"®™ ~ Prlv  Thus,

C == PSh(II% (X, P)°P) ® Modg ~ Fun (II, (X, P)°?, Modg) .

is automatically a compact object in Prlé’w, and hence it is smooth and proper in the sense of
[SAG, §11]. In particular, its moduli of objects M¢ in the sense of [TV] is well defined. Unraveling
the definitions, we see that the functor of points of M sends A € CAlgy to

Fung ((C¥)°P, Perf(A)) ~ Fung ((II%, (X, P)°P ® Perf(R))°", Perf(A))
~ Fung (I3, (X, P)°P ® Perf(R), Perf(A4)°?)”"
~ Fun (H?O(X, P)°P, Perf(A)Op)Op
~ Fun (II, (X, P), Perf(A))
~ Conslgg(X;Perf(A)) .
Therefore, the conclusion follows from [TV, Theorem 3.6 & Corollary 3.17]. O

We can now state the main theorem of this section:

Theorem 7.8. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Assume that:

(1) (X, P) is of finite stratified type;
(2) (X, P) is locally categorically compact.

Then Consp(X) is a locally geometric derived stack, locally of finite presentation.

Remark 7.9.

(1) We do not know whether the assumptions of Theorem 7.8 imply that (X, P) is categorically
compact. By contrast with Proposition 7.7, we are going to apply Lurie’s representability
theorem to prove Theorem 7.8.
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(2) Theorem 7.8 covers a priori a larger class of stratified spaces (X, P) for which Consp(X)
is a locally geometric derived stack than the one provided combining Theorem 7.5 and
Proposition 7.7. Indeed, we do not know whether every conically smooth stratified space
(X, P) which is also of finite stratified type is automatically finitary. Nevertheless, we
formulate the following conjecture, that would extend Volpe’s theorem:

Conjecture 7.10. Let (X, P) be a conically smooth stratified space. If (X, P) is of finite stratified
type, then (X, P) is also categorically compact.

We do not know how to prove this conjecture at the moment. However we obtain a very close
result below (see Lemma 7.11).

7.2. Local finite presentation. Recall that if {4, }.cs is a filtered diagram in CAlgy with
colimit A, the canonical map
colim Perf(4,) — Perf(A)

a€cl
is an equivalence in Cats, as shown in [SAG, Corollary 4.5.1.8]. Therefore, when IIZ (X, P) is
compact in Caty, the functor Consp(X) is automatically locally of finite type. More generally,
we have the following

Lemma 7.11. Let (X, P) be a conically stratified space satisfying the assumptions of Theorem 7.8.
Then the functor

Fun (112 (X, P), (—)*) : Priy” — Cate
commutes with filtered colimits. Hence Consp(X) is locally of finite presentation.

Proof. We proceed by induction on the cardinality n of P. When n = 1, the stratification is
trivial and therefore I1Z (X, P) = 1o (X), which is compact in Cat., by assumption. Hence, this

case follows. If n > 1, take p € P a minimal element and consider S := P \ {p}. Then both Pg,

and S have cardinality strictly less than n. Consider a filtered diagram I — ’Prift’w, noted a — &,

and let & be its colimit computed in Prl}’w. Consider the following diagram:
hyp

. hy . 18,% . hyp . ip,x : h .
co(l;m Consg [ (Xs:Ea) —— cogm Consp [ (X; &) «—— co(lxlm Cons, P (Xp; €a)

J | J J

COHS};,}’,UIj(Xs; 5) L) COHS?:?:B(X,E) (Zp—’* CODSE?’E(XP; g) )

From Corollary 6.44, each square is commutative. The external vertical arrows are equivalences
by inductive hypothesis. The horizontal functors exhibit the middle terms as recollements of the
external ones as a result of Corollary 6.43. Therefore, the middle vertical arrow is an equivalence
as a result of [HA, Proposition A.8.14]. We then conclude using the fact that the interior groupoid
functor commutes with filtered colimits. O

7.3. Cohesiveness, nilcompleteness and integrability. For a review of definitions, let us
refer to [SAG, 17.3.7]

Proposition 7.12. Let (X, P) be a conically stratified space with locally weakly contractible
strata. Then the derived stack Consp(X) is infinitesimally cohesive, nilcomplete and satisfies
integrability.

Proof. These statements follow from the analogous ones for Perf, the description of the category
Cons?}:g (X;Mod,) as Fun (IIZ (X, P), Perf(A)) and the commutation of the interior groupoid
functor with limits. Specifically, infinitesimally cohesiveness follows from [SAG, Theorem 16.2.0.1
and Proposition 16.2.3.1]. Nilcompleteness follows from [SAG, Propositions 2.7.3.2 and 19.2.1.5].
Integrability follows from [SAG, Remark 8.5.0.5 and Theorem 8.5.0.3]. O
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7.4. Cotangent complex. The next important step to verify the assumptions of Artin-Lurie’s
representability theorem is to check the existence of the cotangent complex for Consp(X).

Notation 7.13. In proving the existence of the cotangent complex of Consp(X), we will
crucially use the fact that for every A € CAlg, the oo-category Cons P(X;Mod,) is canonically
tensor-enriched over Mod 4. We will denote by

Homconsgyp(X;ModA)(*v —): ConsiP(X; Mod )P x Cons¥P(X; Mod ) — Mod 4
the enriched Hom. Since ® : Mod 4 xMod 4 — Mod 4 is cocontinuous in each variable, Corollary 3.9
ensures the existence of a tensor product

(=) ®a (=): Cons®¥P(X;Moda) ® ConsP(X; Mod ) — Cons¥P(X; Mod 4)
defined by applying the tensor product objectwise. If F' € Conshyp (X;Mod,) and M € Mod 4,
we write M ® F for T*"WP(M) ® F.
Remark 7.14. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Let f: A — B be a morphism in CAlg. From Corollary 6.16, the adjunction
f*: Mods = Modg: fs
induces an adjunction
f*o—: Cons"P(X;Moda) S Consi®(X; Modp): f. o —
To simplifiy notations, for F' € Conshyp(X Mod4) we write f*(F) instead of f* o F' and similarly
with f.. From Corollary 6.16 again, the above adjunction can be described as the adjunction
f*o—: Fun (I, (X, P),Mod4) < Fun (II2, (X, P),Modg): f.o— .
In particular, for every F' € Conshyp(X Mod ) and every N € Modpg, the canonical map
[s(N)®@a F — fu(N @p [*(F))

is an equivalence.

Proposition 7.15. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Assume that P is finite and that the strata of (X, P) have finitely many connected components.
Then the derived stack Consp(X) admits a global cotangent complex.

Proof. Let Spec(A) be a derived affine scheme over R. Let
x: Spec(A) — Consp(X)
be a morphism and let F' € Conshyp(X Mod4) ~ Fun (II5, (X, P), Perf(A)) be the corresponding
A-linear family of hyperconstructlble hypersheaves. Let
Q,Consp(X) := Spec(A) Xconsp(x) Spec(A)
be the loop stack at z. We view Q,Consp(X) as a stack over A x A. Consider the diagonal
morphism
d:: Spec(A) — Q,Consp(X)
If dy € Dercons,(x)/r(A; —) denotes the O-derivation, there are canonical equivalences of functors
over Mody4 :
Derconsp(x)/r(A; —[—1]) =~ Q4,Dercons,» (x)/r(A; —) = Derg, consp(x)/4x (A5 =)

In particular, Consp(X) admits a cotangent complex z*Lcons,(x)/r at @ if and only if the
morphism §2,Consp(X) — Spec A x Spec A admits a cotangent complex 830, consp(x)/4xa at
0. In this case, one has the relation

2" Lonsp (x)/R = 03, Consp(X)/Axal—1] -
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We are thus left to check that the functor
Derg, Consp(x)/AxA(A,—): Mody — S
is corepresentable. Unravelling the definitions, we find for every M € Mod 4 a natural equivalence
Derg, Consp(x)/AxA(A, M) ~ Mapcons};yp(X;ModA) (F,M®aF) .

Using Theorem 5.17, Corollary 6.10 and [GHN, Proposition 5.1], we can rewrite the above
mapping space as

/ Ma‘pModA(FwM@A Fy) )
x%yGHOEC(X,P)

where the integral denotes the limit over the functor

Tw(IT% (X, P)) — TI% (X, P)? x I (X, P) — S
defined as

z —y €% (X, P) — Mapyq, (Fus M ®4 F,)

Since the stalks of F' are dualizable, we can further simplify the above expression as

MapMOdA(F$7M®A Fy)g/ MapModA(Fw®Fyv7M)
z—y€elly (X,P)

z—y€ellZ (X,P)
~ Mapyjoq,, / F,® F;/, M| .

Hence, Derg, consp(x)/ax (A, —) is corepresentable and we have

[L—)gEHEO(X,P)

F,®F) .

z—ycllZ (X,P)
.
0, Lo, Consp(X)/AxA =2 /

We have to check that the above A-module is eventually connective. For every z,y € II% (X, P),
the A-module F, ® F;’ is perfect. In particular, there exists an integer n(z,y) such that

F, @ F)/ € (Moda)>n(ay) -

On the other hand, P is finite and each stratum of (X, P) has finitely many connected components.
Since F is hyperconstructible on (X, P), we deduce that

N = ma; n(z,
x,yengo}((X,P) (@,y)

is a well defined integer. It follows that the functor
Tw(IT% (X, P))°® — Mod 4

given by (z — y) — F, ® F,/ takes values in (Moda)>n. Since (Moda)sy is closed under
arbitrary colimits inside Mod 4, we finally deduce that

07 Lo, Consp(x)/Axa € (Moda)>n -

We are left to check the cotangent complex is global. In the above situation, let f: Spec(B) —
Spec(A) be morphism and let y := x o f for the induced morphism classifying the B-linear family
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of hyperconstructible hypersheaves f*(F'). Then for every N € Modp, we have:

Homod (0L, Consp(x)/ax A V) = Homconshyp(x Modg) (S T(F), N @ f*(F))
= HomC ns™P (X ;Mod 4) (F f*(N®f (F)))
~ HomCOnshyp(X_ModA)(F f+«(N)®F) by Remark 7.14
~ Homniod , (63 Lo, Consp(x)/Ax 4> f+(IV))
=~ Homprod, (/6 La, Consp(x)/ax a5 V).
Thus, the conclusion follows from the Yoneda lemma. [l

7.5. Representability results. Before giving the proof of Theorem 7.8, let us fix the following
couple of notation:

Notation 7.16.

(1) For integers a < b, we let Perf[,; be the substack of Perf parametrizing perfect
complexes of tor-amplitude contained in [a,b]. Notice that [SAG, Proposition 6.1.4.5]
implies that this is an open substack of Perf.

(2) Given an co-category C, we write Perf® (resp. Perffa’b]) for the derived stack sending S €
dAff to the maximal co-groupoid contained in Fun(C, Perf(S)) (resp. Fun(C, Perf(S)(q,4))-

Lemma 7.17. Let C be an co-category with only a finite number of equivalence classes of objects.
Let a < b be integers. Then the induced morphism of derived stacks

Perffa’b] — Perf®
is representable by an open immersion.
Proof. Choose a finite set S of objects of C representing all equivalence classes of objects in C.

Then the diagram of derived stacks

Perf[caﬁb] — HPerf[mb}

| &

Perf¢ — HPerf .
ceS

is cartesian. Since S is finite, the right vertical arrow is an open immersion, as already observed
in Notation 7.16-(1). Hence, so is the left vertical arrow, whence the conclusion. O

Remark 7.18. If C is the homotopy type of a topological space X in Lemma 7.17, we will note

LCFYI;] (X) instead of Perf, °°](X)

We are now ready to prove the main result of this section:
Proof of Theorem 7.8. Let a < bbe integers and define Consp(X)44) as Perf[ °°](X P Lemma7.17
shows that the canonical map
Consp(X)[4,5 — Consp(X)

is representable by an open immersion. We now apply Artin-Lurie’s representability theorem to
each Consp(X)[q,p:
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(1) Truncatedness: if A is discrete, the mapping spaces in Perf(A)(q) are (b — a)-truncated,
and therefore Perf(A)(, ) is a (b — a + 1)-truncated oo-category. Thus, the same goes for
Fun (HEO (X, P), Perf(A)[mb]), whence the conclusion.

(2) Locally of finite presentation: this is the content of Lemma 7.11.

(3) Integrability, Nilcompleteness and infinitesimal cohesiveness: this has been verified in
Proposition 7.12.

(4) Existence of cotangent complex: this follows from Proposition 7.15.
O

Corollary 7.19. Under the assumptions of Theorem 7.8, let x: Spec(A) — Consp(X) be a
morphism and let F € Fun(II% (X, P), Perf(A)) be the corresponding A-linear family of hypercon-
structible hypersheaves. Then

x*TCOHSP(X) = HomCOns}}yp(X;ModA)(F’ F)[l] .
Proof. Since Consp(X) is a derived geometric stack of finite presentation, [SAG, Proposition
17.4.2.3-(1)] shows that its cotangent complex at x is perfect. Therefore,
* * \
x TCOHSP(X) = (.27 H"COHSP(X))

Using the formula obtained in Proposition 7.15, we now obtain:
z—y €Il (X,P)
I*TCOHSP(X) =~ Homyod , / F,® Fz)/[*l],A

~

/ F) @ F,[1]
z—y€llX (X, P)

~

/ Homgoi (Fr, )1
s—y€ells (X, P)

~ HOHlCorlskI'jvp(X;ModA)(F? F)[l] s

where the last equivalence is due to [GHN, Proposition 5.1]. O

7.6. Perverse sheaves. As corollary of Theorem 7.8, we can obtain a general representability
result for the stack of perverse sheaves. To state the result, let us begin by fixing some notation.

Notation 7.20. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Let £ be a presentable co-category. For every p € P, we can factor the inclusion j,: X, — X as

Xp ﬁ’ X>p = X,
where 7, is a closed immersion and j3, is an open immersion. Then
Ip,x Shhyp(Xmg) — Shhyp(X2p§5)
commutes with colimits so in particular admits a right adjoint ii;hyp. We set
JEP = VP oGP SRR (X £) — ShP(X,:E)

Lemma 7.21. Let (X, P) be conically stratified space with locally weakly contractible strata. Let
& be a presentable stable co-category. For every p € P, the functor jz!;hyp restricts to a functor

j]!;hyp: Cons};gyp(X;E) — LChyp(Xp;E) .

If furthermore (X, P) is locally categorically compact and P is finite, then jz!;hyp is cocontinuous.
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Proof. We can assume without loss of generality that X = X.,. In this case, we simply
write j: X, — X for the natural inclusion, and i: X, — X for the inclusion of the open
complementary. For every F' € Sh™P(X; ), we have the following fiber sequence:

(7.22) Juf P(F) — F — i, iR (F) |

computed in Shhvp (X;&). Assume now that F is P-hyperconstructible. Then the same goes
for *P(F), and Proposition 6.35 implies that i,i*"™P(F) is hyperconstructible on (X, P) as
well. Thus, Corollary 5.20 implies that j,j""P(F) belongs to Cons};)yp(X;E). In particular,
GUIP(FY) o jobypj bhye (B belongs to LC™P(X,; £).

We are left to show that j;;hyp commutes with filtered colimits of P-hyperconstructible sheaves

when (X, P) is locally categorically compact. Under this assumption, Proposition 6.42 guarantees
that the functor

" Cons}}f;i (Xsp; &) — Consié,yp(X;c‘,’)

commutes with filtered colimits. Since j, commutes with colimits and is fully faithful, the
conclusion follows from observing that the right and the middle terms of (7.22) commute with
filtered colimits. O

Changing coefficients commutes with the exceptional inverse image:

Lemma 7.23. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Let f: £ — &' be an ezact functor between presentable co-categories. Assume that the conditions
of Theorem 5.17 are satisfied. Then for every p € P, the commutative diagram

LCYP(X,; ) —L LCWP(X,; &)
[ Jin-
Cons™P(X; €) 7, Cons™P(X; &)
1s vertically right adjointable. That is, the Beck-Chevalley transformation
Vi Fo i — o f
s an equivalence.

Proof. We can without loss of generality assume that X = X5,. In this case, we simply write
Jj: Xp — X for the canonical closed immersion and i: X, < X for the inclusion of the open
complementary. Since j, is fully faithful, it is enough to prove that j.(v) is an equivalence. Fix
Fe Cons}}yp(X ; £) and consider the following commutative diagram whose upper and bottom
rows are fiber sequences:

Fied P (F) f(F) fini™MP(F)
Jo H Js

e f3P(F) f(F) i fi* PP (F)
jm H Ja

JuJ P f(F) f(F) i F(F)

The morphisms « and [ are tautologically equivalences. Hence the middle row is a fiber sequence
as well. Finally, § is an equivalence as recalled in Section 2.4. It follows that j.(7) is an equivalence
as well, whence the conclusion. Il
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Definition 7.24. Let (X, P) be a conically stratified space with locally weakly contractible
strata. Let £ be a presentable stable co-category equipped with a ¢-structure 7 = (Es0, E<o). Let
p: P—7Z

be a function. We define

P Cons}},yp(X;é’)go ={Fe Conslllpyp(X;é’) |Vpe P, m(j;’hyp(F)) =0 for every i < p(p)} ,
and

P ConsP(X;E) <o = {Fe Cons¥P(X;€) |Vpe P, wi(jz!;hyp(F)) =0 for every i > p(p)}
where the homotopy groups are computed with respect to the naturally induced t¢-structure on
Sh™P(X; ).

It is a standard fact that the above definition gives rise to a t-structure P7 on the stable
oo-category Cons}}yp(X ;E). We write pPerv?gyp(X ; ) for the heart of this ¢-structure. Following
[DPSb], we give the following definition:

Definition 7.25. Let S = Spec(A) € dAffg be a derived affine. Let (X, P) be a conically
stratified space with locally weakly contractible strata. Let p: P — Z be a function. We say that
an A-linear family of hyperconstructible hypersheaves F' € Cons};gf P(X;Moda) is P7-flat relative

to S if for every M € Modz, one has
M ®4 F € PPerv¥®(X; Mod ) .

Warning 7.26. Recall that A lies in Mod(j if and only if the canonical morphism A — 7y(A) is
an equivalence, that is when A is underived. In that case, a Pr-flat object automatically lies in
P Perv?;yp(X ;Mod ). The converse holds when A is a field but is false otherwise.

Construction 7.27. Let i: Z — X be a closed immersion of topological spaces. Since the
functor 7P : Sh™P(X; Mod,) — Sh™P(Z;Mod,) is strong monoidal, its right adjoint 4, is
automatically lax monoidal. In particular, for every M € Mod and F' € Shhyp(Z ;Mod ) there
is an induced morphism
M®@pi(F)— i,(MQy F) .

Observe that this is an isomorphism for M = A. Since i is a closed immersion, i, commutes with
colimits and therefore the above morphism is an equivalence. In turn, this induces a natural
Beck-Chevalley transformation

alz\’/l[l,}}gt M @4 i""P(F) — i"™P(M @4 F) .

Lemma 7.28. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Assume that (X, P) is locally categorically compact and that P is finite. Let S = Spec(A) be a
derived affine. Then for every M € Mody, every F' € Conskllgyp(X; Mod4) and every p € P, the
natural transformation

ahp gt M @4 j5P(F) = jiP(M @4 F)
is an equivalence.

Proof. Lemma 7.21 guarantees that j;’hyp commutes with colimits. Since the transformation
a!M, r is an equivalence for M = A, it follows that it is an equivalence for every M € Mod4. 0O

The following elementary lemma is an immediate consequence of the Tor spectral sequence
[HA, 7.2.1.19].

Lemma 7.29. Let S = Spec(A) be a derived affine. Let F' € Moda and assume that m;(F) ~ 0
fori < 0. Let k € Z. Then the following are equivalent :
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(1) F is k-connective, that is it belongs to (Modg)>k;
(2) for every M € Modi, M @4 F is k-connective;
(3) mo(A) ®4 F is k-connective.
The following proposition provides a useful reformulation of Pr-flatness.

Proposition 7.30. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Assume that (X, P) is locally categorically compact and that P is finite. Let S = Spec(A) be a
derived affine. Let F € Conshyp(X Mod4). Then the following statements are equivalent:

(1) F is P1-flat relative to S;

(2) F belongs to Conshyp(X Moda)>o and for every p € P, the stalks of j;™P(F) have
tor-amplitude contained in (—oo,p(p)].

(3) for every p € P, the stalks of j5™P(F) are p(p)-connectives and the stalks of j;;hyp(F)
have tor-amplitude contained in (—oo,p(p)].

Proof. Let p € P. From Lemma 7.29, the stalks of j="P(F) are p(p)-connective if and only if for
every M € Modi, the stalks of
M®a j;,hyp(F) ~ j;,hyp(M R4 F)
are p(p)-connective, where the equivalence follows from the fact that j;’hyp is strongly monoidal.
On the other hand, by definition of tor-amplitude, we see that the stalks of jll;hyp(F) have
tor-amplitude contained in (—oo, p(p)] if and only if for every M € Modi the stalks of
M @4 jPP(F) = P (M @4 F)

are concentrated in homological degrees (—oo, p(p)], where the equivalence follows from Lemma 7.28.
This finishes the proof of Proposition 7.30. (I

Remark 7.31. Observe that condition (3) in Proposition 7.30 is stable under base change. Hence,
the Pr-flatness condition defines a substack PPervp(X) of Consp(X) referred to as the derived
stack of perverse sheaves on (X, P).

Theorem 7.32. Let (X, P) be a conically stratified space with locally weakly contractible strata.
Assume that:

(1) (X, P) is of finite stratified type;

(2) (X, P) is locally categorically compact.

Then,
PPervp(X) — Consp(X)

is representable by an open immersion. In particular, Pervp(X) is locally geometric locally of
finite presentation.

Proof. Proposition 7.30 ensures that the following diagram of derived stacks

@3 P 5P,
PPervp(X) 22— T LCUP | (X,) x LCPE_ | (X))

peEP

(G5 5P e p b b
Consp(X) [[rc™ (x,) x LC™P(X,)
peP
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is cartesian. Here LC;};‘)@) (Xp) (resp. LC?Z‘;O’p(p)}(Xp)) denotes the substack of LC™P(X,)

parametrizing locally hyperconstant hypersheaves whose stalks are perfect and p(p)-connective
(resp. have tor-amplitude within (—oo, p(p)]). The first part of Theorem 7.32 thus follows from
Notation 7.16-(1) and Lemma 7.17. We then deduce the representability of PPervp(X) from
Theorem 7.8. (]

7.7. Cohomological Hall algebras. As an application, let us sketch the construction of a
cohomological Hall algebra associated to perverse sheaves on a smooth projective curve over C.
From now on, we will assume that X is a smooth curve over C equipped with n marked points
{p1,p2,---,pn}. We see X as a stratified space over the poset P = {0 < 1} equipped with the
middle perversity function, that is

p(0)=0, p(l)=-1.
Lemma 7.33. Let k be a field. Let (X, P) as above. Let F,G € "Perv}},yp(X;Modk). Then
Homconsl;gyp(X;Modk) (F, G) € Mody,
is concentrated in homological degrees [—2,0].

Proof. Let us denote by D: Cons™®(X; Mody) — Cons¥P(X; Mody) the Verdier duality functor.
Then, there is a canonical equivalence

Hom, e xtoy ) (F> G) = RT(X, D(F @ DG)) .

By Poincaré-Verdier duality, showing that the above complex is concentrated in homological
degrees [—2,0] amounts to show that RI'.(X, F ® DG) is concentrated in homological degrees
[0,2]. Since DG is perverse, we are thus left to show that if F,G € pPerv}}yp(X;Modk), then
I'.(X,F ® G) is concentrated in homological degrees [0,2]. By definition F ® G is concentrated
in homological degrees [0, 2] and both 71 (F ® G) and mo(F ® G) are punctually supported. Since
X is a curve over C, the only potential non zero terms of the spectral sequence

B2 mple(X, m(F @ Q) = mpgle(X, F @ G)
are thus
Eg,m Eg,l? Eg,zv EE1,27 E%2,2 .
This implies the sought-after range. ]
Following [PS, §4.1], there is a canonical simplicial object
SPervp(X): A°® — dStp ,

which satisfies the 2-Segal condition. Here SoPPervp(X) ~ Spec(R) is the final object in dStg,
while

SiPPervp(X) ~ PPervp(X)
is the derived stack of p-perverse sheaves we just constructed. Moreover,
PPervi?(X) == SoP Pervp(X)

can be explicitly described as the derived stack sending a derived affine S = Spec(A) to the
oo-groupoid consisting of fiber sequences in Cons};,})’g (X;Mody) of the form

Fl—)F2—>F3,
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where we further ask that Fy, Fy and Fj are Pr-flat relative to S. The simplicial structure of
SePPervp(X) induces a canonical correspondence

PPervit(X)

/ \
PPervp(X) x PPervp(X) PPervp(X)

where p sends a fiber sequence as above to its extremes (F3, F1) and ¢ sends it to its middle term
F5. We have:

Lemma 7.34.
(1) The map q is representable by proper algebraic spaces.

(2) The map p is derived lci.

Proof. We start by point (1). Notice that this question is insensitive to the derived structure, so
we will pass to the truncations. Direct inspection reveals that ¢ is O-truncated; since source and
target are Artin stacks, it follows that ¢ is representable by algebraic spaces. Observe now that if
X is a smooth (possibly open) C-analytic curve equipped with a trivial stratification, then the
statement is known (see e.g. the proof of [PS, Theorem 4.9]). Since the collection of representable
maps by proper algebraic spaces is closed under fiber products, we can reduce ourselves to the case
where X is an C-analytic disk D, equipped with the stratification over P = {0 < 1} whose closed
stratum consists exactly with the origin of D. Observe that PPervp(D) can be also described in
terms of representations of the following quiver Q:

0 1
Q—WO

More specifically, the stable oo-category Rep(Q) of C-linear Q-representations, but equip it with
the t-structure 7 defined by declaring that an object F' € Rep(Q) is connective if and only if

F(0) € (Modg) o and F(1) € Mod) 2 -

Then [DPSb| defines a derived moduli stack Rep(Q, 7) parametrizing 7-flat families of finite
dimensional @Q-representations. Explicitly, Rep(Q, 7) sends a derived affine S = Spec(A) to the
oo-groupoid of A-linear Q-representations F such that both F(0) and F(1)[—2] are projective
A-modules of finite rank. Inspection reveals that Rep(Q, 7) and PPervp(D) are equivalent. We
now use the valuative criterion of properness [Stacks, Tag 0A40] to verify that ¢ is proper. Let
therefore A be a discrete valuation ring with fraction field K and consider the lifting problem

Spec(K) —-— PPervy(D)
b
Spec(A4) JEESN PPervp(D) .
let F' be the A-linear family of perverse sheaves classified by s, and let
F'— Fg — F”

be the extension of K-linear families of perverse sheaves classified by ¢, where Fgx .= K ®4 F.
Write furthermore

M = F(0) and N =F(1).
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Notice that we can review this extension as an extension of perverse sheaves with coefficients in
Mod, (whose stalks will no longer be perfect). Define F” to be the image of F — Fyx — F”,
computed in the abelian category IDPervié,yp(X; Mod,). By construction, P = (M”, N". &, E”)
is a subobject of F”' = (M"”,N",a”,"). This means that M" and N” are subobjects of M"
and N”, and hence they are torsion-free. Since A is a valuation ring, they are automatically free
[Stacks, Tag 0539]. Besides, M — M" and N — N”' are surjective, and hence M” and N have
finite rank. Thus, F’ := ker(F — F") is flat and of finite rank as well. This provides a solution of
the previous lifting problem. The uniqueness follows at once from the uniqueness of the epi-mono
factorization for the morphism F — Fy — F'. Thus, q is proper.

We now prove point (2). The computation of the relative cotangent complex for the map p
done in [PS, Proposition 3.6], reduces us to check that for every field k and every pair (F3, F}) of
k-linear families of perverse sheaves, the object

HomCOHS];VP(X;Modk) (F37 Fl) S Modk
is concentrated in homological degrees [—2,0]. This follows from Lemma 7.33. O

At this point, following the discussion in [PS, §4.2], we are led to:

Corollary 7.35. Let X be a smooth projective curve over C equipped with an algebraic stratification
over P ={0 < 1}. Let p be the middle perversity function. Then Coh®(PPervp(X)) carries a
canonical E1-monoidal structure of Hall type. Similarly, the Borel-Moore homology and G-theory
of PPervp(X) carry Hall multiplications.

Remark 7.36. These (categorical, cohomological, K-theoretical) Hall algebras generalize the
Betti Hall algebras of [PS, M| (a.k.a. the Hall algebras of the character variety), which in turn
can be seen as a generalization of Schiffmann-Vasserot CoHA of the commuting variety [SV].
Exploiting the microlocal nature of perverse sheaves, it is natural to expect that these “perverse

CoHASs” admit a presentation as a Jacobi algebra, generalizing the one of [M]. Moreover, following

[DPSa] it is natural to wonder whether there exists a torsion pair on IJPerv?;.yp(X ) giving rise to

a “perverse geometric Yangian”. We will come back to these questions in a future work.
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