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ABsTrACT. The goal of this paper is to build a theory of Stokes structures in an abstract
oo-categorical context and to show that Stokes structures coming from flat bundles form a
locally geometric derived stack of finite presentation. This generalizes existing geometricity
results on Stokes structures in four different directions : our result applies in any dimension,
oo-categorical coefficients are allowed, derived structures on moduli spaces are considered and
more general spaces than those arising from flat bundles are permitted.
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1. INTRODUCTION

Let (F,V) be a rank n algebraic flat bundle on a smooth complex algebraic variety X. Then,
analytic continuation of the solutions of the differential system V = 0 gives rise to a representation
p: m1(X) = GL,(C) called the monodromy representation. If favourable conditions are imposed,
the data of p and (E, V) are equivalent. In that case (E, V) is called regular singular [13] and
this case is characterized by the fact that the formal solutions to V = 0 automatically converge.
In general, the monodromy representation is not enough to capture all the analytic information
contained in (E, V). As already seen by Stokes on the Airy equation [48], formal solutions to
V = 0 may not converge any more, but their interplay with analytic solutions is highly structured
and gives rise to what is nowadays called a Stokes structure or a Stokes filtered local system
[14, 3, 44]. To picture it, let us suppose that X is the affine line and let S. be the circle of
directions emanating from oo. Then, the flat bundle (F,V) has good formal structure at co,
meaning roughly that when restricted to a formal neighbourhood of oo, it decomposes as a direct
sum of regular flat bundles twisted by rank one bundles. The theory of asymptotic developments
[46] then ensures the existence of a finite set St(E,V) C SL of Stokes directions such that for
every d ¢ St(E, V), any formal solution f to V = 0 at oo lifts to an analytic solution f in some
small enough sector S containing d. We also say that f is the asymptotic development of f.
By Cauchy’s theorem, f admits an analytic continuation to any sector obtained by rotating S.
However, the asymptotic development is not preserved under the analytic continuation procedure
and may jump when crossing a Stokes line. This is the Stokes phenomenon. In practice, these
jumps are measured by matrices (one for each Stokes direction) called Stokes matrices. Note that
Stokes matrices are subjected to choices of basis. To get a more intrinsic presentation, let L be
the local system of solutions to V = 0 on S. . Then Deligne and Malgrange observed in [14] that
the Stokes phenomenon is recorded by a filtration of L by constructible subsheaves indexed by
Op1 00 (¥00) /Op1 . Concretely for a € Op1 o (%00)/Op1 o, We put

L<, ={f € L such that e™*f has moderate growth oo} .

Although this filtration is indexed by an infinite dimensional parameter space, only a finite number
of elements, called irregular values of (E, V) contribute in a non trivial way.

On the other hands, representations of the fundamental group naturally form an algebraic
variety, the character variety. It is thus a natural question to ask whether Stokes structures
also form an algebraic variety. This question was answered in [8, 9, 28| in the curve case via
GIT methods. See also [6] for a stacky variant in the curve case. In dimension > 2, several
major obstacles arise. The first one is that good formal structures breaks down. Still, Sabbah
conjectured [43] that good formal structure can be achieved at the cost of enough blow-up above
the divisor at infinity. This problem was solved independently by Kedlaya [29, 30] and Mochizuki
[37, 35]. Furthermore, given a smooth compact algebraic variety X and a simple normal crossing
divisor D, Mochizuki attached to every flat bundle (E,V) on U := X \ D with good formal
structure along D a Stokes filtered local system (L, L<) on the real blow-up =: XX along the
components of D, and showed that the data of (E, V) and (L, L<) are equivalent. Once strapped
in this setting, a second major obstacle in dimension > 2 pertains to the stratified nature of good
formal structure. To explain it, suppose that X = C2, let Dy, Dy be the coordinate axis and
let D be their union. Then, very roughly, good formal structure holds separately on the formal
neighbourhoods of 0, Dy \ {0} and D5 \ {0}. In dimension 1, the points at infinity are isolated so
their contributions to the moduli of Stokes structures don’t interact and can thus be analysed
separately. In higher dimension, the contributions of Dy \ {0}, D2 \ {0} and 0 are necessarily
intricated. This in particular makes it unclear how to use the moduli of Stokes torsors from [49]



HOMOTOPY THEORY OF STOKES STRUCTURES AND DERIVED MODULI 3

as smooth atlases in global situations. In this paper, we generalize all known construction of the
moduli of (possibly ramified) Stokes filtered local systems in four different ways:

(1) our result applies in any dimension;

(

2)
(3) derived structures on moduli spaces are considered;
4)

(

For representability results along these lines in the De Rham side see [38]|. Before presenting
our main theorem, let us explain how stratified homotopy theory enters the game.

oo-categorical coefficients are allowed;

more general spaces than those arising from flat bundles are permitted.

Let X be a complex manifold and let D be a normal crossing divisor. The starting point is
a transfer of Mochizuki’s notion of higher dimensional Stokes filtered local system in a purely
categorical setup. The first step of this transfer is channeled by the topological exodromy equivalence
from [32, 41, 54, 25] which converts a hyperconstructible hypersheaf with respect to a stratification
P of X into a functor from the oco-category of Exit Paths IT., (X, P) attached to (X, P). By
design, the objects of Il (X, P) are the points of X and the morphisms between two points z
and y can be thought of as continuous paths ~: [0,1] — X such that v((0,1]) lies in the same
stratum as y. Let .# C Ox(xD)/Ox be a good sheaf of irregular values (see Recollection 16.3.4).
Let m: X — X be the real blow-up of X along D (see Construction 16.1.4). A point € X with
m(x) € D can be thought of as a line passing through m(z) and a section of 7*. near z as a
meromorphic function defined on some small multi-sector emanating from 7(z). For two such
sections a and b, the relation

a <, b if and only if €*~° has moderate growth at x

defines an order on the germs of 7*.# at x. This collection of orders upgrades 7*.# into a sheaf of
posets that turns out to be constructible for a suitable choice of finite subanalytic stratification P
of X. Through the exodromy equivalence, 7*.# thus corresponds to a functor I, ()Z' ,P) — Poset
which in turn corresponds to a cocartesian fibration in posets J — Il (X' , P) via the Grothendieck
construction. In this language, Stokes filtered local systems are special functors F: J — € that
we call Stokes functors, where € is the category of C-vector spaces. A substantial part of the
paper is devoted to the analysis of the two conditions that make these functors special.

Splitting condition. This condition is punctual. For z € )N(, let J, € Poset be the fibre of
J — Iy ()?,P) above x and consider the restricted functor F,: J, — &. Let i, : J5°* — J,
be the underlying set of J,. Let ig, : Fun(J5, &) — Fun(J,, &) be the left Kan extension
of i5 : Fun(J,, &) — Fun(J5*, €). Then F, is requested to lie in the essential image of iy, .
Unravelling the definition, the means that there is V': I, — € such that for every a € J,, we have

F.(a)~ €@ V).

b<a in J,

Induction condition. If v: x — y is an exit path for ()Z',P), it pertains to a prescription
of F, by F, via v referred as induction in [37]. If v:J, — J, is the morphism of posets
induced by v: « — y and if vi: Fun(J,, ) — Fun(Jy, €) is the left Kan extension of the pull-
back v*: Fun(J,, €) — Fun(J,, £), Mochizuki’s condition translates purely categorically into the
requirement that the natural map v (F,) — F, is an equivalence.

Remark 1.1. When the sheaf .7 is trivial, the splitting condition is trivial and the induction
condition is an instance of parallel transport from x to y. So in this case, Stokes functors are
nothing but local systems on X (see Construction 16.1.4).
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The splitting and induction conditions have purely categorical formulations. This motivates
the following

Definition 1.2. Let X be an oco-category. Let J — X be a cocartesian fibration in posets. Let &€
be a presentable co-category. A Stokes functor is a functor F': J — € satisfying the splitting and
induction conditions. We denote by Sty ¢ C Fun(J, ) the full subcategory spanned by Stokes
functors and by Stg ¢ ., C Sty ¢ the subcategory spanned by Stokes functors with value in compact
objects of &.

One major obstacle to work oo-categorically is to make sense of the induction condition
in a sufficiently synthetic way to minimize the amount of co-categorical data required for its
check. This is achieved through the specialization formalism developed in a first part of the
paper. The gains with this approach are streamlined proofs of crucial properties for Stokes
functors: preservation under cartesian pull-back and induction over a fixed base (Corollary 8.3.4),
invariance under localisation of the base (Proposition 8.3.5), preservation under graduation
(Proposition 9.4.9), explicit description when X has an initial object (Proposition 8.2.5), spreading
out (Theorem 11.4.1), compatibility with tensor product in Pr" (Proposition 8.6.5), categorical
actions of local systems (Corollary 8.8.5), Van Kampen (Proposition 8.5.1) and existence of
t-structures (Proposition 8.7.11). When X is the oo-category of Exit Paths of some manifold
endowed with a subanalytic stratification, we introduce the following;:

Definition 1.3. Let M be a manifold. Let X C M be a locally closed subanalytic subset and let
X — P be a subanalytic stratification. A Stokes fibration over (X, P) is a cocartesian fibration
in posets J — Il (X, P). The data of (X, P,J) is referred to as a Stokes analytic stratified space.

Similarly to Stokes lines, one can define the Stokes loci:

Definition 1.4. Let (X, P,J) be a Stokes analytic stratified space and let a,b be cocartesian
sections of J — I (X, P). Then, the Stokes locus of {a,b} is the set of points z € X such that
a, and b, cannot be compared in J,.

The simplest Stokes analytic stratified spaces are those for which the order plays no role.

Example 1.5. We say that a Stokes analytic stratified space (X, P,J) is elementary if for every
presentable stable oo-category &, the left Kan extension i5: Fun(J*, &) — Fun(J, €) induces an
equivalence between Stgset ¢ and Sty ¢.

The following is the main result of this paper :

Theorem 1.6 (Theorem 16.6.15). Let X be a complex manifold admitting a smooth compactifica-
tion. Let D be a normal crossing divisor in X and put U == X\ D. Let : X — X be the real-blow
up along D and j: U — X the inclusion. Let % C (j,00)/(j+Ou)™® be a good sheaf of irreqular
values and let X — P be a finite subanalytic stratification such that & is P-hyperconstructible.
Let ()?,P, J) be the associated Stokes analytic stratified space. Let k be an animated commutative
ring. Then the prestack

Sty: dAff;” — Spc
defined by the rule

Sty(Spec(A)) = (StgMody.w)™

1s locally geometric of finite presentation. Moreover, for every animated commutative k-algebra A
and every morphism

x: Spec(A) — Sty
classifying a Stokes functor F': J — Perf 4, there is a canonical equivalence

m*TStg =~ HomFun(j,ModA)(Fv F)[l] ;
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where Tg¢, denotes the tangent complex of Sty and the right hand side denotes the Mod 4-enriched
Hom of Fun(J, Mod 4).

There are at least three reasons justifying the use of derived algebraic geometry. First, it is
sensitive to the full stratified homotopy type Il ()~( , P) and not only its underlying 1-category.
By analogy with character varieties [21, 50] and the curve case [8, 9, 45], we expect Sty to carry
a shifted symplectic structure in the sense of [39], which is typically invisible from the viewpoint
of classical algebraic geometry in dimension > 2. Finally, derived algebraic geometry provides an
interpretation of the cohomology of Stokes functors as cotangent complexes for Stg, leading to a
better control of its infinitesimal theory than in the classical context. These aspects will be the
topics of future works.

The proof of Theorem 1.6 goes through the identification of the prestack Sty with Toén-
Vaquié moduli of objects attached to Stg nod,, which is known to be locally geometric of finite
presentation by the main result [51]. At the core of this identification is the following

Theorem 1.7 (Theorem 12.1.3). In the setting of Theorem 1.6, let € be a presentable stable
oo-category. Then, the subcategory Sty ¢ C Fun(J, ) is stable under limits and colimits.

Let us explain why Theorem 1.7 is striking. Let Fo: I — Stj ¢ be a diagram of Stokes functors
and let F' = lim F; be its limit computed in Fun(J, £). Then, for every i € I and every x € )~(,
the splitting condition for F; at x yields an equivalence F; , ~ ig, (V;) where V;: 5" — € is a
functor. Observe that these equivalences are non canonical, so they typically cannot be rearranged
into a diagram V,: I — Fun(J5, &) realizing the splitting of F at 2. What Theorem 1.7 says is
that for Stokes stratified spaces coming from the theory of flat bundles, such a rearrangement
exists. As immediate corollary of Theorem 1.7, we deduce the following

Theorem 1.8 (Theorem 12.1.1 and Corollary 12.1.6). In the setting of Theorem 1.7, the following
hold;

(1) For every presentable stable co-category &, the co-category Sty e is presentable stable.
(2) For every Grothendieck abelian category A, the category Sty a is Grothendieck abelian.

When A is the category of vector spaces over a field, (2) reproduces a theorem of Sabbah
[44, Corollary 9.20]. This is again striking since over a point, Stokes functors neither form a
presentable stable co-category nor an abelian category. In the same vein, we show the following:

Theorem 1.9 (Theorem 12.3.5). In the setting of Theorem 1.6, let € be a k-linear presentable
stable co-category of finite type (see Definition 17.3.1). Then, Sty ¢ is k-linear of finite type. In
particular, Sty ¢ is a smooth non-commutative space.

One could package the above results in the following

Slogan 1.10. For Stokes stratified spaces coming from flat bundles, the oco-category of Stokes
functors inherits the properties of its coefficients.

We refer to Theorem 14.2.2 for a possible way of transforming this slogan into a precise statement.

In a nutshell, the moduli functor from Theorem 1.6 parametrizes “Stokes filtered perfect
complexes”. From this perspective, actual Stokes filtered local systems correspond to objects
concentrated in degree 0. It turns out that these can also be organized into a sub pre-stack
Stglf;f C Sty ;, satisfying the following

Theorem 1.11 (Theorem 13.3.4). In the setting of Theorem 1.6, the pre-stack Stglflkt is a derived
1-Artin stack locally of finite type.
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In particular, the truncation of Stgﬂflkt, namely its restriction to discrete k-algebra is an Artin
stack locally of finite type in the classical sense.

Although stated in the context coming from flat bundles, the above theorems hold more
generally for what we call families of Stokes analytic stratified spaces locally admitting a piecewise
elementary level structure. To explain this, let us introduce the following

Definition 1.12. Let (X, P,J) be a Stokes analytic stratified space and let p: I — J be a
morphism of Stokes fibrations over (X, P). We say that p: I — J is a level morphism if for every
x € X and every a,b € J,, we have

pla) <p()ind, =a<bind, .

Definition 1.12 is an axiomatization of a standard dévissage procedure in the classical theory
of Stokes structures. If we consider the fibre product J,, := J°°* x 5 J, this dévissage is traditionally
used to reduce the study of (X, P,J) to that of (X, P,d) and (X, P,J,). This is effective since
the level morphisms naturally occurring classically are so that J has less objects than J while J,
comes with extra properties. In this paper, we show that the power of this reduction procedure
has a purely categorical explanation, which seems to be new already in the classical setting (see
Theorem 10.2.1 for a more precise statement in a purely oco-categorical context):

Theorem 1.13. Let (X, P,J) be a Stokes analytic stratified space and let p: I — §J be a level
graduation morphism of Stokes fibrations over (X, P). Let € be a presentable stable co-category.
Then, there is a pullback square

Stlg R Stg7g

| |

Stjp,g — Stgset7€
in Caty.

The extra property of (X, P,J,) alluded to is what we call piecewise elementary (see Defini-
tion 11.3.19). In a nutshell, it means that every point admits a subanalytic closed neighbourhood
Z such that the induced Stokes analytic stratified space (Z, P,J,|z) is elementary in the sense of
Example 1.5. That one can find such cover is typically possible when the differences of irregular
values have the same pole order. This follows from the following result, whose statement is
inspired from [36, Proposition 3.16]:

Theorem 1.14 (Theorem 15.2.4). Let (C,P,J) be a Stokes analytic stratified space in finite
posets where C C R™ is a polyhedron and I3 — T (C, P) is locally constant. Assume that
for every distinct cocartesian sections a,b of I — Il (C, P), there exists a non zero affine form
@: R®™ = R such that

(1) The Stokes locus of {a,b} is C N {p = 0} (see Definition 1.4).
(2) C\ {p =0} admits ezxactly two connected components C1 and Cs.

(8) az < b, inJ, for every x € Cy and a, < b, for every x € Cs.
Then (C, P,J) is elementary.

Linear overview. The paper is divided in four parts.

Part 1. The constructible sheaf of Stokes data. After reviewing the exodromy equivalence
of [41, 25], we discuss a categorical construction known as the exponential construction, that
plays a central role in this paper. Then, we introduce the notion of Stokes stratified space and
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the related notion of Stokes loci. Via the exponential construction, we introduce the constructible
sheaf of Stokes data and work out some basic examples.

Part 2. Categorical aspects. In this part, we develop the co-categorical framework needed in
the study of Stokes functors. We start by refining our analysis of the exponential construction
via the specialization equivalence. Later, we separately study the property of being cocartesian
and punctually split. This leads to the basic functorialities of the co-categories of Stokes functors
(see Corollary 8.3.4) and to their fundamental properties such the invariance by localization (see
Proposition 8.3.5), Van Kampen (see Proposition 8.5.1) and the existence of ¢-structures (see
Proposition 8.7.11). In the later §§9-10, we develop the theory of graduation and the notion of
level structure. We study the compatibility of the graduation procedure with Stokes functors and
the interaction with their basic functorialities. Theorem 10.2.1 is in many ways the crucial result
of this part, establishing the categorical basis of the level induction technique used to prove the
main results of the next part.

Part 3. Geometric aspects. In this part, we place ourselves in the geometric setting. In
Section 11.3, we introduce the fundamental notion of elementarity and its variants and we later
prove a spreading out theorem for elementary subsets in the setting of Stokes analytic stratified
spaces (see Theorem 11.4.1). Assuming the existence of a ramified piecewise linear level structure,
we prove the main theorems concerning Stokes functors: that they form a presentable stable
oo-category (see Theorem 12.1.1), their non-commutative smoothness (see Theorem 12.3.5) and
the representability of the derived stack of Stokes structures (see Theorem 13.1.4). In §15, we
develop the elementarity criterion based on the geometry of the Stokes loci (see Theorem 15.2.4)
and in §16 we study the Stokes stratified spaces arising from the theory of flat bundles, notably
establishing the existence of ramified piecewise linear level structures (see Corollary 16.5.5).

Part 4. Categorical complements. This part is essentially intended as an appendix to
the main body of the paper. Nevertheless, it turns out that the language of the specialization
equivalence is a powerful categorical tool that allows to prove structural results on cocartesian
fibrations. In Theorem 17.1.2, we establish a local-to-global principle for compactness of the total
space of a cocartesian fibration. In Theorem 18.2.1, we give a new and model-independent proof
of Hinich’s theorem [27]. Last but not least, in §§19-20 we introduce the notion of finite étale
(cocartesian) fibration. This notion plays a crucial role in the proof of the retraction lemma (see
Corollary 8.8.6) that allows to treat ramified Stokes structures.

Acknowledgments. We are grateful to Enrico Lampetti, Guglielmo Nocera, Tony Pantev, Marco
Robalo and Marco Volpe for useful conversations about this paper. We especially thank Peter
J. Haine for fruitful collaborations on the exodromy theorems. We thank the Oberwolfach
MFO institute that hosted the Research in Pairs “2027r: The geometry of the Riemann-Hilbert
correspondence”’. We also thank the CNRS for delegations and PEPS “Jeunes Chercheurs Jeunes
Chercheuses” fundings, as well as the ANR CatAG from which both authors benefited during the
writing of this paper.
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Part 1. The constructible sheaf of Stokes data

In this part, we introduce the main geometrical object of interest of the paper: Stokes stratified
spaces, i.e. stratified spaces equipped with a constructible sheaf of posets. This sheaf of posets
allows to define Stokes loci (see Definition 4.2.2), and to introduce the constructible sheaf of
Stokes functors (see Definition 5.2.3). Much of the later parts of this paper, will be devoted to
understand the properties of the global sections of this sheaf.

2. STRATIFIED SPACES AND CONSTRUCTIBLE SHEAVES

We begin giving a brief review of the exodromy correspondence [41, 25].

2.1. Atomic generation. Let C be a presentable co-category. Recall that an object ¢ € C is
atomic if the functor

Mape(c,—): € — Spc

preserves all colimits. Write €' C C for the full subcategory spanned by the atomic objects. We
say that C is atomically generated if the unique colimit-preserving extension

PSh(E™) — €

of €2 C € along the Yoneda embedding is an equivalence.

2.2. Stratifications and hyperconstructible hypersheaves.

Recollection 2.2.1. If P be a poset, we endow P with the topology whose open subsets are the
closed upward subsets Q C P. That is for every a € @ and b € P such that b > a, we have b € Q.

Definition 2.2.2. Let X be a topological space. Let P be a poset. A stratification of X by P is
a continuous morphism X — P.

Remark 2.2.3. We abuse notations by denoting a stratification of X by P as (X, P) instead of
X — P and refer to (X, P) as a stratified space. The collection of stratified spaces organize into
a category in an obvious manner.

Example 2.2.4. Let X be a topological space. Let A be a finite family of closed subsets of X.
Then, the map pa: X — Fun(A, Al) sending x € X to the function y,: A — Al defined by

0 ifzeF
=(F) =
Xe(F) {1 otherwise

is a stratification of X. We note by (X,A) the associated stratified space.

Remark 2.2.5. When X is a manifold and A is the set of irreducible components of a strict
normal crossing divisor D, we note (X, D) instead of (X, A).

Definition 2.2.6. Let (X, P) be a stratified space. Let € be a presentable co-category. An
hypersheaf F': Open(X)°P — € with value in € is hyperconstructible if for every p € P, the hyper-
sheaf i;’hyp(F) is locally hyperconstant on X, where i,,: X, — X denotes the canonical inclusion.
We denote by Cons};yp(X : &) the full-subcategory of Sh™P(X; &) spanned by hyperconstructible
hypersheaves on (X, P).
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2.3. Exodromic stratified spaces. Following [12, 25] we introduce the following definition:

Definition 2.3.1. A stratified space (X, P) is said to be exodromic if it satisfies the following
conditions:

(1) the co-category Consl;)yp(X ) is atomically generated;

(2) the full subcategory Cons}}gylo (X) C Sh™P(X) is closed under limits and colimits;

(3) the functor p*: Fun(P, Spc) — Cons}}gyp (X) commutes with limits.
We denote by ExStrat the category of exodromic stratified spaces with stratified morphisms
between them.

Example 2.3.2 ([41, Theorem 5.18]). Every conically stratified space with locally weakly
contractible strata is exodromic.

Definition 2.3.3. Let (X, P) be an exodromic stratified space. We define the co-category of
exit paths II, (X, P) as the opposite of the full subcategory of Consljgyp (X) spanned by atomic
objects.

Recollection 2.3.4. Let f: (X, P) — (Y, Q) be a morphism between exodromic stratified spaces.
By [25, Theorem 3.2.3] the functor f*hvP: Consgyp(Y) — Cons}}yp(X) admits a left adjoint

fﬁhyp: Cons¥P(X) — Consgyp(Y)
which preserves atomic objects. It therefore induces a well defined functor

oo (f): oo (X, P) = 1o (Y, Q) .
Using the equivalence Pr™® ~ Cat'%*™  we can promote this construction to a functor

11 : ExStrat — Cat, .

Recollection 2.3.5. For an exodromic stratified space (X, P), there is a canonical equivalence
(2.3.6) Fun(Il., (X, P), Caty,) ~ Cons (X, Cato,)

referred to as the ezodromy equivalence. By |25, Theorem 0.3.1], the exodromy equivalence (2.3.6)
is especially well-behaved with respect to stratified morphisms. Namely for every morphism
f+ (X, P)—= (Y,Q) between exodromic stratified spaces, the following square

Fun(Il. (Y, Q), Cato,) —— Consgyp(Y, Cat)

an(f)* th“’p’*

Fun(IT, (X, P), Cats,) —— Cons®”(X, Cat..)
commutes. In particular, if F € Cons}}yp(X, Cat,) corresponds to F': Il (X, P) — Cat trough
the exodromy equivalence, then are canonical equivalences F(X) ~ - lzr)? P)F and ¥, ~ F(z) for
every x € X. /

Remark 2.3.7. The exodromy equivalence and its functorialities also hold with coefficients in
Pr" (see [25, Proposition 4.2.5]).

Proposition 2.3.8 ([25, Theorem 3.3.6]). Let (X, P) be a stratified space and let R — P be a
refinement such that (X, R) is exodromic. Then, (X, P) is exodromic and the induced functor

(X, R) = I (X, P)

exhibits Il (X, P) as the localization of (X, R) at the set of arrows sent to equivalences by
I (X,R) = R — P. In particular, the above functor is final and cofinal.
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Remark 2.3.9 (|25, Proposition A.3.16]). In the setting of Proposition 2.3.8, the oco-category
I (X, P) is compact (resp. finite) if 1 (Y, @) is compact (resp. finite).

Definition 2.3.10 ([25, Definition 5.2.4]). Let (X, P) be a stratified space. We say that (X, P)
is conically refineable if there exists a refinement R — P such that (X, R) is conically stratified
with locally weakly contractible strata.

Remark 2.3.11. A conically refineable stratified space is exodromic in virtue of Example 2.3.2
and Proposition 2.3.8.

Definition 2.3.12. Let (X, P) be an exodromic stratified space. Let Z C X be a locally closed
subset such that (Z, P) is exodromic. Let U C X be an open neighbourhood of Z. We say that
U is final at Z if (U, P) is exodromic and if the functor

Heo(Z, P) — U (U, P)
is final.

Proposition 2.3.13 ([25, Corollary 3.4.5]). Let (X, P) be an exodromic stratified space. Let
U, be an étale hypercover of X such that (U, P) is exodromic for every [n] € Ag. Then, the
canonical functor

colim I, (Us, P) — Moo (X, P)
s an equivalence.

Remark 2.3.14. In the setting of Definition 2.3.12, if U is final at Z, then the inclusion Z — U
is a homotopy equivalence. Indeed, [31, Proposition 4.1.1.3-(3)] guarantees that I, (Z, P) —
I (U, P) is an equivalence after passing to the enveloping co-groupoid. But Proposition 2.3.8
implies that

Env(Iloo(Z, P)) ~ oo (Z) and Env(Iloo (U, P)) ~ I (U) ,
so the conclusion follows.

Definition 2.3.15 ([41, Definition 2.3.2]). Let (X, P) be an exodromic stratified space. Let
Z C X be alocally closed subset such that (Z, P) is exodromic. We say that (X, P) is final Z if the
collection of final at Z open neighbourhoods of Z forms a fundamental system of neighbourhoods
of Z.

Definition 2.3.16. Let (X, P) be an exodromic stratified space. Let Z C X be a locally closed
subset such that (Z, P) is exodromic. We say that (X, P) is hereditary final at Z if for every
open subset U C X, the stratified space (U, P) is final at U N Z.

2.4. Triangulations and hereditary finality. The goal of this subsection is to prove some
hereditary final property (Definition 2.3.16) for stratified spaces admitting a locally finite triangu-
lation. Before doing this, we need intermediate notations and lemmas.

Let K = (V, F) be a simplicial complex. We denote by | K| the geometric realization of K. By
construction, a point in | K| is a function : V' — [0, 1] supported on a face of K and such that
> wev Z(v) = 1. Let us endow the set of faces F' of K with the inclusion. Let Suppg : |K| — F'
be the support function.

Theorem 2.4.1 (|32, Theorem A.6.10]). Let K = (V, F) be a locally finite simplicial complez.
The stratified space (|K|,F) is conically stratified with contractible strata and the structural
morphism

(K|, F) = F

18 an equivalence of oco-categories.
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Definition 2.4.2. Let K be a simplicial complex and let S be a simplicial subcomplex of K. We
say that S is full if for every face o of K, the subset 0 NS is empty or is a face of S.

Lemma 2.4.3. Let K = (V, F) be a locally finite simplicial complex. Let S = (V(S), F(S)) be a
full subcomplexr of K. Put

U(S,K) = {z € |K]| such that V(S) N Suppg (x) # 0} .
Then, U(S, K) is final at |S)|.

Proof. By Theorem 2.4.1, the category Il (U (S, K), F') identifies with the subposet P(S) of F'
of faces containing at least one vertex in S. We have to show that the inclusion F'(S) — P(S) is
final. Let o € P(S). Then, F(S) xp(s) P(S)/, identifies with the poset of faces of K contained
in S and o. Since o contains at least one vertex of S, the poset F'(S) X p(s) P(S) /o is not empty.
Since S is full in K, we deduce that F'(S) X p(s) P(S),, admits a maximal element, and is thus
weakly contractible. This finishes the proof of Lemma 2.4.3. (I

Definition 2.4.4. Let (X, P) be a stratified space. A triangulation of (X, P) is the data of (K, r)
where K = (V, F) is a simplicial complex and r: (| K|, F') — (X, P) is a refinement. We say that
(K,r) is locally finite if K is locally finite.

The existence of a (locally finite) triangulation is compatible with restriction to an open subset.

Lemma 2.4.5. Let (X, P) be a stratified space admitting a (locally finite) triangulation. Let U
be an open subset in X. Then (U, P) admits a (locally finite) triangulation.

Proof. Let K = (V, F) be a simplicial complex and let 7: (| K|, F') — (X, P) be a refinement. Then,
(r~Y(U),F) — (U, P) is a refinement. From [17, Theorem 1], there exists a simplicial complex
L = (V(L),F(L)) and a refinement s: (|L|, F(L)) — (r~Y(U), F). Hence, r o s: (|L|, F(L)) —
(U, P) is a refinement. That L is locally finite if K is locally finite follows from [47, Theorem 8 (p.
119)]. O

Lemma 2.4.6. Let r: (X, P) = (Y, Q) be a refinement between exodromic stratified spaces. Let
Z CY be alocally closed subset and put T == r~1(Z). Let U C X be an open subset final at T
in the sense of Definition 2.3.15. Then r(U) is final at Z. In particular, if (X, P) is final at T,
then (Y, Q) is final at Z.

Proof. There is a commutative diagram of oco-categories

(T, P) —— 11 (Z,Q)

| l

where the left vertical functor is final. From Proposition 2.3.8, the horizontal functors are
localizations. They are thus final functors from [11, 7.1.10]. From [31, 4.1.1.3], we deduce that
M(Z,Q) = U (r(U), Q) is final. Lemma 2.4.6 is thus proved. O

Proposition 2.4.7. Let (X, P) be an exodromic stratified space admitting a locally finite trian-
gulation. Then, for every locally closed subposet Q@ C P, (X, P) is hereditary final at X¢g in the
sense of Definition 2.3.16.

Proof. Let U C X be an open subset. We have to show that (U, P) is final at U N Xq. By
Lemma 2.4.5, (U, P) admits a locally finite triangulation. At the cost of replacing X by U, we
are left to show that (X, P) is final at Xq. Write Q@ = F N O where F' C P is closed and where
O C P is open. To show that (X, P) is final at X amounts to show that (Xp,0O) is final at
Xq. From Lemma 2.4.5 again, we are left to show that (X, P) is final at Xo where Q C P
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is closed. Applying Lemma 2.4.5 one last time, we are left to show that there exists an open
subset U C X final at X where @ C P is closed. Let K = (V, F) be a locally finite simplicial
complex and let 7: (|K|,F) — (X, P) be a refinement. Since Q C P is closed, 7~ 1(Q) C F is
closed. Hence, 771(Q) is the set of faces of a simplicial subcomplex S = (V(S), F(S)) of K.
At the cost of replacing K by its barycentric subdivision, we can suppose that S is full in the
sense of Definition 2.4.2. By Lemma 2.4.6, it is enough to show that there exists an open subset
U C |K| containing |S| such that U is final at |S|. The existence of such open subset is provided
by Lemma 2.4.3. (I

2.5. Subanalytic stratified space. In this subsection, we introduce the class of exodromic
stratified spaces relevant for the study of Stokes structures coming from flat bundles.

Definition 2.5.1. A subanalytic stratified space is the data of (M, X, P) where M is a smooth
real analytic space, X C M a locally closed subanalytic subset and where X — P is a locally
finite stratification by subanalytic subsets.

A morphism f: (M, X, P) — (N,Y, Q) of subanalytic stratified spaces is an analytic morphism
f+ M — N inducing a stratified morphism f: (X, P) — (Y, @) such that the graph of f: X - Y
is subanalytic.

Notation 2.5.2. We denote by AnStrat the category of subanalytic stratified spaces and
subanalytic stratified morphisms between them.

Remark 2.5.3. If the stratification X — P satisfies Whitney’s conditions, a theorem of Mather
[34] implies that (X, P) is conically stratified with locally weakly contractible strata. In that case
we say that (M, X, P) is a Whitney stratified space. Note that every subanalytic stratified space
admits a Whitney refinement.

Remark 2.5.4 (|25, Theorem 5.3.9]). For every subanalytic stratified space (X, P) and every
open subset U C X, the stratified space (U, P) is conically refineable in virtue of Remark 2.5.3.
Hence it is exodromic by Remark 2.3.11.

Remark 2.5.5. For a subanalytic stratified space (M, X, P), we will often drop the reference to
M and denote it by (X, P).

Proposition 2.5.6 ([25, Proposition 5.2.9]). Let (M, X, P) be a subanalytic stratified space.
Then, every point x € X admits a fundamental system of open neighbourhoods U such that = is
an initial object in I (U, P).

Proposition 2.5.7 ([25, Theorem 5.3.9]). Let (M, X, P) be a subanalytic stratified space. Assume
that X is relatively compact in M. Then, (X, P) is categorically finite, that is Il (X, P) is a
finite co-category.

Lemma 2.5.8. Let (M, X, P) be a subanalytic stratified space. Let F € Sh™P(X Cato). Let A
be a finite family of locally closed subanalytic subsets of X such that F|; € Lochyp(Z, Caty,) for

every Z € A. Then there is a subanalytic refinement Q — P such that F € Consgyp(X7 Caty).
If furthermore P is finite, Q can be chosen finite as well.

Proof. ¥or Z € A, write Z = F NU where F' is closed and U is open. Then Z = ZNU, so that
Z is open in Z. Hence, the map M — A? defined by

Z\NZ =0, Z—=1, M\Z —2
is a stratification of M. The stratification M — P x Fun(A, A?) does the job. O

Lemma 2.5.9. Let (M, X, P) be a subanalytic stratified space. Then for every locally closed
subset Q C P, (X, P) is hereditary final at X¢ in the sense of Definition 2.3.16.
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Proof. By [22], the stratified space (X, P) admits a locally finite triangulation. Then Lemma 2.5.9
follows from Proposition 2.4.7. O

Proposition 2.5.10. Let f: (M, X, P) — (N,Y,Q) be a proper morphism between subanalytic
stratified spaces. Then the following hold

(1) There is a subanalytic refinement S — Q such that for every F € Cons}};yp(X; Cat, ), we
have f.(F) € Cons@®(Y; Cat.,).

(2) For every F € Cons};)yp(X; Cat.,), the formation of f.(F) commutes with base change.

Proof. By [23, 1.7], there is a refinement

(M,X,R) — (M, X, P)

l J

by a morphism of Whitney stratified spaces submersive on each strata. By Thom first isotopy
lemma [34], we deduce that (X, R) — (Y, 5) is a stratified bundle above each stratum of (Y, S)
By [53, 3.7], the fibres of f are Whitney stratified spaces. They are thus conically stratified spaces
with locally weakly contractible strata by Remark 2.5.3. By Lemma 2.5.9, for every locally closed
subset T' C R, (X, R) is hereditary final at Xr. Hence, [41, Proposition 6.10.7-(a)] shows that
S — @ satisfies (1). To prove (2), it is enough to prove base change along the inclusion of a
point. Then, one further reduces to the case where f: (M, X, P) — (N,Y,Q) is a morphism of
Whitney stratified spaces submersive on each strata. In this case, (2) follows from [41, Proposition
6.10.7-(b)). O

3. COCARTESIAN FIBRATIONS AND THE EXPONENTIAL CONSTRUCTION

We now review some co-category theory that has been developed in the companion paper
[40]. We need this technology for two reasons: (i) to provide a streamlined definition of the
category of Stokes stratified spaces, and (ii) to show that we can functorially attach to every
Stokes stratified space a constructible sheaf of co-categories, whose global sections is exactly the
associated oco-category of Stokes structures.

3.1. Dual fibrations. Following the companion paper [40] we introduce the co-category CoCart.
We start from the cartesian fibration
t: Catlll := Fun(A!, Caty,) — Cato

sending a functor A — X to its target co-category. We then pass to the dual cocartesian fibration,
in the following sense:

Definition 3.1.1. Let p: A — X be a cartesian fibration and let T 4: X°? — Cat,, be its
straightening. The dual cocartesian fibration p*: A* — X°P is the cocartesian fibration classified
by TA.

Recollection 3.1.2. In the setting of the above definition, recall from [5] that objects of A*
coincide with the objects of A, while 1-morphisms a — b in A* are given by spans

u v
a«——c—>b

where u is p-cocartesian and p(v) is equivalent to the identity of p(b).
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We let
B: Catl* — Cat?

be the cocartesian fibration dual to t. Specializing Recollection 3.1.2 to this setting, we see that
objects of Cat[olo]* are functors A — X, and morphisms f = (f,u,v) from B — Y to A — X are
commutative diagrams in Cat., of the form

Bt — By 45 A

(3.1.3) J f l/

Yy —X

where the square is a pullback. With respect to this description, B sends A — X to its target
(or base) X, and a diagram as above defines a B-cocartesian morphism if and only if v is an
equivalence.

We define CoCart to be the (non-full) subcategory of Catg* whose objects are cocartesian
fibrations, and whose 1-morphisms are commutative diagrams as above where v is required to
preserve cocartesian edges. In this way, CoCart becomes a cocartesian fibration over CatZ’ such
that CoCart — Catg* preserves cocartesian edges. Notice that the fiber at X € Catol coincides
with the co-category CoCart /. We will also need a couple of variants of this construction:

Variant 3.1.4. We let PosFib C CoCart be the full subcategory spanned by those cocartesian
fibrations A — X whose fibers are posets.

Variant 3.1.5. Let CAT., be the co-category of large oo-categories and consider the following
fiber product:

C:= Fun(Al, CATy) Xcar., Caty ,

where we used the target morphism t: Fun(A!, CAT.,) — CAT. In other words, objects in €
are morphisms p: A — X where X is a small co-category and the fibers of p are not necessarily
small oo-categories. The induced morphism t: € — Cat,, is a cartesian fibration. Inside the
dual cocartesian fibration C*, we define COCART as the subcategory spanned by cocartesian
fibrations and whose 1-morphisms are diagrams (3.1.3) where v preserves cocartesian edges.

Variant 3.1.6. We let PrFib" ¢ CoCART be the subcategory spanned by cocartesian fibrations
with presentable fibres and whose 1-morphisms are diagrams (3.1.3) that are morphisms in
CoCART such that for every x € X, the induced functor v, : B,y — A, is a morphism in Prt,
i.e. is cocontinuous. PrFib" is the oo-category of presentable cocartesian fibrations [40, §3.4].

Recollection 3.1.7. Both CoCart and PrFib" can be promoted to Cat2P-families of symmetric
monoidal co-categories CoCart® and PrFib™® in the sense of [40, Definition A.1]. Concretely,
this provides for every X € Cat a symmetric monoidal structure on the fiber CoCarty
and PrFib} of B: CoCart — Cat% and B: PrFib" — Cat®. Invoking the straightening
equivalence [31, Theorem 3.2.0.1], we find canonical identifications

(3.1.8) CoCarty ~ Fun(X, Cat,) and PrFib} ~ Fun(X, Pr") .

Under these equivalences, the above symmetric monoidal structures correspond to those induced
respectively by the cartesian product on Cat., and the tensor product on Pr™ as defined in [32,
§4.8.1].
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3.2. Exponential construction. Fix a presentable co-category €.

Construction 3.2.1. Let p: A — X be a cocartesian fibration. Let T 4: X — Cat., be its
straightening and consider the functor

Funy(T4(-),&): X — Prl
where Fun; denotes the functoriality given by left Kan extensions. We write
expe (A/X) = X

for the presentable cocartesian fibration classifying Funi (Y 4(—), ). We refer to expg (A/X) as
the exponential fibration with coefficients in € associated to p: A — X.

Example 3.2.2. Assume that X = x is the category with one object and one (identity) morphism.
Then CoCarty ~ Cat,, and PrFib% ~ Pr". In this case, expg (A) ~ Fun(A4, &).

Example 3.2.3. Assume that X = A!, so that we can represent ®4 as a single functor
f: Ao — Aj. In this case, the functor Funy(Y4(—),&): Al — Pr" is identified with the functor
f!: Fun(Ao, 8) — Fun(Al, 8) s

where f; denotes the left Kan extension along f. Therefore we can understand expg (A/Al) as
the presentable cocartesian fibration over A! whose objects are pairs (F,i) where i € Al and
F: A; — & is a functor. Besides, using [31, Proposition 2.4.4.2|, we deduce that

MapFun(ﬂo,S)(F’G) ifZ:j:O,
MapFun(Al,S)(f!(F)aG) ifi=0and j=1,
MapFun(Ahg)(F,G) le:]:].7
0 ifi=1andj=0.

Mapexpg(A/Al)((Fv i), (G,j)) =

Finally, a morphism (F,0) — (G,1) in expg (A/A!) is cocartesian if and only if the induced
morphism fi(F) — G is an equivalence.

Example 3.2.4. Combining the previous two points with the general properties of the straight-
ening equivalence, we deduce that for any morphism +:  — y in X the fibers of expg (A/X) at x
and y are canonically identified with Fun(A,, £) and Fun(A,, €), and a morphism «a: F' — G in
expg (A/X) lying over « is cocartesian if and only if for any choice of a cocartesian straightening
fy: Az = Ay of v, o exhibits G as left Kan extension of I along f,,.

It follows from [40, Variant 3.20 & Remark 3.21] that Construction 3.2.1 can be canonically
promoted to an oo-functor
expg : CoCart — PrFib" .
Let us spell out the functoriality of exp, in more concrete terms. With respect to morphisms in
CoCart as in (3.1.3), we will use the following notation:

Bt By A o expe (B/Y) £ expe (Ba/X) — expe (A/X)
(3.2.5) P
‘£ ol alc / «£ e I | /

We refer to the functor €} as the exponential induction functor.

Proposition 3.2.6. With respect to (3.2.5), we have:
(1) the functor E*: expg(Bx/X) — expe (B/Y) makes the the right square a pullback;

(2) the functor E} preserves cocartesian edges.
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In particular, expe takes B-cocartesian edges in CoCart to B-cocartesian edges in PrFib".

Proof. Statement (1) simply follows unraveling the definitions, as in [40, Lemma 3.8]. Statement
(2) is automatic from the definition of morphisms in PrFib", but the reader should observe that
for fixed X € Cat2l, the induced functor expg y: CoCarty — PrFibI;C is precisely given by
Construction 3.2.1. In other words, £} is the unstraightening of the natural transformation

Fung(TBx (—), 8) — Fun, (TA(—), 8)

induced by left Kan extension along the natural transformation T, : T¢, — Y 4. Therefore, £}
preserves cocartesian edges by construction. ([

Corollary 3.2.7. Consider a commutative diagram in CoCart

whose diagonal squares are pullback. Then, the squares of the commutative diagram

vy

expg (By/Y) —————— expe (Ay/Y)

-y

expe (B/X) S S expe (A/X)

\ /

Via the identifications of the fibres of the exponential fibration supplied by Example 3.2.2,
Corollary 3.2.7 specializes to

are pullback.

Corollary 3.2.8. In the situation from Corollary 3.2.7 where Y is an object x € X, the squares
of the commutative diagram

Fun(B,, &) —= 5 Fun(A,, &)

\\}/ \

expe (B/X) —————— expe (A/X)

\ /

are pullback, where vy is the left Kan extension along vy: Az — Bg.

Recollection 3.2.9. Assume that & has an additional symmetric monoidal structure £¥. Then
[40, Example 3.22| shows that expe admits a natural extension

expe : CoCart® — PrFib™®

to a CatP-lax symmetric monoidal functors, in the sense of Definition A.3 in loc. cit.



HOMOTOPY THEORY OF STOKES STRUCTURES AND DERIVED MODULI 17

3.3. Section functors. Given a cocartesian fibration A — X we can associate to it two different
oo-categories:

Sx(A/X) = Funjg (X, A4)  and  EP(A/X) = Fun$ge(X, A) .

These are respectively the oco-categories of sections and of cocartesian sections. It follows from
[40, Corollary 3.23 & Variant 3.24] that these constructions promote to global functors

¥, Rt CoCart — Cat,, x Cat?® and ¥, yeocart. prpjpt — Prl x Catl .
The same considerations of loc. cit. shows that the same holds for COCART in place of CoCart.

Remark 3.3.1. The functor S : PrFib" — Pr" admits a monoidal left adjoint Trivy: Prt —
PrFib" informally given by & — (& x X)/X. In particular, given an object A — X of PrFib"
and &,&’ € Pr", we have

expg (A/X) @x Trive(&') ~ expeger (A/X) .

Notation 3.3.2. Often we will also write ¥ and Xt for the induced functors PrFib® —
Pr' and its variants obtained composing the above functors with the canonical projection
Pr' x Cat® — Pr".

The subtlety here is in the great amount of functoriality encoded in ¥ and 3¢t To fix ideas,
let us discuss the case of PrFib" and the functor £t although similar considerations will
apply to both CoCart and COCART in place of PrFib" and ¥ in place of £t Morphisms
in PrY are commutative diagrams of the form

Bt — By 25 A

T

Y ——

where the square is a pullback and v preserves cocartesian edges. Applying X¢°°®  this diagram
is sent to the composition

Fun$gr(Y, B) — Funfge™ (X, By) 2 Fun$ge (X, 4) .

Concretely, u* takes a cocartesian section s: Y — B, considers the composition so f and applies the
universal property of pullbacks to produce a section u*(s): X — Bx of By — X. An immediate
check reveals that this is again a cocartesian section, so that u* is in fact well defined. On the
other hand, v o — takes a cocartesian section ¢: X — By to the composite cocartesian section
vot: X — A. That these operations can be performed co-functorially in PrFib" is precisely the
content of [40, Corollary 3.23].

We will often be interested in taking sections of exponential constructions. The following result
is essentially a consequence of the theory of lax limits developed in [19]:

Proposition 3.3.3 (See [40, Proposition 4.1]). Let € be a presentable co-category and let A — X
be a cocartesian fibration. There are canonical equivalences

Fun(A, €) ~ Yx(expg (A/X)) ~ Fun/x (X, expe (A/X)) .

Warning 3.3.4. If instead of applying Yy we use X524, we obtain a full subcategory Fun®“*"*(A, €)
of Fun(A, €). We refer to objects in Fun®“"*(A, &) as cocartesian functors. We will provide

a in Proposition 7.2.3 a characterization intrinsic to Fun(A, €) of what it means for a functor
F: A — & to be cocartesian.



18 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

4. STOKES STRATIFIED SPACES

4.1. The notion of Stokes stratified space. We are now ready to introduce the main geometric
object of interest of this paper:

Definition 4.1.1. The category of Stokes stratified spaces StStrat is the fiber product

StStrat —— PosFib°?

l JBop

ExStrat —= Cat, .

Remark 4.1.2. It immediately follows from [31, Proposition 2.4.4.2] that mapping spaces in
StStrat are discrete. Therefore [31, Proposition 2.3.4.18] guarantees that StStrat is (categorically
equivalent to) a 1-category.

We have two extreme classes of examples:

Example 4.1.3. Let (X, P) € ExStrat be an exodromic stratified space. The identity of
I (X, P) is a cocartesian fibration in poset (whose fibers are all the trivial poset). This provides
a canonical fully faithful functor ExStrat — StStrat, which is left adjoint to the forgetful
functor StStrat — ExStrat. Therefore, StStrat can be seen as an extension of the category of
exodromic stratified spaces. The forgetful functor StStrat — ExStrat also has a right adjoint,
that sends (X, P) to (X, P, (), where () is the empty cocartesian fibration in posets.

Example 4.1.4. Let J be a poset. Then J — * is a cocartesian fibration, so (x,*,J) defines a
Stokes stratified space. In other words, Stokes stratified spaces can also be seen as an extension
of the category of posets. Nevertheless, this class of examples is badly behaved, and the main
theorems of this paper rarely apply to these situations.

Remark 4.1.5. Objects of StStrat can be explicitly described as triples (X, P,J), where (X, P)
is an exodromic stratified space and J — Il (X, P) is a cocartesian fibration in posets. Combining
the straightening equivalence [31, Theorem 3.2.0.1]

CoCart i1 (x,p) =~ Fun(Il (X, P), Cat,)
with the exodromy equivalence (2.3.6)
Fun(Il,, (X, P), Cat,.) ~ Cons™P(X, Cat,,) ,

we can equivalently describe the datum J — TIo (X, P) as the datum of a hypersheaf of posets
# on X on (X, P). With respect to this translation, the stalk of .# at a point € X coincides
with the fiber of J at « seen as an object in Il (X, P). We occasionally refer to the datum of a
cocartesian fibration in posets J over Il (X, P) as the datum of a Stokes fibration on (X, P).

Remark 4.1.6. The forgetful map StStrat — ExStrat is a cartesian fibration, and a morphism
f:(Y,Q,9) — (X, P,J) is cartesian if and only if the induced square

J——7

| l

is a pullback.

In practice, we will be interested in a more restricted class of Stokes stratified spaces:
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Definition 4.1.7. The oco-category of Stokes analytic stratified spaces St AnStrat is the fiber
product
StAnStrat —— StStrat

l l

AnStrat ——— ExStrat

where AnStrat is the category of subanalytic stratified spaces from Definition 2.5.1 and the
bottom horizontal functor is supplied by Remark 2.5.4.

The following example is the prototype of the situations we are interested in. The reader will
notice that, in comparison to Examples 4.1.3 and 4.1.4, it is a more intermediate kind of example:

Example 4.1.8. Let p: X — C be the real blow-up of C at 0. Concretely, there is an identification
X =~ [0, +00) x S through which p reads as (r,0) — re?. We think of the boundary X ~ S* of
X as the circle of directions emanating from 0 in C. Let I C O¢ ¢(*0)/Oc,o be a finite set. For
6 € S* we define an order <g on I by requiring that a <y b if and only if a = b or a # b and e*~?
has rapid decay in the direction 6. The latter condition means that if we write

a—b= fa,bz_"ba'b
where mgp > 0 is the pole of a — b at 0 and f,, € Oc o is non zero, then
Fap(0) = R(fap(0)e™mer) <0

For a # b, the locus of directions 6 such that a <y b is thus a disjoint union of m,_; open intervals
of S of length 7/mg, . Let ST — P be a finite stratification whose closed strata are points
and whose open strata are open intervals over which Fj,;, < 0 or F,, > 0 for every a,b € I
distinct. Observe that 1, (St, P) is equivalent to a poset. Furthermore, for every v: 6; — 6
morphism of I, (S*, P) and for every a,b € I distinct such that a <p, b, we have a <y, b by
design of S' — P. Hence, 7 induces a morphism of posets (I, <p,) — (I, <p,). Thus, the orders
(I,<p)ges: organize as a functor I1,, (X, P) — Poset or equivalently as a cocartesian fibration
in posets I — I (X, P).

4.2. Stokes loci. An important feature of the classical theory of Stokes data is the existence
of Stokes lines. Remarkably, it is possible to define Stokes loci for any Stokes stratified space
(X, P,J) € StStrat, as we are going to discuss now.

Definition 4.2.1. For (X, P,J) € StStrat, we denote by .# the hyperconstructible hypersheaf
on (X, P) corresponding to the cocartesian fibration J — Il (X, P) as in Remark 4.1.5. The
objects of

F(X) ~ Funfitx py (oo (X, P),J)
are the cocartesian sections of J over Il (X, P).

Definition 4.2.2. Let (X, P,J) be a Stokes analytic stratified space. Let 0,7 € #(X) be
cocartesian sections. The Stokes locus X, » of o, T is the set of points © € X such that o(z), 7(x) €
J; cannot be compared.

Observation 4.2.3. Let f: (Y,Q,d) — (X,P,J) be a cartesian morphism between Stokes
analytic stratified spaces (see Remark 4.1.6). Let 0,7 € .#(X) be cocartesian sections. Then, we
have

Yo por = 1 (Xor) -
Lemma 4.2.4. Let (X, P,J) be a Stokes analtyic stratified space. Let o,7 € Z(X) be cocartesian
sections. Then,

(1) X+ is closed in X.
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(2) For every p € P, the set X, . N X, is open and closed in X,. In particular, Xs ; is a
union of connected components of strata of (X, P).

Proof. At the cost of refining (X, P) by a Whitney stratified space, Observation 4.2.3 implies
that we can suppose (X, P) to be conically stratified with locally weakly contractible strata. Let
z € X — X, ;. We can suppose that o(z) < 7(z) in J,. Since the strata of (X, P) are locally
weakly contractible, Proposition 2.5.6 yields the existence of an open subset U C X containing
z such that z is an initial object of Exit(U, P). Hence, for every y € U, there is an exit path
v: « — y giving rise to a morphism of posets J, — J,, sending o(z) to o(y) and 7(x) to 7(y). Thus
o(y) < 7(y). Hence U C X — X, . This proves (1). We now prove (2). From Observation 4.2.3,
we can suppose that X is trivially stratified and show that X, - is open and closed in X. From
(1), it is enough to show that X, , is open in X. Let z € X, ; and let U C X be an open subset
containing « such that z is an initial object of Exit(U, P). Let y € U. Let v: © — y be a path.
Since the stratification is trivial, v is an isomorphism. Thus 7 gives rise to an isomorphism of
posets I, — J,, sending o(z) to o(y) and 7(z) to 7(y). Since o(x), 7(x) € I, cannot be compared,
nor do o(y),7(y) € J,. Hence, U C X, .. The proof of Lemma 4.2.4 is thus complete. O

5. THE FILTERED AND THE STOKES HYPERCONSTRUCTIBLE HYPERSHEAVES

Given a Stokes stratified space (X, P,J), we now attach to it two hyperconstructible hyper-
sheaves of categories on (X, P).

5.1. The hyperconstructible hypersheaves of filtered functors.
Observation 5.1.1. By Remark 2.3.7 and Recollection 3.1.7, we have identifications
Consp(X; Pr") ~ Fun(Ilw (X, P), Pr") ~ PrFiby_ x p) -

These equivalences give rise to the following canonically commutative diagram:

Consp®(X;Pr") — Fun(Il(X, P),Pr") «~— PrFiby_ x p)

Jvlim
Tx . sycocart

Pr"
Similar considerations hold if we replace Pr" by Cat., or by CAT..

Definition 5.1.2. Let (X, P,J) be a Stokes stratified space and let & be a presentable co-category.
The categorical hypersheaf of I-filtered functors on (X, P) with coefficients in € is the object Fily ¢
in Cons'¥P(X; Pr") corresponding to expg (/T (X, P)) via the equivalences of Observation 5.1.1.
The oco-category of cocartesian J-filtered functors on (X, P) is the presentable co-category
Filg% = Fily ¢ (X)

of global sections of Fily ¢.
Remark 5.1.3. Let (X, P,J) be a Stokes stratified space. We can give an explicit description of
the hypersheaf Fily ¢ as follows. For every open subset U C X, write

ju: (U, P) = Il (X, P)
for the canonical map. Let Yy: Il (X, P) — Poset be the straightening of J. Unraveling the
equivalences of Observation 5.1.1, we can identify Fily ¢ with the presheaf Open(X)°P? — Prl
informally defined by sending an open subset U C X to

1i F T iv(—=), &) .
i uny (g 0 ju(—), €)
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It is not obvious from this description that Fily ¢ satisfies hyperdescent nor that it is P-
hyperconstructible: it is rather a consequence of the exodromy equivalence.

Example 5.1.4. Let (X, P,J) be a Stokes stratified space. Let U C X be an open subset such
that I (U, P) admits an initial object . Then the description of Fily ¢ given in Remark 5.1.3
yields a canonical equivalence §ily ¢ (U) ~ Fun(J,, €).

Remark 5.1.5. Since all the stratified spaces we care about in this paper admit a fundamental
system of open neighbourhood U satisfying the conditions of Example 5.1.4, the description from
Remark 5.1.3 is adapted to understand the local behavior of §ily ¢. To understand its co-category
of global sections Filgf’g, it is best to use the perspective provided by Proposition 3.3.3. Indeed, it
follows from Warning 3.3.4 that

Fili% ~ £ (expe (J/11o (X, P)))
is a full subcategory of
Y(expe (I/Il (X, P))) ~ Fun(J, €) .
We refer to Fun(J, &) as the oco-category of I-filtered functors on (X, P), and we will see later in

Proposition 7.2.3 a characterization intrinsic to Fun(J, £) of what it means for a functor F': 3 — &
to belong to the full subcategory Fil5’ .

In the trivial stratification situation, Fily__(x)e gives back locally constant hypersheaves.
Before seeing this, let us introduce the following

Definition 5.1.6. Let X be a topological space. Let & be a presentable co-category. We
denote by Locx ¢ : Open(X)°P — & the presheaf defined by Locx & (U) = Loc™P (U, &) for every
U € Open(X).

Proposition 5.1.7. Consider a Stokes stratified space of the form (X, 11 (X)). Let & be a pre-
sentable co-category. Then, il _(x),e 45 canonically equivalent to Locx e (see Definition 5.1.6).

Proof. In that case, expg (Il (X)/Ils (X)) is the constant fibration IToo(X) x & — T (X).
Since I (X) is an oo-groupoid, every section of expe (Iloo(X)/II(X)) is cocartesian. Thus
Remark 5.1.3 yields a canonical equivalence

il (x),e(U) =~ Fan(Ilo (U), €)
for every U € Open(X). Since X is exodromic, the conclusion follows from the monodromy
equivalence. 0

5.2. The hyperconstructible hypersheaves of Stokes functors. The categorical hypercon-
structible hypersheaf §ily ¢ is not yet the main object of interest of this paper. In order to obtain
the subsheaf of €-valued Stokes structures, we need the following easy observation:

Lemma 5.2.1. Let X € Cat,, and let
B - A
N
X
be a commutative diagram where p and q are cocartesian fibrations and f preserves cocartesian

edges. Letting EssIm(f) be the essential image of f, the composition
EssIm(f) C A5 X

is again a cocartesian fibration. Furthermore, the formation of EssIm(f) commutes with pullback
along any morphism Y — X in Cats,. In particular, the fibers of EssIm(f) at x € X canonically
coincide with the essential image of f: By — A,.
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Notation 5.2.2. We let
(—)**: Poset — Poset

be the functor sending a poset (I, <) to the underlying set I, seen as a poset with trivial order.
By extension, if X € Cat., and J — X is a fibration in posets, we let J°°* be the cocartesian
fibration on X obtained by applying (—)*¢* fiberwise. In a more verbose way, if .# : X — Poset
is the unstraightening of J, then J*°! is the cocartesian fibration classifying the composition
(=) o #: X — Poset. Notice that I is in fact a left fibration over X and that it comes
equipped with a canonical morphism

i9: Jset 5 g9
that preserves cocartesian edges over X. It is immediate that this construction promotes to a
global functor
(—)**: PosFib — PosFib ,

equipped with a natural transformation i: (—)*' — idposFib-

Let (X, P,J) be Stokes stratified space. Let € be a presentable oco-category. The functoriality
of the exponential construction induces a well defined exponential induction functor

€V expe (5 /T (X, P)) — expe (1/T (X, P))
in PrFibp_(x p).-

Definition 5.2.3. Let (X, P,J) be Stokes stratified space. Let € be a presentable co-category. The
categorical sheaf of E-valued I-Stokes functors on (X, P) is the object Stj ¢ in Consp(X; CAT )
corresponding to EssIm(Ef”) via the equivalences of Observation 5.1.1. The co-category of €-valued
J-Stokes functors is the (large) oo-category

Sty e = Gfg’g(X) € CAT,
of global sections of Gty ¢.

Remark 5.2.4. By Remark 5.1.5, the global sections Sty ¢ of Gty ¢ embed fully faithful inside
Fili% C Fun(J,€). One can characterize St ¢ as the full subcategory of Filj’: spanned by
punctually split cocartesian functors. See Definition 8.1.1.

Example 5.2.5. Let (X, P) be an exodromic stratified space. Review it as a Stokes stratified
space (X, P, Tl (X, P)), with the trivial cocartesian fibration given by the identity of I (X, P).
Then there is a canonical equivalence

GtHW(X’P)’g ~ SUCX75 ,

where Locx ¢ is the categorical sheaf of locally hyperconstant hypersheaves on X (see Defini-
tion 5.1.6). The proof relies on some more advanced material that will be developed in the main
body of the paper. See Corollary 11.1.13. In other words, Stokes functors provide an extension of
the theory of locally hyperconstant hypersheaves.

At the other extreme, we have:

Example 5.2.6. Let (X, P,J) be a Stokes stratified space. Assume that I, (X, P) admits an
initial object x. Then, in virtue of Remark 5.1.3, the oo-category Stg ¢ coincides with the essential
image of

ig, s Fun(3%°*, &) — Fun(J,, &) .
Notice that the essential image of this functor is typically not presentable. Similarly, if € is
assumed to be stable (or abelian), the (co-)category Stg e is not necessarily stable (nor abelian).
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The following example is a particularly simple situation in dimension 1, but covers a large part
of the ideas covered in this paper. For this reason, we encourage the reader to keep it in mind
while reading the later parts:

Example 5.2.7. On the circle S' = {z € C | |z| = 1} consider the stratification over the poset
P = {0 < 1} whose closed stratum is {1, —1}. Write

U:={z€5"3(z) >0} and V:i={ze€8"|3(2)<0}.

Consider the P-constructible sheaf of posets .# whose underlying sheaf of sets .#5 is the constant
sheaf associated to {a,b}, and whose order is determined by the requirement that a < b over U
and b < a over V, while a and b are not comparable at 1 and —1. The situation can be visualized
as follows:

After applying the exodromy and the straightening equivalence, we are left with the following
cocartesian fibration in posets over I (S*, P):

(S, P)

Beware that different copies of a and b represent different objects in J, lying over different
objects of IIo, (X, P). Arrows between identical letters correspond to cocartesian edges in J. Take
& := Mody, where k is some field. Then both Filgf’g and Sty ¢ can be realized as full subcategories
of Fun(J, Mody). Although practical for many purposes, this is not the best way to handle these
categories. Let us explain in this example how to exploit the sheaf theoretic nature of both Fi 308
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and Stg ¢. Define the two opens
Wy = {z¢cS"|R(z) > 1} and W_={ze 8" |R(z) <1},
and let W := W7 N W_; be their intersection. For i € {1, —1}, put
Iw, = Moe(W3) X1 (51,P) T -

Since §ily ¢ and Gty ¢ are sheaves, we deduce that the squares

Filg?g e Filﬁ"v’vl’g Sty e — Stjwl,g
| | ] J
Filf}, ¢ —— Fil§}, ¢ Stoy_ & — Sty e

are pullbacks. Now, observe that:
i) since 1 is initial in I (W7, P), we have Fil§® ~ Fun(J;, ) ~ € x &€ and Stq,,, ¢ ~ Stq, ¢;
le ,€ Wi 1,
(ii) since the order on J; = {a: b} is trivial, we have J3** = J;, and therefore Stg,, ¢ = Filgl, e

A symmetrical reasoning applies with —1 in place of 1. Full faithfulness of Sty ¢ — Filgzw e
ensures that the induced map

Stau, & XStay, e Stow_, e = Stay, e Xwuge , Stay_ e
is an equivalence. Hence, the canonical map
:1CO
Stj7£ — Flllg

is an equivalence. In particular, Stj ¢ is stable.
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Part 2. Categorical aspects

In this part, we develop the categorical framework needed to deal with Stokes functors. Stokes
functors are by definition filtered functors that are in addition cocartesian (see Definition 7.2.1)
and punctually split (see Definition 8.1.1). These two properties are examined in detail through
the lenses of the specialization equivalence. Finally, we introduce two fundamental concepts: that
of graduation (see Definition 9.1.7) and of level morphism (see Definition 10.1.1). Theorem 10.2.1
can be seen in many ways as the crucial result of this part: it provides the categorical basis of
the level induction technique that will be used in the next part.

6. THE SPECIALIZATION EQUIVALENCE

6.1. Global functoriality statements. Fix a cocartesian fibration p: A — X as well as a
presentable oo-category €. Write

pe: expe(A/X) = X

for the structural map of the exponential construction of p. Recall from Proposition 3.3.3 that
there is a canonical equivalence

(6.1.1) sp%p: Fun(A, €) ~ Fun /x (X, expg (A/X)) ,

which we refer to as the specialization equivalence. When X and € are clear out of the context,
we will use the notation sp 4 (or even just sp) instead of sp%p.

The right hand side of (6.1.1) is functorial in p: A — X with respect to the morphisms in
CoCart. Explicitly, this means that to every morphism (3.1.3)

Bt — By 4> A

Y%

Yy —X

one can first apply expg : CoCart — PrFib" to obtain the morphism

expe (B/Y) £ exp (Ba /X) —s expe (A/X)

l f J/

Yye——"-X

and then apply the section functor X: PrFib" — Pr" to obtain the composition

s(en s(ey)
Fun,y (¥, exp (B/4)) % Fun (X, expg (B /X)) — > Fun (X, expg (4/X)) .

We defer to [40] for the justification that these operations can be performed in an co-functorial
way. The goal of this section is to explain how this functoriality interacts with the specialization
equivalence. More precisely, observe that applying (6.1.1) to every term in the above composition,
we obtain respectively Fun(B, &), Fun(Bx, &) and Fun(A, £). The following is the main result of
this section:

Proposition 6.1.2.
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(1) There exists a canonically commutative square

Fun,y (¥, expe (B/Y)) b Fun,x (X, expg (B /X))
(613) J,SP'B J(Sp’Bx

*

Fun(B,8) ————— Fun(Bx, &),

providing a canonical identification X(EY) ~ u*.
(2) There exists a canonically commutative square

(e
Fun (X, expg (Bx /X)) ZED Fun (X, expg (A/X))

(614) lSng JSPA
Fun(Bx, &) 2 Fun(A4, &) ,

providing a canonical identification $(E}) =~ v.

Before starting the proof, let us record a couple of handy consequences. First, recall from
Corollary 3.2.8 that the fiber of expg (A/X) at € X is canonically identified with Fun(A,, ).
In particular, this means that for a functor F': A — &, the value of its specialization sp F' at an
object € X is a functor

(sSpF)p: Ay — & .
We have:

Corollary 6.1.5. Let j,: A, — A be the natural inclusion. Then there is a canonical identifica-
tion

(sp F)o ~ jp(F) -
In particular, for every a € A we have a canonical identification
(sp F)p(ay(a) ~ F(a) € € .
Proof. The pullback square
A— A,

b

X 2 — x

defines a morphism from A — X to A, — * in CoCart. It is then enough to apply Proposi-
tion 6.1.2-(1) to this morphism. O

Corollary 6.1.6. Consider a commutative diagram in CoCart

%H—)A‘d

\x/
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whose diagonal squares are pullback. Let € be a presentable co-category. Then, the squares

Fun(By, &) S Fun(Ay, &) Fun(By, &) S Fun(B, &)
uy u’y and vy v*
d T | T
Fun(3B, &) — Fun(A, &) Fun(Ay, &) — Fun(A, &)

are respectively horizontally left and right adjointable.

Proof. 1t is enough to prove the left adjointability statement, which follows by applying the
section functor to the commutative diagram

vy
expe (By/Y) ———— expg (Ay/Y)

-y

expe (B/X) —————— expe(A/X)

\ =

supplied by Corollary 3.2.7 and then invoke Proposition 6.1.2. ]

6.2. Some categorical calculus. As a preliminary for Proposition 6.1.2, we revisit and extend
part of the content of [20].

Recollection 6.2.1. Let f: X — Y be a functor of co-categories. The pullback
[T =X xy —: Caty/y — Cat/x
preserves (co)cartesian fibrations and therefore it gives rise to functors
f*: Carty — Carty and f*: CoCarty — CoCarty .

Under the straightening equivalences, we see these functors admit both a left and a right adjoint,
denoted respectively

f°, fi: Carty — Carty and ¢, [ CoCarty — CoCarty .
Recall the following standard notation in category theory:

Notation 6.2.2. Let X be an oco-category. We write Tw(X) for the associated oco-category of
twisting arrows, see [32, §5.2.1] and A: Tw(X) — X x X°P for the right fibration constructed in
[32, Proposition 5.2.1.11]. Given a functor

F: X x X — Caty, ,

X
/F and /F
X

for the coend and the end of F, i.e. for the colimit and the limit of the composite

Tw(X) 2 X x X°? £ Catq,

we respectively write

Notation 6.2.3. Write my: X x X°P — X and myop : X x X°P — X°P for the canonical projections.
Given two functors
F: X — Cat and G: X°? — Caty ,

we write F'X G for the functor
FRG:=7%(F) X %o (G) .
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When A — X is a cocartesian fibration and B — X is a cartesian fibration, we write

X X
/ .A|Z|B=/ TA&Tg and /.A&B:/TA&TB
X X

To state the first fundamental result, we need to introduce one final notation:

Notation 6.2.4. Let X and & be two oco-categories. For A — X a cartesian fibration, write
Y4 : X°P — Cat,, for its straightening and €2 for the cocartesian fibration classifying the functor

Fun(Y4,€): X — Cat, .

Similarly, for a cocartesian fibration B — A, write T : X — Catq, for its straightening and 2
for the cartesian fibration classifying the functor

Fun(Yg,&): X°? — Cat .
Notice that given a functor f: Y — X, there are canonical equivalences
(6.2.5) fref ~ el and freB ~ el B

Lemma 6.2.6. Let f: X — Y be a functor of co-categories.

(1) For B — X a cartesian fibration and A — Y a cocartesian fibration, there is a canonical
equivalence

/yﬂﬁff(ﬁ)w/xf*(ﬂ)&ﬂ

(2) For B — X a cocartesian fibration and A — Y a cartesian fibration, there is a canonical
equivalence

/yﬂﬁffc(ﬁ):/xf*(ﬂ)@%

Proof. To prove (1), it suffices to fix € € Cat, and observe that there is the following chain of
natural equivalences:

Y
Mapc,. [ AR (D). E) ~ A Mapgae. (T BT fs(5). )

zAMapCatoo(Tf!c(g),F\m(TA,S))

>~ Mapcart, (fE(B), &) By [20, Prop. 6.9]
. MapCartx (Bv f*g‘(,;q)
~ Mapcart, (B, 85*(“4)) By eq. (6.2.5)

:/xMapcatoo(T'B,Fun(Tf*(A)v8))

~ Mapga;.. (/x f*(A)&B,&) :

so the conclusion follows from the Yoneda lemma. As for (2), it follows by the same argument,
using €7} instead of €' and working in CoCarty instead of in Carty. O

Next, recall the following:
Theorem 6.2.7 (|20, Theorem 4.5]). Let X be an co-category. The forgetful functor
Uy : Carty — Catoo/x

admits a left adjoint Fo.
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Remark 6.2.8. Given a functor f: Y — X, we refer to Fx(f) as the free cartesian fibration
over X generated by f. It follows from the explicit description provided in [20, Definition 4.1 &
Remark 4.4], that Fy satisfies the following two conditions:

(1) when f =idy, Fx(idx) = X[ and the structural map is evy: X — X. In other words,
Fo(idy) classifies the functor

X_,: X°P — Cate, .

(2) For a general f: Y — X, one has the following commutative diagram

Fa(f) M = x
il

where the left square is a pullback and where the top horizontal composition is the
structural map of the cartesian fibration Fx(f).

Lemma 6.2.9. Let f: X — Y be a functor of co-categories. Then there is a canonical equivalence
fE(Fx(idx)) = Fy(f)

in Carty.

Proof. Indeed, for every cartesian fibration B — Y, we have:

Mapcare, (fi(Fx(idx)), B) =~ Mapcare, (Fx(idx), f*(B))
~ Map (X, f*(B))
~ Map (X, B)
~ Mapcart, (Fy(f),B),

so the conclusion follows from the Yoneda lemma. O

Finally, observe that [20, Proposition 7.1] can be rewritten as follows:

Corollary 6.2.10. Let X be an co-category and let A — X be a cocartesian fibration. Then there
s a canomnical equivalence

X
AZ/ A&Fx(idx)
i Cat.

6.3. Exponential pullback vs. global pullback. Before proving Proposition 6.1.2-(1), let us
revisit the proof of the equivalence (6.1.1) in terms of the categorical calculus we just introduced.

Recollection 6.3.1 (|40, Proposition 4.1]). Fix a cocartesian fibration p: A — X and a pre-
sentable oo-category €. Using the equivalence Prl ~ (PrR)OP, we see that the presentable
fibration expg (A/X) — X is at the same time a cocartesian and a cartesian fibration. Seen as a
cartesian fibration, it classifies the functor

Fun(Y,4,&): X°P — Prit .
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We use this second description to compute the sections of expg «(A). Then the specialization
equivalence sp 4 is identified with the following composition of equivalences:

Fun (X, expe (A/X)) =~ Fun%ért (Fx(idx), expe (A/X))

o~ / Fun(X_,, Fun(Y 4, €)) By [20, Prop. 6.9] & Rem. 6.2.8
x

~ Fun (/xfl X Fix(idx). € )
~ Fun(A, &) By Cor. 6.2.10.
We are now ready for:
Proof of Proposition 6.1.2-(1). Fix a pullback square
B A
(6.3.2) J J

f

X —Y

where the vertical functors are cocartesian fibrations. Recall from Proposition 3.2.6-(1) the
canonical equivalence

[ (expg (A/Y)) ~ expe (B/X)
We therefore obtain a canonical equivalence
Ex(expg(ﬁ/DC)) = Flln/x(x’ GXPE(B/DC))
~ Fun/y (X, expe (A/Y))
=~ Funfy" (Fy (f), expe (A/Y)) -
Similarly,
Sy (expe (A/Y)) =~ Funjy* (Fy(idy), expe (A/Y)) -
Since idy is the final object in Cat,y, we find a canonical map

ap: Fy(f) = Fy(idy)
in Carty between free cartesian fibrations, and unwinding the definitions we find that the sections
of the exponential pullback ¥(€%) are canonically identified with the functor

oy Funfy* (Fy(idy), expe (A/Y)) — Funfy" (Fy (f), expe (A/Y)) -

Applying the same chain of equivalences of Recollection 6.3.1, we find a canonical identification
of aj with the map

Y Y
Fun (/ A&Fy(idy),e) — Fun (/ A&Fg(f),&)
induced by pullback along the canonical map
Y Y
ﬂfﬁflﬁ/ A&Fy(ldy)—)/ .A&Fg(f)

constructed out of ay. Recall now from Lemma 6.2.9 that there is a canonical equivalence

Fy(f) = ff(Fx(idx)) ,
so that Lemma 6.2.6 and Corollary 6.2.10 supply a canonical identification

Y Y X
/A&Fy(f):/ A&fﬁ(Fx(idx))f_v/ F(A) B Fy(idy) = B .
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Unwinding the definitions, we see that 8 is identified with u, whence the conclusion. O

6.4. Exponential induction vs. global induction. We now deal with Proposition 6.1.2-(2).
Fix an oco-category X and consider a morphism

B— A

N/

in CoCarty. Applying expg(—/X), we find the morphism

expe (B/X) 84> expe (A/X)
\ /

in PrFibY.
Lemma 6.4.1. The functor £} admits a right adjoint

V" expe (A/X) — expe (B/X)
relative to X.

Proof. Since both expg (A/X) and expg (B/X) are cocartesian fibrations and €} preserves cocarte-
sian edges, applying [32, Proposition 7.3.2.6] shows that it is enough to prove that for every
x € X, the induced functor on the fibers at x

lat expe(A/X)z — expe (B/X)x
admits a right adjoint. However, Corollary 3.2.8 identifies this functor with the left Kan extension
Vgt Fun(A,, &) = Fun(B,, €) ,
which is tautologically left adjoint to the restriction v}. The conclusion follows. (]

At this point, Proposition 6.1.2 immediately follows from the following more precise statement:

Proposition 6.4.2. Keeping the same notations as above, both diagrams

S (EY)
Fun (X, expg (A/X)) — Fun (X, expg (B/X))

J{SPA JSPB

Fun(A, €) . Fun(B, &)

and
Fun /y (X, expg (B/X)) M Fun (X, expg (A/X))

JSPA Jspﬂs

Fun(B, &) v Fun(A, &)

are canonically commutative.

Proof. Since €} is left adjoint to €* by Lemma 6.4.1, it follows that X (E}) is left adjoint to
Yy (E¥*). Since sp, and spg are equivalences, it is then enough to prove the commutativity
of the second diagram. Notice that since v preserves cocartesian arrows, it induces a natural

transformation
Q- TA X DC_/ — TrB X DC_/
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of functors X x X°? — Cat.,. Following the construction of the specialization equivalence (see
Recollection 6.3.1), we reduce to check that the map

X e

induced by «,, is canonically identified with v. This follows from Corollary 6.2.10 and the Yoneda
lemma. O

6.5. Change of coeflicients. It follows from [40, Variant 3.20 & Remark 3.21-(1)] and the
functoriality of the tensor product of presentable co-categories that the exponential construction
expe depends functorially on €. In other words, we have a bifunctor

exp: CoCart x Pr" — PrFib" |
that sends a pair (p: A — X, £) to the presentable fibration p: expg(A/X) — X.

Let f: &— & be a morphism in Pr" and fix a cocartesian fibration p: A — X. The functor f
induces morphisms

FAY: expe (A)X) — exper (A/X) and  f: Fun(A, &) — Fun(A,¢&') ,

in PrFib" and in Pr", respectively. Here we wrote f in place of the more accurate f o (—), to
keep the notations light. These two operations are related by the following relation:

Proposition 6.5.1. Keeping the above notations, the diagram

Sx(fA47%)
Fun (X, expg (A/X)) ——— Fun/x (X, expg/ (A/X))

’
Jspi Jspi

Fun(A4, &) Fun(A, &')

commutes.

Proof. This simply follows unraveling the chain of equivalences in Recollection 6.3.1 and observing
that they are natural in &. O

Finally, let us observe that f4/* is natural in A — X:

Proposition 6.5.2. Let

B2 — By —— A
y P
be a morphism in CoCart and let f: & — D be a morphism in Pr™. Then the diagram
u &y
expe (B/Y) & expe (Bx/X) —— expe (A/X)
Jffg/y Jfﬁx/x JfA/x
u DY
expp (B/Y) e expyp (Bx/X) —— expp(A/X)
commutes and the left square is a pullback. In particular, the diagram
Fun(B, &) TN Fun(By, &) —— Fun(A, &)

| | |

Fun(B, D) v, Fun(By, D) —— Fun(A, &)
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commutes.

Proof. The first half simply follows from the bifunctoriality of exp: CoCart x Pr" — PrFib".
The second half follows applying > and combining Propositions 6.1.2 and 6.5.1. Alternatively,
the second half can be proven directly observing that, since f commutes with colimits, it also
commutes with the formation of arbitrary left Kan extensions. O

7. COCARTESIAN FUNCTORS

7.1. The space of specialization morphisms. Fix a cocartesian fibration p: A — X as well
as a presentable co-category €. Write

pe: expe(A/X) = X

for the structural morphism of the exponential construction of p. Recall from Proposition 3.3.3
that there is a canonical equivalence

sp§C7p: Fun(A, €) ~ Fun,x (X, expg (A/X)) ,
which we refer to as the specialization equivalence. When X, p and € are clear out of the context,

we drop the decorations and write sp instead of sp%p.

Remark 7.1.1. Recall from Example 3.2.2-(1) that the fiber of expg (A/X) at € X is canonically
identified with Fun(A,, £). In particular, for F: A — &, the value (sp F'),, of the section sp F' on
x is a functor (sp F),: A, — &. Denoting by j,: A, — A the natural inclusion, Corollary 6.1.5
supplies a canonical identification (sp F'), ~ j:(F).

Definition 7.1.2. Let F' € Fun(A, &) be a functor and let 7: z — y be a morphism in X. The
space of specialization morphisms for F relative to vy is the space SP,(F')

(spF)e 5> G - (spF),

where f is a pe-cocartesian lift of v in expg (A/X). In this case, we say that « is a specialization
morphism for F' relative to ~.

Remark 7.1.3. Since expg (A/X) is also a cartesian fibration, there is a dual notion of cospecial-
ization morphism, that are obtained choosing pg-cartesian lifts of ~.

We immediately discuss a fundamental example.

Notation 7.1.4. Let p: A — X be a cocartesian fibration. For o: A™ — X, write A, := A" Xy A
and p,: A, — A" for the induced cocartesian fibration. Notice that Proposition 3.2.6 provides a
canonical and functorial identification

expe (A/X)y =~ expe (Ay /A™) .

Example 7.1.5. Let p: A — X be a cocartesian fibration and let v:  — y be a morphism in X.
Choose a straightening

fr Ay = Ay
for py: Ay — A'. The functor f fits in the following triangle
f

A, — 2 4,

N
A
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where j, and j, denote the canonical inclusions of the fibers of p inside A. This triangle is not
commutative but we can choose a natural transformation

St g — ]y © fv
in Fun(A,, €) with the property that for every a € A, the morphism s (a): jz(a) = j,(f+(a)) is p-
cocartesian in A. Applying the contravariant functor Fun(—, &) we obtain a natural transformation
s gs o £ 00
of functors from Fun(A, ) — Fun(A,, €). There is therefore an induced Beck-Chevalley morphism
(7.1.6) Qfs: f%! Oj; — ]; .
Unraveling the definition of expg (A/X) we see that for every F': A — &, the induced morphism

afs(F): fyjz(F) = j,(F)
is a specialization morphism for F' relative to ~.

Remark 7.1.7. Let p: A — X be a cocartesian fibration and let F': A — &€ be a fixed functor.
Since pg: expg(A/X) — X is a cocartesian fibration, it immediately follows that the space
SP.,(F') is contractible. Observe that, in the setting of Example 7.1.5, neither f nor s are uniquely
determined in a strict sense (although the spaces of choices for the pair (f,s) is contractible).
Every such choice gives rise to an element SP.,(F'), whose underlying specialization morphism is
ay s(F). The contractibility of SP. (F') shows that the actual choices for f and s are immaterial
as they give rise to equivalent specialization morphisms, and this in a homotopy unambiguous
way.

Example 7.1.8. We maintain the notation introduced in Example 7.1.5. It is worth unpacking
the specialization equivalence when X = A!. Write A! = {y: 2 — y} and fix a cocartesian
fibration p: A — A! together with a straightening f,: A, — A, and a natural transformation
St jz — jy o fy as in Example 7.1.5. Notice that Tw(A') can be represented as

/\
/\II

where the vertical arrows are the objects of Tw(A'!). In other words, Tw(A?) is equivalent to
Span = {x + * — x}. It follows that the chain of equivalences of Recollection 6.3.1 in this case
simply asserts that the square

X

X

Fun(A, €) _ Fun(A,, €)

| k
Fun(A!, Fun(A,, &)) —% Fun(A,, ).
is a pullback. Unraveling the definitions, we see that the left vertical map sends F': A — € to
8" jr(F) = f3(jy (F)). Vice-versa, given
F,: A, — €&, Fy: Ay — &

and a natural transformation
a: F, — f:(Fy) ,
we can produce a functor F': A — & together with the following data:
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(1) equivalences 3, : F, ~ ji(F) and B,: F, =~ ji(F);
(2) whenever ¢: a — f,(a) is a p-cocartesian morphism in A, an equivalence
Ba: F(¢) ~ a(a)
in Mapg (Fz(a), Fy(f+(a))).

The above analysis allows to obtain an improvement on Corollary 6.1.5. To state it, we need
to first introduce the following:

Notation 7.1.9. Let v: 2 — y‘be a morphism in X. Let F' € Fun(A,, &) and G € Fun(A,, &)
and let o: F — G be a morphism in expg (A/X) lying over v. We can factor « as

F&G’LG,

where a7 is pe-cartesian. Unraveling the definitions, we see that for every p-cocartesian lift
¢: a — bof v, a; induces a canonical equivalence a;(¢): G'(a) ~ G(b), and in particular we
obtain a well defined morphism

a(¢) = ai(d) o ap(a): F(a) — G(b)
in €.

Corollary 7.1.10. Let F': A — & be a functor and let ¢: a — b be a p-cocartesian morphism in
A. Then there is a canonical identification

F(¢) =~ (sp F)p(e) (0)

of morphisms in €.

Proof. Using Proposition 6.1.2-(1) we can assume without loss of generality that X = A®. Choose
a straightening f,: A, — A, together with a morphism s: j, — j, o f, as in Example 7.1.5.
Using Corollary 6.1.5 we see that (sp F'), can be factored as

JEF) = fE(ji(F)) — ji(F) |

where the second morphism is pg-cartesian. With these choices, the notation introduced in
Notation 7.1.9 collapses to (sp F),4)(a) ~ s*(a), so the conclusion follows from the analysis of
the specialization equivalence over A! carried out in Example 7.1.8. (I

7.2. Cocartesian functors. We fix as usual a cocartesian fibration p: A — X and a presentable
oo-category €. We let pe: expg(A/X) — X be the canonical projection.

Definition 7.2.1. Let F': A — € be a functor and let «v: x — y be a morphism in X. We say

that F'is cocartesian at vy if every specialization morphism for F' relative to v is an equivalence in
Fun(A,, ).
We say that F is cocartesian if it is cocartesian at every morphism v of X. We write Fun®“"*(A, &)

for the full subcategory of Fun(A, &) spanned by cocartesian functors.

Remark 7.2.2. Recall from Remark 7.1.7 that SP,(F) is a contractible space. In particular, in
order to check that F' is cocartesian at -y, it is enough to check that there exists one specialization
morphism « that is an equivalence.

We now collect a couple of elementary facts concerning these objects. We keep the cocartesian
fibration p: A — X and the presentable co-category € fixed in all the following statements:

Proposition 7.2.3. Let F': A — & be a functor and let v: x — y be a morphism in X. The
following statements are equivalent:
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(1) F is cocartesian at y;
(2) the specialization sp F': X — expge (A/X) takes v to a pe-cocartesian edge;

(3) let fy: Ay — Ay be any straightening for py: A, — Al. Then the canonical Beck-
Chevalley transformation (7.1.6)
fr1dz(F) = iy (F)
is an equivalence.

Proof. Any element of SP.(F') corresponds to a factorization

(sp F), — % ¢

woN

(spF)y

inside expg (A/X), where (8 is pe-cocartesian and « is the associated specialization morphism. It
follows that (sp F'), is pg-cocartesian if and only if « is an equivalence. This shows that (1) <
(2). The equivalence (2) < (3) follows now from Example 7.1.5. O

Corollary 7.2.4. Denoting T 4: X — Caty, the straightening of the cocartesian fibration A — X,
there are canonical equivalences

Fun®*ert (4, €) & S expg (4/X)) = lim Fum (Y, €)

In particular:
(1) Fun®“®* (A, €) is presentable;

(2) if € is stable, Fun®*°**(A, &) is stable.

Proof. Combining the specialization equivalence (6.1.1) and the equivalence (1) < (2) of Proposi-
tion 7.2.3, we see that Fun®“"(A, €) coincides with the full subcategory of Fun (X, expg (A/X))
spanned by cocartesian sections This proves the first equivalence, and the second follows directly
from [31, Proposition 3.3.3.1]. For point (1) it is now sufficient to observe that the functor
Funy(T,,&): X — Cat, takes values in Pr", so the conclusion follows from [31, Propositon
5.5.3.13]. Similarly, point (2) follows from [32, Theorem 1.1.4.4]. |

Warning 7.2.5. There is another natural condition that we can impose on a functor F': A — €&:
namely, we can ask that F' takes p-cocartesian arrows in A to equivalences in €. This condition cuts
a full subcategory Fun’(A, €) of Fun(A, €), that however does not coincide with Fun®®*(A, €).
Indeed, [31, Corollary 3.3.4.3] yields an identification

Fun’(A, €) ~ Fun (co%cim Ty, &)~ ljgnFun*(TA, &) ~ B (expe (A/X))
where E&art denotes the functor of cartesian sections.

Corollary 7.2.6. A functor F: A — € is cocartesian at every equivalence of X.

Proof. Immediate from the equivalence (1) < (2) of Proposition 7.2.3 and [31, 2.4.1.5]. O
Corollary 7.2.7. Let
)
’77‘ \’};1
72
r— z.

be a commutative triangle in X. Let F': A — &€ be a functor, and assume that it is cocartesian at
Yo. Then F' is cocartesian at 1 if and only if it is cocartesian at vs.
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Proof. Immediate from the equivalence (1) < (2) of Proposition 7.2.3 and from [31, 2.4.1.7]. O

Corollary 7.2.8. Let p: A — X be a cocartesian fibration. Let v : x — y be a morphism in X.
Let € be a presentable co-category. Then, the full subcategory of Fun(A, &) spanned by functors
cocartesian at -y is stable under colimits.

Proof. This follows from the equivalence (1) < (3) in Proposition 7.2.3 and the fact that the
functors f, 1, j; and j; commute with colimits. O

Proposition 7.2.9. Let p: A — X be a cocartesian fibration and let € be a presentable oo-
category. Then Fun®“"* (A, &) is stable under colimits Fun(A, ). In particular, Fun®"* (A, &)
is a coreflective subcategory of Fun(A, €), that is the inclusion

(7.2.10) Fun®°**(A, &) — Fun(A, &)
admits a right adjoint.

Proof. We know from Corollary 7.2.4 that Fun®"*(A, €) is presentable. It is thus enough to check
that Fun®“**(A, €) is stable under colimits in Fun(A, €), which follows from Corollary 7.2.8. O

Definition 7.2.11. Let p: A — X be a cocartesian fibration and let & be a presentable oo-
category. We denote by
(=)ot Fun(A, &) — Fun®*(A, &)

the right adjoint of the inclusion (7.2.15), and refer to (—)°'* as the cocartesianization functor.

Remark 7.2.12. The functor (—)°°@* can be explicitly computed in some specific situations.
See Corollary 7.6.12.

Under extra stability and fiberwise compactness conditions, Corollary 7.2.8 and Proposi-
tion 7.2.9 have the following counterparts for limits :

Lemma 7.2.13. Let p: A — X be a cocartesian fibration and let v : x — y be a morphism in X
such that A, is compact and A, is proper (see Definition 17.1.1). Let & be a presentable stable
oo-category. Then, the full subcategory of Fun(A, &) spanned by functors cocartesian at «y is closed
under limits.

Proof. This follows from the equivalence (1) < (3) in Proposition 7.2.3 and the fact that the
functors f 1, j; and j,; commute with limits in virtue of Proposition 17.2.3. ]

Proposition 7.2.14. Let p: A — X be a cocartesian fibration with compact and proper fibers.
Let & be a presentable stable co-category. Then Fun®“®%(A, &) is stable under limits Fun(A, €).
In particular Fun®°**(A, &) is a reflective subcategory of Fun(A, &), that is the inclusion

(7.2.15) Fun®*(A, &) < Fun(A, &)
admits a left adjoint.

Proof. We know from Corollary 7.2.4 that Fun“*“**(A, €) is presentable. It is thus enough to check
that Fun®*(A, €) is stable under limits in Fun(A, €), which follows from Lemma 7.2.13. O

7.3. Functoriality of cocartesian functors. We fix as usual a cocartesian fibration p: A — X
and a presentable co-category €. We saw in Corollary 7.2.4 that there is a canonical equivalence
Funcocart (A, 8) ~ Zcocart (eng (.A/:X:)) .

Therefore, it follows from [40, Corollary 3.23] that this construction depends functorially on the

cocartesian fibration A — X seen as an element of CoCart. We now make this explicit in terms
of the laz functoriality of Fun(A, &) ~ X(expg (A/X)) in A — X.
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Proposition 7.3.1. Let
B By ——> A
L7
y ch
be a morphism in CoCart. Then:
(1) if F: B — & is a cocartesian functor, the same goes for u*(F): Byx — &;
(2) if G: Bx — & is a cocartesian functor, then the same goes for vi(G): A — E.
In particular the functors
u*: Fun(B, &) — Fun(By, &) and v: Fun(Byx, &) — Fun(A, &)
restrict to well-defined functors
u*: Fun® (B, &) — Fun®*(By, &) and vy Fun® @ (By, &) — Fun® (A, €) .

This proposition results of the following two more precise lemmas:

Lemma 7.3.2. Let
AL B
X —Y
be a pullback square in Cat.,, where the vertical morphisms are cocartesian fibrations. Fix a

morphism v in X and a functor F: B — &. Then u*(F) is cocartesian at 7 if and only if F is
cocartesian at f(v).

Proof. Under the specialization equivalence (6.1.1) and Proposition 6.1.2-(1), the statement
follows from Proposition 7.2.3 and from [31, Proposition 2.4.1.3-(2)] applied to the square

expe (A/X) —5 expe (B/Y)

| l

x —~L——y,

which is a pullback thanks to Proposition 3.2.6-(1). O
Lemma 7.3.3. Let X be an oco-category and consider a morphism
A—2— B
X

in CoCarty. Let vy be a morphism in X and let F': A — & be a functor. If F' is cocartesian at -y,
then the same goes for vi(F).

Proof. In virtue of Proposition 7.2.3, we have to prove that the section
sp(vr(F)): X = expg (B/X)
takes v to a cocartesian edge in expg (B/X). Using Proposition 6.1.2-(2), we find a canonical
identification
sp(ui(F)) = &7 o sp(F) ,
where E7: expg (A/X) = expg (B/X) is the exponential induction functor. The conclusion now
follows from Proposition 3.2.6-(2), that guarantees that £} preserves cocartesian edges. O
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We conclude with a handy consequence:

Corollary 7.3.4. In the setting of Lemma 7.3.2, the composition
ucocart — (7)cocart O Uy Funcocart (B, 8) N Funcocart (.A, 8)

*

is right adjoint to the pull-back functor u*: Fun®“"*(A, &) — Fun®“"*(B, ).

Proof. The functors at play are well-defined from Proposition 7.3.1-(1) and Definition 7.2.11.
Corollary 7.3.4 is then a routine computation. (I

Lemma 7.3.5. Let
B2 — By —— A
y o

be a morphism in CoCart. Assume that A — X and B — X have compact and proper fibers, and
that € is presentable stable. Then, the functors

u*: Fun®* (B, &) — Fun®“"*(By, &) and vr: Fun®® (B x, &) — Fun®"(A, €)

commute with limits and colimits.

Proof. From Proposition 7.2.9 and Proposition 7.2.14, Fun®***(B, &) and Fun®***(B, &) are
stable under limits and colimits in Fun(B, &) and Fun(B«, &) respectively. Hence, it is enough to
show that the functors

u*: Fun(B, &) — Fun(By, &) and v Fun(By, &) — Fun(A, €)

commute with limits and colimits. For the former, this is obvious. For the latter, this follows
from Proposition 17.2.3. (|

7.4. Van Kampen for cocartesian functors. Consider the following general fact:

Lemma 7.4.1 (Van Kampen for filtered functors). Let Xo: I — Cato, be a diagram with colimit
X. Let p: A — X be a cocartesian fibration and set

He = Xe Xy A: I — Cat, .
Then the canonical morphism
colimA; — A
icl
s an equivalence. In particular, for every presentable co-category & the canonical morphism
(7.4.2) Fun(A, &) — _liﬁnp Fun*(A;, &)
iel°

s an equivalence.

Proof. Since p: A — X is a cocartesian fibration, it is in particular an exponentiable fibration
thanks to [2, Lemma 2.15]. In particular, the functor

p: (Catoo)/x - (Catoo)//l

is a left adjoint. It follows in particular that it preserves all colimits. Now the conclusion follows
from the fact that for every oco-category C, the forgetful functor

(Caty) e — Catoo
is conservative and preserves all colimits. O

To prove a Van Kampen result for cocartesian functors, we need a couple of categorical
preliminaries. Recall the following definitions:
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Definition 7.4.3. The mazimal spine of the standard n-simplex A" is the sub-simplicial set
formed by the consecutive 1-simplexes Af{‘o 1} Af{ll PYERRRE Af{‘nfl )

Remark 7.4.4. Notice that the maximal spine of A? coincides with A2. On the other hand, for
n > 3 every horn A} cointains the maximal spine of A™.

Definition 7.4.5. Let C be a quasi-category and let S C € be a collection of 1-simplexes. We
say that S is closed under identities if whenever f: x — y belongs to S, then id, and id, belong
to S as well.

Construction 7.4.6. Let C be a quasicategory and let S C € be a collection of 1-simplexes.
Define Cg as the full sub-simplicial set of € defined by the following condition: an n-simplex
o: A™ — € belongs to Cg if and only if the restriction of ¢ to the maximal spine of A™ factors
through S.

Lemma 7.4.7. Let C be a quasi-category and let S C C be a collection of 1-simplexes. If S is
closed under identities, then Cg is the smallest full sub-quasicategory of C containing C.

Proof. Let € be the smallest full sub-quasicategory of € containing €. It immediately follows
from Remark 7.4.4 that Cg is a quasi-category, and therefore that €' C Cg. Vice-versa, iteratively
applying the lifting condition against inner horns we deduce that any sub-quasicategory containing
S must contain Cg. Thus, €' = Cg as full sub-quasicategories of €. O

Notation 7.4.8. Let f: Y — X be a morphism of quasicategories. We denote by St the collection
of 1-simplexes of X that lie in the essential image of f.

Lemma 7.4.9. Let Xo: I — Caty, be a diagram with colimit X. Let f;: X; — X be the structural
morphisms and define
S = U Sfj .

il
Then S is closed under identities and the inclusion Xg C X is an equivalence in Cat.
Proof. That S is closed under identities simply follows from the definitions. Notice that Xg is

itself an oco-category and that the inclusion i: Xg < X is fully faithful. By definition, every f;
factors as

T — Xs .

Therefore, the universal property of the colimit provides a canonical map p: X — Xg together
with an equivalence i o p ~ idy. This implies that ¢ is essentially surjective. Being already fully
faithful, it follows that it is an equivalence. O

We are now ready for:

Proposition 7.4.10 (Van Kampen for cocartesian functors). Let Xo: I — Caty, be a diagram
with colimit X. Let p: A — X be a cocartesian fibration and set

HAe =X xx A: I — Caty .
Let € be a presentable co-category. Then the equivalence of Lemma 7.4.1 restricts to an equivalence

Funcocart (A, 8) ~ heHIl Funceocart (A, E) .
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Proof. Using Proposition 7.3.1-(1), we see that the canonical map (7.4.2) induces a well defined
map between cocartesian functors making the diagram

Fun(A,&) —— hIIIl Fun(A,;, &)
1€

| ]

Funcocart (.A, 8) N hGHIl Funcocart (‘A'La 8) .
1
Since the top horizontal arrow is an equivalence and the vertical ones are fully faithful, it follows
that the bottom horizontal functor is fully faithful as well. To conclude the proof, it is enough to
show that a functor F': A — € is cocartesian if and only if for every ¢ € I its image in Fun(A;, &)
is cocartesian. The “only if” follows from Proposition 7.3.1-(1). For the converse, observe first
that combining Corollary 7.2.7 and Lemma 7.4.9 we deduce that F' is cocartesian if and only if it
is cocartesian at every morphism in the essential image of the structural map f;: X; — X. At
this point, the conclusion follows from Lemma 7.3.2. (]

7.5. Change of coefficients for cocartesian functors. Fix a cocartesian fibration p: A —
X and let f: & — & be a morphism in Pr’. Recall from Section 6.5 that this induces a
transformation

FA: expe (A/X) = expe/ (A/X)
in PrFib®. In particular:

Proposition 7.5.1. The transformation f*/* preserves cocartesian edges. Therefore, the induced
functor

f: Fun(A, &) — Fun(A, &)
preserves cocartesian functors and induces a well defined morphism

[ Fun®® (A &) — Fun®* (A, &") .

Proof. Since f*/% is a morphism in PrFib", it automatically preserves cocartesian edges. The
second half follows then from the identification f ~ X (f*/%) supplied by Proposition 6.5.1. [

We now study the change of coefficients via the tensor product in Prl. Recall that for every
pair of presentable oco-categories € and &' and for every oco-category A, there is a canonical
equivalence

Fun(A, &) ® & ~ Fun(A,E® &') .
Under suitable finiteness assumptions, we are going to see that this equivalence preserves cocarte-
sian functors.

Definition 7.5.2. Define Pr® as the (non full) subcategory of Pr' whose objects are pre-
sentable oco-categories and morphisms are functors that are both left and right adjoints.

Definition 7.5.3. Let PrFib™¥ be the full subcategory of PrFib" corresponding to Fun(X, PrL’R)
under the straightening equivalence (3.1.8).

Example 7.5.4. Let p: A — X be a cocartesian fibration with compact and proper fibers (see
Definition 17.1.1). Let € be a stable presentable oo-category. Then the exponential fibration
pe: expe(A/X) — X defines an object in PrFib™®: indeed, we have to check that for every
morphism v: z — y in X and any choice of a straightening f,: A, — Ay, the induced functor

Syt Fun(Ay, €) — Fun(A,, &)

commutes with limits and colimits, and this follows from Proposition 17.2.3.
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Our main use of Pr® will be through the following lemma from [25, 2.7.9].

Lemma 7.5.5. Let A be a small co-category and let Cq: A — Pri® beq diagram of co-categories.
Then,

(1) The limits of Co when computed in Pr®, Prl, or CAT, all agree.
(2) For any presentable co-category &, the natural morphism
Oléiérl}lc‘l@@a — 8®iien,l4€°‘
in Pr¥ is an equivalence. (Here, both limits are computed in PrL).

Lemma 7.5.6. Let X be an co-category and let € be a presentable oo-category. Then commutative
diagram

Prl VY prRib"
J(—)@E l(—)®xTriVx(5)
pPrl VY prRib"
is horizontally right adjointable on objects of PrFib™®. That is, for every object p: A — X of
PrFib“ ", the Beck-Chevalley transformation
VLA A/X) @ & — DL (A @y Trivy(€))
is an equivalence.

Proof. Let T4: X — Pr" be the straightening of A — X. From [31, 3.3.3.2], the Beck-Chevalley
transformation reads as the following natural morphism in Pr"

(lim .A$) ®E&—limA, ®E) .
zeX zeX
Then, Lemma 7.5.6 follows from Lemma 7.5.5. O

Corollary 7.5.7. Let p: A — X be an object of CoCart with proper and compact fibers. Let
&, & be presentable oco-categories such that & is stable. Then, the canonical transformation
Fun®*(A, &) ® & — Fun®“"(A, & ® &)

s an equivalence.

Proof. Recall from Remark 3.3.1 that there is a canonical equivalence
expg (A/X) @x Trivy(€) =~ expege/ (A/X) .
By Example 7.5.4 the exponential fibration expg (A/X) belongs to PrFib™®. Thus, the conclusion

follows applying 25" to the above equivalence and using Lemma 7.5.6. (]

7.6. Cocartesian functors in presence of an initial object. We saw in Proposition 7.2.9
that the inclusion of cocartesian functors inside all functors always admits a right adjoint (—)ccrt,
The goal of this section is to provide an explicit description of this functor in the special case
where the base X admits an initial object. We start with the following construction:

Construction 7.6.1. Fix a cocartesian fibration p: A — X and let v: + — y be a morphism in
X. Define
= ]Z 0 jz1: Fun(A,, €) — Fun(A,, €) .

Write ¢, for the counit of the adjunction j,; - j2. It induces a natural transformation

Oy = szj;:ﬁloj; _>.7; .
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Fix now a straightening
fr Ay = Ay
for p,: A, — A! together with a natural transformation s: j, — j, o f as in Example 7.1.5.
Write n, for the unit of j, 4 j» and consider the transformation
fi(ne)

Bys: i —— fi 0 j¥ 0 g af,s(Jat)

20l) ooy = 7.

Proposition 7.6.2. In the setting of Construction 7.6.1, the diagram

ok ﬁf,s(j;) o . Sk
f! oja: — ]y OJCE,I Oja:
> Jssten

Jy

s canonically commutative. If in addition x is an initial object of X, then the natural transforma-
tion By s: fi = 7, is an equivalence. In this case, for every F € Fun(A, £), the morphism

Jy(€a): dydatia(F) = jy(F)
is a specialization morphism for F relative to -y.
Proof. For what concerns the commutativity, a standard diagram chase reduces it to the triangular
identities for jo, = j5. We leave the details to the reader. We check that 5, is an equivalence

under the assumption that = is an initial object of X. Unraveling the definitions, we reduce
ourselves to check that for every a € A,, the canonical functor induced by the pair (f, s)

(7.6.3) Az xa, (Ay)sa = Az Xa Asj,(a)

is cofinal. We are going to show that it is an equivalence. To do this, [31, 2.2.3.3] ensures that
it is enough to show that (7.6.3) is a pointwise equivalence over A,. The restriction of (7.6.3)
above b € A, reads as

(7.6.4) Map 4, (f(b),a) — Map 4 (jx(b), jy(a)) -

Since x is an initial object in X, Mapy (x,y) is contractible. Thus, every morphism j,(b) — j,(a)
lies over v: x — y. Since s: j,(b) — j,(f(b)) is a p-cocartesian lift of -y, [31, 2.4.4.2] implies that
(7.6.4) is an equivalence.

O

For a general morphism v: z — y in X, we can always replace p: A — X by p,: A, — Al in
order to ensure that the hypothesis of Proposition 7.6.2 is satisfied. This yields:

Definition 7.6.5. Let p: A — X be a cocartesian fibration. Let F' € Fun(A, &) be a functor and
let v: A' — X be a morphism in X. Let j,: A, = A, jy.: Az — A, and j,,: Ay, — A, be the
natural functors. Observe that j, o j, , =~ j,, and similarly for . The strict induction functor
relative to v is the functor

YA =Gy 0 Jryat: Fun(Ag, €) — Fun(Ay, €).
The strict specialization morphism for F' relative v is the natural transformation
P~ (F) =75 (€xdy): 72 (G2 F) = Gy (F),

where €, denotes the counit of the adjunction j, .1 = jJ ..
When A is clear from the context, we write 1 and sp., (F) instead of 41 and sp 4 .-

Remark 7.6.6. The terminology is due to the fact that neither y4, nor sp, ., (F) depend on
the choice of a straightening of p: A — X.
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Proposition 7.6.2 leads to a complete understanding of Fun“****(A, &) when X has an initial
object. Before stating the main result of this section, let us collect a couple of general facts:

Proposition 7.6.7. Let X and Y be small oco-categories and let

[N

b

X ——

be a pullback square in CAT., with p being a cocartesian fibration. If f is a final functor, then
the induced pull-back functor

f Funcocart (y D) N Funcocart(x e)
s an equivalence of co-categories.

Proof. Let Tp and Ye be the straightenings of p: D — Y and of ¢q: € — X, respectively. Since
the given square is a pullback, there is a natural equivalence Ye >~ Yo o f. We find:

Funw“rt(y D) ~ hm Top By [31, Prop. 3.3.3.1]
~ hén Ypof f is cofinal
~ lim Te
Y
~ Funf5™* (X, €) By [31, Prop. 3.3.3.1],
and the conclusion follows. O

In the particular case where € = exp¢ (B/Y), we find:
Corollary 7.6.8. Let

be a pullback in Cat.,, with p being a cocartesian fibration. Let & be a presentable co-category.
If f is a final functor, then

(7.6.9) u*: Fun®®t (B, &) — Fun®°**(A, &)
18 an equivalence.

Proof. Apply Proposition 7.6.7 to expge (B/Y) and use Proposition 6.1.2-(1). O

Observation 7.6.10. Recall from Corollary 7.3.4 that u* admits a right adjoint ucca™®. Tt
follows formally that in the situation of Corollary 7.6.8, the uS°®®*® realizes the inverse of u*.

Corollary 7.6.11. Let X be an co-category with an initial object x. Let p: A — X be a cocartesian
fibration and let € be a presentable co-category. Then:

(1) the functor j,,: Fun(A,, &) — Fun(A, &) factors through Fun®*(A, €).
(2) The adjunction
Jz1: Fun(Ag, €) S Fun(A, €): j;

restricts to an equivalence of oco-categories between Fun(Ag, &) and Fun®®*(A, €).
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Proof. We prove (1). Let F' € Fun(A,, €) and let v: y — 2z be a morphism in X. We need to
show that j, 1 (F) is cocartesian at v. Since z is initial in X, we can find a commutative triangle

Yy
'yy‘ Y‘
2
r—> Z.

in X. From Corollary 7.2.7, it is enough to prove that j, (F) is cocartesian at 7y and ~,.
Equivalently, we can suppose that y = . Now we apply Proposition 7.6.2 to j, (F): notice that
since z is initial, the inclusion {z} < X is fully faithful and therefore that j,: A, — A is fully
faithful as well. Thus, the unit transformation F' — jZj, (F') is an equivalence, and therefore the
strict specialization morphism provided by Proposition 7.6.2 is an equivalence as well.

We now prove (2). Since Fun®°**(A, &) is fully faithful inside Fun(A, &) and since j, 1 factors
through Fun®*"*(A, €), we see that the adjunction j,; - j* descends to an adjunction
Jo: Fun(Ag, &) S Fun(A, €): j; .

It is therefore enough to prove that j* is an equivalence. Since the inclusion {z} < X is final,
this follows from the limit-description of cocartesian functors provided in Corollary 7.2.4. See
also Corollary 7.6.8 below. O

Corollary 7.6.12. Let X be an co-category with an initial object x. Let p: A — X be a cocartesian
fibration and let € be a presentable co-category. Then there is a natural equivalence

(_)cocart :jm)! Oj;

of functors from Fun(A, &) to Fun®“"*(A, €).
Proof. Fix F € Fun®“*(A, €) and let G € Fun(A, £). We have
MapFun(A,S)(F7 G) - MapFun(.A,S)(jz,!j;(F)ﬂ G) By Cor. 7.6.11
~ Mapgun(a,,¢) Uz (F), J2(G))
= MapFuncocart(ﬂm,E)(jx,!j; (F)vjx,']:(G))
~ MapFuncocart (Ag,E) (F, ‘]3;7[]; (G))
where the last two equivalences are again due to Corollary 7.6.11. Therefore, j; 1 o0 jZ is right

adjoint to the inclusion of Fun®®*(A, €) into Fun(A, &), whence the conclusion. O

For later use, let us extract the formal argument used to prove Corollary 7.6.11-(2):

Lemma 7.6.13. Let
A—L>5 B
ol
f

X —Y

be a pullback in Cat,, with p being a cocartesian fibration. Let & be a presentable co-category.
Assume that u*: Fun®“* (A, &) — Fun®*"(B, &) is an equivalence of co-categories. Then, the
following conditions are equivalent:

(1) The functor u;: Fun(B, &) — Fun(A, &) preserves cocartesian functors;

(2) The adjunction uy  u* restricts to an equivalence of co-categories between Fun®“®* (A, &)
and Fun®°**(B, &);

(8) For every F € Fun®°**(B, €), there is a natural equivalence uy(F) ~ ul°t(F).
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Proof. Notice that both (2) and (3) imply tautologically (1). Since Fun®®*(A, &) is a full
subcategory of Fun(A, &), and similarly for B in place of A, we see that as soon as (1) is satisfied
the induced functor

wy: Fun® (B, &) — Fun®°**(A, €)

provides a left adjoint to u*. So (2) holds, and since u* is an equivalence, (3) follows from the
uniqueness of the inverse. (]

7.7. Invariance of cocartesian functors under localization. We saw in Corollary 7.6.8 that
when f is a final functor,

u*: Funcocart (B, 8) N Funcocart (.A, 8)

is an equivalence, with inverse given by u°®'. Furthermore, in Corollary 7.6.11, we saw that

when f is the inclusion of an initial object, then the inverse can be identified with the much
simpler left Kan extension w. In this section, we analyze a similar situation, where f is assumed
to be a localization (recall from [11, Proposition 7.1.10] that all localizations are final), building on
the results of the previous section. Our starting point is the following finer analysis of cocartesian
functors in this special situation:

Proposition 7.7.1. Let
A—"L->B
(7.7.2) a lp
x Y.

be a pullback square in Caty,, with p being a cocartesian fibration. Assume that f exhibits Y as a
localization of X at a collection of morphisms W. Then for every presentable co-category € and
every functor G: A — €&, the following conditions are equivalent:

(1) G lies in the essential image of u*: Fun(B, ) — Fun(A, &);

(2) G is cartesian at every mophism in W ;

(3) For every v € W, the morphism E*((sp G)(7)) is an equivalence in expge (B/Y);
(4) G is cocartesian at every mophism in W.

Proof. Let W4 be the set of cocartesian lifts of morphisms in W. We saw in Theorem 18.2.1
that u: A — B exhibits B as a localization of A at W4. Thus, (1) is equivalent to ask that
G inverts every arrow in W, and Lemma 18.1.1 shows that this is equivalent to condition (2).
Combining the specialization equivalence Proposition 3.3.3 and the global functoriality established
in Proposition 6.1.2-(1) and the fact that the front square of (18.2.3) is a pullback, we deduce
that (1) is equivalent to ask that " o (spG): X — expe (B/Y) inverts all arrows in W, i.e. to
condition (3). Finally, we prove the equivalence between (3) and (4): let v be a morphism in W.
Combining Proposition 3.2.6-(1) and [31, 2.4.1.12], we see that G is cocartesian at « if and only if
&% o (sp G) takes v into a pg-cocartesian morphism in expg (B/Y). Since E“((sp G) (7)) lies over
f(7), which is an equivalence in Y, we see that this happens if and only if €“((sp G)(7)) is an
equivalence in expg (B/Y), whence the conclusion. O

Proposition 7.7.3. Let

(7.7.4) l" P



HOMOTOPY THEORY OF STOKES STRUCTURES AND DERIVED MODULI 47

be a pullback square in Cat,, with p being a cocartesian fibration. Assume that f is a localization
functor and let € be a presentable co-category. Then:

(1) A functor F € Fun(B, &) is cocartesian if and only if u*(F) cocartesian.

(2) The functor
u: Fun(A, &) — Fun(B, &)

preserves cocartesian functors.
(3) The adjunction
u: Fun(A, &) S Fun(B, &): u*
restricts to an equivalence of co-categories between Fun®“*(A, &) and Fun®“*(B, €).

Proof. Let W be the collection of morphisms that in X that are inverted by f. We start by
proving (1). The “only if” direction is a consequence of Proposition 7.3.1-(1). Suppose on the
other hand that w*(F) is cocartesian. Notice that the homotopy category h(Y) is the 1-categorical
localization of h(X) at the image of W in h(X). In particular, every 1-morphism (in h(Y) and
hence) in Y can be represented as a zig-zag (see [18]):

Tog—> X1 < T —> -+ < Tp

in X, where the arrows pointing to the left are in W. Recall from Corollary 7.2.6, that F is
cocartesian at every equivalence of Y. Thus, using Corollary 7.2.7 we are left to show that for
every morphism v of X, the functor F is cocartesian at f(y), and this follows from Lemma 7.3.2
and our assumption that u*(F') is cocartesian.

We now prove the claim (2). Let G: A — € be a cocartesian functor. Proposition 7.7.1 ensures
the existence of a functor F: B — & such that G ~ u*(F). Point (1) guarantees that F' is
cocartesian. At the same time, we know from Theorem 18.2.1 that u: B — A is a localization
functor. Thus, u*: Fun(B, &) — Fun(A, &) is fully faithul, and therefore the counit transformation
g1 0 g* — id is an equivalence. It follows that

F~g(g"(F)) = 9(G)
is cocartesian, and so (2) is proven.

Finally, for (3), recall from [11, Proposition 7.1.10] that localization functors are final. Thus,
(3) follows from (2) combined with Corollary 7.6.8 and Lemma 7.6.13. O

Corollary 7.7.5. Let

S

/

:X:/ fl y/

N

X——m Y

be a commutative cube in Cat,, with the vertical arrows being cocartesian fibrations. Assume
that v and r' are localization functors and that the left and right vertical faces are pullbacks. Let
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& be a presentable co-category. Then, the following diagrams

cocart

Funcocart (.A/, 8) u'* Funcocart(B/’ 8) Funcocart (37 8) 9x Funcecart (A, 8)
Funcocart (.A, 8) u” ]:—‘\unc::x:art(B7 8), Funcocart(B/’ 8) Uy oo Funcocart (AI, 8)

are canonically commutative.

Proof. Observe that the right square from Corollary 7.7.5 is obtained from the left square by
passing to right adjoints. Hence, we are left to prove the commutativity of the left square. Since
the top face is commutative, we have

S/* OU* :u/* OS*

From Proposition 7.7.3, the adjunction s; 4 s* induces an equivalence of co-categories between
Fun®“*(A, &) and Fun®“**(A’, &) and similarly with s| 4 s’*. The commutativity of the left
square thus follows. O

Corollary 7.7.6. Let f: X — Y be a localization functor between co-categories. Let B be an oo-
category and denote by u: B x X — B x Y the induced functor. Let & be a presentable co-category.
The adjunction uy 4 u* induces an equivalence of co-categories between Fun®***(A x Y, &) and
Fun®**(A x X, &).

Proof. Consider the pullback square
AxY — Ax X

l J

4y ——X

and apply Proposition 7.7.3. (I

Remark 7.7.7. When applied to the localization X — Env(X), the above corollary says that u, -
u* induces an equivalence of co-categories between Fun(A x Env(X), €) and Fun®“"*(A x X, €).

7.8. Exceptional functoriality. Let
A—">B
(7.8.1) q »
x L

be a pullback diagram in Cat.,, with p being a cocartesian fibration. We saw in Corollary 7.6.8
that when f is a final functor the pullback

u*: Fun® (B, &) — Fun®°*(A, &)

is an equivalence for every presentable co-category €. In virtue of Proposition 7.2.9, the inverse to
u* is always given by the functor uS°®'*, which is nevertheless very inexplicit in general. At the
same time we saw in two rather different situations (Corollary 7.6.11 and Proposition 7.7.3) that
sometimes the inverse can be computed by the left Kan extension u;. In this section, we analyze
this phenomenon more in detail, obtaining a sufficient criterion guaranteeing that w preserves
cocartesian functors, that will be needed later on.

We start with a simple observation:
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Proposition 7.8.2. Let

AL B

]

X—Y
be a pullback square in Cat,, with p being a cocartesian fibration. Let € be a presentable co-

category. Assume that [ is fully faithful, and let F € Fun(A, &) be a functor cocartesian at a
morphims v: x — y in X. Then w(F) is cocartesian at f(7).

Proof. Since f is fully faithful, the same goes for u. Thus, the unit transformation F' — u*(ui(F))
is an equivalence. Using Lemma 7.3.2, we therefore see that ui(F') is cocartesian at f(7) if and
only if F' ~ u*(w (F)) is cocartesian at . The conclusion follows. O

We now carry out a finer analysis. Fix z € X, set y := f(x) and fix as well a morphism
~v:y — z in Y. Associated to these data, we can form the following commutative cube:

Jv,a
e
B, B,

- 3B

(7.8.3) Jm

whose vertical faces are pullbacks. Fix a presentable co-category €. The commutativity of the
top face of the above cube induces a Beck-Chevalley transformation

(7.8.4) Jry) © Jgp = Gy 0 W
of functors from Fun(A, €) to Fun(B.,, £). We have:

Proposition 7.8.5. Assume that the Beck-Chevalley transformation (7.8.4) is an equivalence.
Then for every F' € Fun(B, ), the functor wi(F): A — & is cocartesian at 7.

Proof. We have to prove that sp(u(F)) is cocartesian at . By Lemma 7.3.2 applied to v: Al — Y,
this is equivalent to show that jj(ui(F)) is cocartesian at 0 — 1. Since the Beck-Chevalley
transformation (7.8.4) is an equivalence, we are reduced to prove that j, . 1(j5(F')) is cocartesian
at 0 — 1. In other words, we are reduced to prove the statement in the special case where (7.8.1) is
the back square of (7.8.3). Since 0 is initial in A!, this follows directly from Corollary 7.6.11. [

We now give a sufficient condition on f and < ensuring that the Beck-Chevalley transformation
(7.8.4) is an equivalence:

Proposition 7.8.6. In the above setting, assume that:
(1) for every (t,a) € X xyY,,, the map

Mapy (¢, z) — Mapy (f(2),y)

is an equivalence;
(2) for every (s,3) € X xyY,., the composition
Mapxy (s, 2) — Mapy(f(s),y) — Mapy(f(s), 2)

is an equivalence.
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Then for every F' € Fun(A, &), w(F) is cocartesian at ~y.

Remark 7.8.7. Notice that condition (1) above is automatically satisfied when f is fully faithful,
or when both Map(t,z) and Mapy(f(t),y) are both contractible. Similarly, condition (2) is
automatically satisfied when both Map(s, ) and Mapy(f(s), z) are both contractible.

Proof of Proposition 7.8.6. In virtue of Proposition 7.8.5, it is enough to show that these assump-
tions guarantee that the Beck-Chevalley transformation (7.8.4) is an equivalence. For this, it is
enough to check that for every b € B.,, the induced functor

(7.8.8) By xs, (By)py —— A x5 B/ o)

is cofinal. Let v := p,(b) € Al and set w = v(v) (we have w = y if v =0 and w = z if v = 1).
Using Lemma 21.2.1, it is sufficient to prove that under our assumptions, the map

(789) {0} XAl A}v — X Xy y/w

is cofinal. Observe that the left hand side is contractible (and it coincides with the unique
morphism ¢ from 0 to v in A!). In particular, the map (7.8.9) is cofinal if and only if its image
coincides with the final object of X xy Y /,,. Now, unraveling the definitions we see that the above
map takes € to (z,id,) if v = 0 and to (x,v) if v = 1. Thus, we have to prove that (z,id,) and
(x,7) are final objects in X xy Y,, and in X xy Y,., respectively. Fix (t,a) € X xy Y, and
consider the following commutative diagram:

: Mapy (f(t), w) -

The top square is a pullback by definition and the bottom one is a pullback thanks to the dual
of [31, Lemma 5.5.5.12]. Our assumptions guarantee that in the two cases under consideration,
the right vertical composition is an equivalence. Therefore, it follows that the top left corner is
contractible, i.e. that (x,7(g)) is a final object in X xy Y, thus completing the proof. O

Corollary 7.8.10. Let f: J — 1 be a fully faithful functor between posets and consider a pullback
square in Cat,

A—">5 B

[ ]

!

J—1,

where in addition p is a cocartesian fibration. Assume that for every object i in I, the subposet J/;
of J admits a final object. Then, the functor uy: Fun(A, ) — Fun(B, &) preserves cocartesian
functors.

Proof. Let F': B — & be a cocartesian functor. Let «: i1 — i3 be a morphism in I. By assumption,
there exists a commutative diagram

N

fG) ——— 2
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in I where j belongs to J. Using Corollary 7.2.7, we see it is enough to show that F' is cocartesian
at a morphism of the form f(j) — i where j € J and i € I. Let j be a final object in J ;. Then,
there is a commutative diagram

fiss)

/7

fG) ———i

in I. Since f: J — 1is fully faithful and since F': B — € is cocartesian at j — j.o, Proposition 7.8.2
ensures that ui(F') is cocartesian at f(j) — f(joo). Using again Corollary 7.2.7, we are thus left
to show that w)(F') is cocartesian at f(joo) — 7. In that case, the conditions of Proposition 7.8.6
(in the form of Remark 7.8.7) are satisfied and the proof is achieved. O

Corollary 7.8.11. Let

A2 B

lq P
f
X —Y
be a pullback square in Caty,, with p being a cocartesian fibration. Let & be a presentable oo-

category. Assume that f is fully faithful and admits a right adjoint g and let v: f o g — idy be a
counit transformation. Then for every F' € Fun(A, ), wi(F) is cocartesian at v, for every y € Y.

7.9. Induced t-structure for cocartesian functors. Let p: A — X be a cocartesian fibration
and let €& be a stable presentable oco-category equipped with an accessible t-structure 7 =
(€0, €<0)- Then Fun(A, €) has an induced ¢-structure defined by

Fun(A, €)>o = Fun(A, £5) and Fun(A, €)<o == Fun(A, £<o) -

Definition 7.9.1. We say a cocartesian functor F' € Fun®"(A, &) is connective (with respect
to 7) if its image in Fun(A, &) belongs to Fun(A, &)so. We let Fun®“**(A, €)s¢ be the full
subcategory of Fun®"*(A, &) spanned by connective objects.

Proposition 7.9.2. There exists a unique t-structure on Fun®°**(A, €) whose connective part
coincides with Fun®*"*(A, €)so. In particular, the inclusion Fun®“"*(A, &) — Fun(A, &) is
right t-exact.

Proof. Since Fun®®*(A, &) is presentable and stable by Corollary 7.2.4, using [32, Proposition
1.4.4.11] we are reduced to check that Fun®“"*(A, £)s is closed under colimits and extensions in
Fun®*(A, ). Closure under colimits follows from Corollary 7.2.8, and closure under extensions
is automatic. So the conclusion follows. O

Lemma 7.9.3. Assume that X has an initial object x. Then a cocartesian functor F €
Fun®“"*(A, €) is connective if and only if j=(F) € Fun(A,, €) is connective.

Proof. The functor j%: Fun(A, &) — Fun(A,, &) is t-exact, so if F' is connective then ji(F) is
connective as well. For the converse, we have to check that F' takes values in €. It suffices
to show that for every y € X, j;(F): A, — & takes values in €¢. Since x is an initial object,
there exists a morphism v: x — y in X. Choose a straightening f,: A, — A, for A,. Then
Proposition 7.2.3 provides a canonical identification

Gy (F) = fr.055(F) -

Since j%(F') takes values in €>¢ by assumption and since € is closed under colimits in &, the
conclusion follows from the formula for left Kan extensions. O
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Corollary 7.9.4. Assume that X has an initial object x. Then the adjoint equivalence of
Corollary 7.6.11

c1: Fun(A,, &) S Fun®“"*(A, €): j*
15 t-exact.

Proof. Thanks to Lemma 7.9.3, we know that Fun®“*(A, £)s( corresponds via the above
equivalence to Fun(A,, £0). The conclusion follows from the uniqueness of the t-structure. O

Example 7.9.5. Consider the posets Iy and Iy having I = {a,b,c,d} as the underlying set and
order given by the following Hasse diagrams:

d
b c d
Iy = \ / ) L = b< >d

The identity of I defines a morphism of posets f: Iy — I;, which we can reinterpret as a
constructible sheaf of posets J on ([0,1],{0}). Fix a field k¥ and consider the stable derived
oo-category € := Modg. Let F': Jy — Mody be the functor defined by setting

Fa:FdZ:k, Fb:FCZ:O.
Then via Corollary 7.9.4, F' determines an object in Fun®°**(J, Mod)”. Notice however that

Ni(F)a =~ Fq © Fy[1] ~ k@ k[1]

does not belong to the abelian category Modg.
7.10. Categorical actions on cocartesian functors. We use the terminology on categorical
actions reviewed in Section 20. Fix a presentably symmetric monoidal co-category €®. As recalled
in Recollection 20.1.2, for every (small) co-category A, the functor oo-category Fun(A, €) inherits
a symmetric monoidal structure Fun(A, €)®. When A is part of a cocartesian fibration p: A — X,
cocartesian functors Fun®“**(A, &) form a full subcategory of Fun(A, €), but they are not closed

under tensor product. Nevertheless, we still see a shadow of the tensor structure of Fun(A, &) on
cocartesian functors in terms of a categorical action:

Proposition 7.10.1. Let p: A — X be a cocartesian fibration. Then for every L € Loc(X; &)
(see Definition 19.1.1) and every G € Fun®"*(A, &), the functor

p(L)G: A— &
is again cocartesian. In particular, the standard action of Loc(X; &) on Fun(A, &) restricts to a
categorical action of Loc(X; €) on Fun® (A, €).

Proof. Let v: x — y be a morphism in X and let f,: A, — A, be any straightening for
py: Ay — Al. Since j} and Jy are symmetric monoidal, we reduce to check that

fra(zp™ (L) @ j3(G)) = 4, (p™ (L)) © 5, (G)
is an equivalence. Since j¥ o p*(L) ~ p%(L(x)), Lemma 20.1.3 supplies a canonical equivalence
FraGap™ (L) @ j2(G)) ~ py (L(x)) @ f1,(i2(G)) -
Since G is cocartesian, the canonical comparison map
f102(G)) = 4,(G)

is an equivalence. On the other hand, since L is a local system, the canonical map L(v): L(z) —
L(y) is an equivalence. The conclusion follows. O
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Consider now a pullback square

(7.10.2) g »

in Cat.,, where p is a cocartesian fibration. Then Construction 20.2.1 supplies a canonical
comparison map

p: Loc(Y; €) ®roc(x;e) Fun(A, €) — Fun(B,€) .
Unraveling the definitions, we see that u takes LG to p*(L)®G. In particular, Proposition 7.10.1
shows that u restricts to a well defined functor

(7.10.3) 1 Loc(Y; &) @poc(x;e) Fun® (A, €) — Fun® (B, €)

When f is a finite étale fibration (see Definition 19.2.1), Corollary 20.2.8 shows that p is an
equivalence. The goal of this section is to show that under mild assumptions the same holds in
the cocartesian setting.

Observation 7.10.4. In the above setting, assume that f is a finite étale fibration. Then the
composition ¢’ := foq: B — X is a cocartesian fibration. This allows to consider the exponential
fibrations

expe(B/Y) € PrFiby  and  expg(B/X) € PrFibY. .
We set
Fun®*(B/Y, &) := S (expe (B/Y)) and Fun®(B /X, £) = L (expe (B/X)) .
Notice that both Fun®“*(B/Y, &) and Fun®“*(B/X, &) are full subcategories of Fun(B, &).

Construction 7.10.5. Using the notation from Recollection 6.2.1, observe the commutativity of
B=—=13
b e
y L x
provides a canonical transformation
0: B — f*(B)
in CoCarty. In turn, Proposition 3.2.6-(1) shows that ¢ induces a morphism
expg (B/Y) — f*exp(B/X) ,
which by adjunction f* - f¢° corresponds to a morphism
(7.10.6) a: expg (B/X) — f¢exp(B/Y) .

Proposition 7.10.7. In the above setting, assume that f is a finite étale fibration. Then the
comparison morphism (7.10.6) is an equivalence. In particular,

Funcocart (B/H, 8) — Funcocart (B/x’ 8)
as full subcategories of Fun(B, ).

Proof. The second half follows applying X5 to the equivalence (7.10.6). To show that « is an
equivalence, it is enough to show that for every z € X, j*(«) is an equivalence. Unraveling the
definitions, we see that

B, ~ H Az

YyE€Y,
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which immediately implies that
exp(B/X), ~ H Fun(A,, &) .
YyE€Yx
Similarly, the formula for right Kan extensions paired with [41, Lemma 3.1.1], implies that
(< expe(B/Y)), =~ (ff expe(A/X)), ~ [] Fun(A., &) .
Y€

The conclusion follows. O
Corollary 7.10.8. In the above setting, if [ is a finite étale fibration then
uy: Fun(B, &) — Fun(A, &)
preserves cocartesian functors and therefore it induces a well defined functor
uy: Fun®®*(B, &) — Fun®**(A, €) .

Proof. Seeing B fibered over X via ¢’ := f o ¢, [31, Proposition 2.4.1.3-(2)] implies that u takes
¢'-cocartesian edges to p-cocartesian ones. Therefore, Proposition 7.3.1-(2) shows that u restricts
to a well defined functor

w: Fun®(B/X, €) — Fun®"(A, €) .
Since Fun®°**(B/X, ) = Fun®****(B /Y, £) by Proposition 7.10.7, the conclusion follows. [

Corollary 7.10.9. In the above setting, assume that f is a finite étale fibration and that € is
stable. Then

uy: Fun®*(B, &) — Fun®°**(A, &)
is monadic.
Proof. Tt follows from Lemma 20.2.5 that the functors
uy: Fun(B, &) — Fun(A, &) and u*: Fun(A, &) — Fun(3B, &)

are biadjoint. Combining Proposition 7.3.1-(1) and Corollary 7.10.8, we see that both respect
cocartesian functors. Therefore, u;: Fun®“*(B, £) — Fun®“"*(A, &) is biadjoint to u*. Besides,
Lemma 20.2.6 implies that w: Fun(B, &) — Fun(A, €) is conservative. Since Fun®***(A, €) is a
full subcategory of Fun(A, &), it follows that the same goes for the restriction of uy to cocartesian
functors. At this point, the conclusion follows from Lurie-Barr-Beck [32, Theorem 4.7.3.5]. O

Corollary 7.10.10. Let
B L5 A
KR
y

be a pullback square in Cats,, where p is a cocartesian fibration. Let €2 be a presentably symmetric
monoidal co-category. If f is a finite étale fibration and € is stable, then the comparison functor

Loc(Y) ®roc(y) Fun®“"*(A, ) — Fun®“"*(B, ) .
is an equivalence.

Proof. Using Corollary 7.10.9 as input, the same proof of Corollary 20.2.8 applies. (]
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8. PUNCTUALLY SPLIT AND STOKES FUNCTORS

In this section, we explore the new features that appear when one specializes the exponential
construction to the case of cocartesian fibrations in posets. Every such fibration J has an
underlying discrete fibration J%°* (see Notation 5.2.2), and this allows to introduce punctually split
functors. We analyze their role and explore this notion from the point of view of the exponential
construction and discuss their basic functorialities. Finally, we introduce the main object of study
of this paper: Stokes functors.

8.1. Punctually split functors. We fix a presentable co-category €.
Definition 8.1.1. Let p: J — X be an object in PosFib. Let F' € Fun(J, &).

(1) For x € X, we say that F'is split at x if jX(F) lies in the essential image of

iz, Fun(J5°, &) — Fun(J,, &)
(2) We say that F' is punctually split if it is split at every object z € X.
(3) We say that F' is split if it lies in the essential image of the induction functor
igy: Fun(J3%°°, &) — Fun(J, &)

We denote by Funpg(J, €) the full subcategory of Fun(J, €) formed by punctually split functors.
Remark 8.1.2. It follows from Corollary 6.1.6 that split functors are punctually split.

Example 8.1.3. Let p: I — X be a cocartesian fibration in posets and let a € J be an element.
Write ev? : {a} < J for the canonical inclusion. Since ev? factors through ij: J%¢* — J, we see
that for every E € & the functor ev? |(E) € Fun(J, &) is split, and hence punctually split by
Remark 8.1.2. ’

Definition 8.1.4. In the setting of Definition 8.1.1, a splitting for F is the given of a functor
Fy: %" — € and an equivalence a: ig,(Fp) ~ F.

Warning 8.1.5. In general, splittings do not exist and even when they exist they are typically
neither unique nor canonical.

The essential image construction of Lemma 5.2.1 allows to organize punctually split functors
into a subfibration of the exponential fibration expg (J/X):

Definition 8.1.6. Let p: J — X be a cocartesian fibration in posets and let i5: J5¢* — J be the
canonical morphism. We define the punctually split exponential fibration with coefficients in &
associated to p: I — X as

expe> (J/X) == EssIm(€}?) .

Remark 8.1.7. Notice that exptS(J/X) defines an object in COCARTy, but typically not in
PrFibIjC (see also Example 5.2.6). Lemma 5.2.1 shows that it is a sub-cocartesian fibration of
expg (9/X). Under the specialization equivalence, we see that S (exptS(J/X)) coincides with the
full subcategory of Fun(J, £) spanned by punctually split functors.

Split functors provide a handy set of generators for Fun(A, J):

Recollection 8.1.8. Let A be an co-category. For every a € A, write ev}: {a} — A be the
canonical inclusion. It follows from the Yoneda lemma that the functor

evﬁ,: Spc — Fun(A, Spc)

is the unique colimit-preserving functor sending * to Map 4(a, —). The density of the Yoneda
embedding implies therefore that Fun(A, Spc) is generated under colimits by {evﬁ! (%) }aca. More
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generally, let € be a presentable co-category generated under colimits by a set {Ey}aes. Then
under the identification

Fun(A, &) ~ Fun(A, Spc) ® &
we see that evy 1(Ey) ~ evﬁ!(*) ® E, and therefore that {eV‘;E!(Ea)}ae‘A}aej generates Fun(A, €)
under colimits.

Proposition 8.1.9. Let p: I — X be a cocartesian fibration in posets. Then Fun(J, ) is generated
under colimits by split functors.

Proof. Combine Example 8.1.3 and Recollection 8.1.8. O

8.2. Stokes functors. We introduce here the fundamental object of this paper. We fix once
more a presentable oo-category €.

Definition 8.2.1. Let p: J — X be a cocartesian fibration in posets. The co-category of J-Stokes
functors with value in € is by definition

Sty.e = UL (exphS(1/X)) .
Remark 8.2.2. Under the specialization equivalence (6.1.1), the co-category Stj e coincides
with full subcategory of Fun(J, £) spanned by functors F': J — &€ such that
(1) F is cocartesian (Definition 7.2.1).

(2) F is punctually split (Definition 8.1.1).

Example 8.2.3. Assume that the cocartesian fibration p: J — X is discrete, i.e. that its fibers
are sets. Then the map i5: J%¢* — J is an equivalence, so in this case every functor F': J — & is
split (and hence punctually split). It follows from the above remark that in this case

Sty ~ Fun™(J, &) .

The cocartesian condition can be used to transport a splitting defined at an object x € X to a
point y via a morphism v: x — y, as in the following lemma:

Lemma 8.2.4. Let

J —— Jx

L

/

Y —
be a pullback square in Cat.,, whose vertical morphisms are cocartesian fibrations in posets. Let
v: f(z) = y be a morphism in'Y, with x € X. Let F': Jx — & be a functor such that uy(F): J — &
is cocartesian at vy and such that the unit F' — u*w (F) is an equivalence above x. If F is split at
x, then w(F) is split at y. In particular, when f =idy and F is cocartesian at v: x — vy, if F is
split at x then it is split at y as well.

Proof. Let fy: d¢(s) — dy be the morphism of posets induced by v: f(x) — y. Since w;(F): J — &€
is cocartesian at v, Proposition 7.2.3 implies the existence of an equivalence f. ((ui1(F))¢)) =~ Fy.
By assumption F, ~ (u1(F))f(z). The conclusion thus follows. O

This leads to the following neat description of Stokes functors when X admits an initial object:

Proposition 8.2.5. Let p: I — X be a cocartesian fibration in posets. If X admits an initial
object x, then the adjunction

Jz1: Fun(J,, &) = Fun(J, €): ji

restricts to an equivalence of co-categories between Sty ¢ and Sty e.
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Proof. Using Corollary 7.6.11, we see that both j, and j} preserve cocartesian functors and
that it restricts to an equivalence between Fun®*(J,, &) and Fun®"*(J, £). That j* preserves
punctually split functors follows directly from the definition. On the other hand, combining
together Corollary 7.6.11 and Lemma 8.2.4 we see that j; also preserves the punctually split
condition. The conclusion follows. O

Corollary 8.2.6. Let p: I — X be an object of PosFib. Assume that X admits an initial object.
Let € be a presentable co-category. Then, the induction

ijgi Stjset7€ — Stjfl
1s essentially surjective. That is, every Stokes functor F:J — & splits.

Proof. Let x be an initial object in X. From Proposition 8.2.5, the horizontal arrows of the
following commutative square
set

joe

Stj;et,78 ;l) Stjset)g

liamz Jijz
Ja!

Sty, e ——— Sty

are equivalences. On the other hand, the left vertical arrow is essentially surjective by definition.
d

Warning 8.2.7. The splitting produced by Corollary 8.2.6 is not unique nor canonical.
8.3. Functoriality for punctually split and Stokes functors. Fix a morphism

J——Jx — 7

L 17

f

g ——X

in PosFib. We now show that the basic functorialities of pullback and induction are well behaved
with respect to punctually split and Stokes functors. We start at the exponential level:

Proposition 8.3.1. The functors
&% expe(d/Y) — expe (Jx/X) and &V expe(Jx/X) — expe (I/X)

respect the punctually split sub-cocartesian fibrations and thus they induce the following commuta-
tive diagram:

expES(3/Y) < expBS(dx/X) —— explS(9/X)

[ Lo

expe (3/4) —E— expe (I /X) ——— expe (3/X)

J |

Yye———"—X

(8.3.2)

whose left squares are pullbacks.

Proof. An object in expg (Jx/X) is a pair (z, F'), where z € X and F': (Jx), — €. The functor &
takes (x, F) to (f(x), F'), where I is now seen as a functor from J;(,y ~ (Jx). to €. In particular,
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& preserves and reflects the punctually spit condition, which shows that the top left square is
both commutative and a pullback. On the other hand, the commutativity of

set
v5e

(35) o 3
Jiﬂx lij
immediately implies that €} preserves the condition of being split at x. (I

Corollary 8.3.3. In the above setting:

(1) Let F: § — & be a functor. Let x € X be an object. Then, F is punctually split at f(x) if
and only if u*(F') is punctually split at x.

(2) if G: Jx — & is punctually split, then the same goes for vi(G): J — €.

In particular the functors
u*: Fun(d, &) — Fun(Jy, &) and  w: Fun(Jx, &) — Fun(J, &)
restrict to well-defined functors
u*: Funpg(d, &) = Funps(Jx, &) and v: Funpg(Jx, &) — Funpg(J, &) .

Proof. Apply X« to the commutative diagram (8.3.2) and use Proposition 6.1.2. O
Corollary 8.3.4. In the above setting:

(1) if F: J — & is a Stokes functor, the same goes for u*(F): Jx — &;

(2) if G: Jx — € is a Stokes functor, then the same goes for vi(G): I — E.
Thus, the functors

u*: Fun(d, &) = Fun(dy, &) and v Fun(Jx, &) — Fun(J, &)
restrict to well-defined functors
u*: St37g — Stgx,g and (I Stgx,g — Stlg .

Proof. Apply X" to the commutative diagram (8.3.2) and combine Proposition 7.3.1 and
Corollary 8.3.3. O

We conclude this section with the following generalization of Proposition 8.2.5:

Proposition 8.3.5. Let
J _9 .9
y Lo
be a pullback square in Cat.,, where the vertical morphisms are cocartesian fibrations in posets.

Assume that f:Y — X is a localization functor. Let € be a presentable co-category. Then, the
following statements hold :

(1) Let F € Fun(J,€&). Then, F is a Stokes functor if and only if so is g*(F).
(2) Let G € Fun(d,€&). If G is a Stokes functor, then so is gi(G).

(8) The adjunction g1 4 g* induces an equivalence of co-categories between Sty e and Sty ¢.
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Proof. The claim (1) follows from Proposition 7.7.3-(1) and Corollary 8.3.3-(1). Let G: J — €
be a Stokes functor. From Proposition 7.7.3-(2) the functor ¢(G) is cocartesian. To check that
¢1(G) is punctually split amounts to show by (1) that g*(¢1(G)) is punctually split. On the other
hand, Proposition 7.7.3-(3) gives ¢*(¢1(G)) ~ G and (2) is proved. The claim (3) then follows
from Proposition 7.7.3-(3). O

8.4. Stokes functors and (co)limits. Stokes functors are poorly behaved with respect to limits
and colimits, as the following next two lemmas are essentially the only stability properties one
gets in general:

Proposition 8.4.1. Let p: I — X be a cocartesian fibration in sets, seen as an object in PosFib.
Then Sty ¢ is presentable and furthermore:

(1) Stg.e is stable under colimits in Fun(J, E).

(2) Assume additionally that the fibers of p are finite and that & is presentable stable. Then
Sty ¢ is stable under limits in Fun(J, ).

Proof. Via the equivalence Sty ¢ ~ Fun®°*(J, &) of Example 8.2.3, presentability follows from
Corollary 7.2.4, statement (1) follows from Corollary 7.2.8 and statement (2) follows from
Proposition 7.2.14. 0

More in general, we have:

Lemma 8.4.2. Let p: J — X be a cocartesian fibration in posets. Then Sty e is closed under
arbitrary coproducts in Fun(J, £).

Proof. Thanks to Proposition 7.2.9, we know that cocartesian functors are closed under arbitrary
colimits in Fun(J, €). Besides, for every z € X, the restriction functor j%: Fun(J, £) — Fun(J,, &)
commute with all colimits as well. This reduces us to the case where X is a single point, and we
have to prove that split functors are closed under coproducts. Let therefore {F;};cr be a family
of split functors and fix splittings
a;:i9, (Vi) 2 F .

Since i5,) commutes with colimits, it immediately follows that [, ; Vi provides a splitting for
[icr Fi- O

Definition 8.4.3. Let p: 7 — X be an object of PosFib and let € C Pr™ be a full subcategory.
We say that p: I — X is C-bireflexive if the full subcategory Sty ¢ of Fun(J, €) is closed under
limits and colimits for every € € C.

Example 8.4.4. If C only consists in a single category &, we say that p: J — X is E-bireflexive.
If @ C Prl is the collection of all presentable stable oco-categories, we simply say that p: J — X
is stably bireflexive.

Remark 8.4.5. Theorem 12.1.3 provides many geometrical examples of stably bireflexive co-
cartesian fibrations in posets.

Lemma 8.4.6. Let p: J — X be an object of PosFib and let € be a presentable (stable) co-
category such that p: 3 — X is E-bireflexive. Then Sty e is a localization of Fun(J, &), and in
particular it is presentable (stable).

Proof. Since € is presentable (stable), Fun(J, €) is presentable (stable) in virtue of [31, Proposition
5.5.3.6] and [32, Proposition 1.1.3.1]. Then, the conclusion follows from the co-categorical reflection
theorem, see [42, Theorem 1.1]. O

Notation 8.4.7. In the setting of Lemma 8.4.6, the canonical inclusion Sty ¢ < Fun(J, £) admits
a left adjoint and a right adjoint, that we denote by LSty ¢ and RSty ¢ respectively.
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Lemma 8.4.8. Let p: J — X be an object of PosFib. Let & be a presentable stable compactly
generated oco-category such that p: T — X is E-bireflexive. Let {Eq}acr be a set of compact genera-
tors for €. Then Sty ¢ is presentable stable compactly generated by the {LStg ¢ (evy1(Eq)) tact aca
where the ev, : {a} — J are the canonical inclusions.

Proof. That Stg ¢ is presentable stable follows from Lemma 8.4.6. By Recollection 8.1.8, the
{eva1(Fo)}acr acg are compact generators of Fun(J, €). Then Lemma 8.4.8 formally follows from
the fact that Sty ¢ — Fun(J, £) commutes with colimits. O

The following two lemmas are immediate consequences of Proposition 17.2.3.

Lemma 8.4.9. Let X be an oo-category. Let p:J — J be a morphism in PosFib{C. Let
& be a presentable stable oco-category such that I — X and J — X are E-bireflexive. Then,
p1: Sty e — Sty e commutes with limits and colimits.

Lemma 8.4.10. Let X be an oo-category. Let p:J — J be a morphism in PosFibgc. Let
& be a presentable stable co-category such that I — X and J, — X are E-bireflexive. Then,
Gry: Sty e — Sty, e commutes with limits and colimits.

Corollary 8.4.11. Let (X, P) be an exodromic stratified space. Let p: I — J be a graduation
morphism of cocartesian fibrations in finite posets over (X, P). Let € be a presentable stable
oco-category and consider the pull-back square

Stji‘, LN St&g

J(Grp J(Gr
Stjp78 L) Staset’g
supplied by Theorem 10.2.1. If all the above cocartesian fibrations in posets are E-bireflexive, then

the square is a pullback in PriR.

Proof. The oo-categorical reflection theorem of [42, Theorem 1.1] implies that in this case all
the oco-categories of Stokes functors appearing in the above square are presentable. Then the
conclusion follows combining Lemma 8.4.9 with Lemma 8.4.10. O

8.5. Van Kampen for Stokes functors. In Proposition 7.4.10 we proved a Van Kampen result
for cocartesian functors. We now show that the same holds for Stokes functors:

Proposition 8.5.1 (Van Kampen for Stokes functors). Let Xo: I — Caty be a diagram with
colimit X. Let p: I — X be a cocartesian fibration in posets and set

Jo = Xe Xx J: I —» Cat, .
Let € be a presentable co-category. Then the equivalence of Lemma 7.4.1 restricts to an equivalence
Stg.e ~ lllerIll Stg,.e .
Proof. Using Corollary 8.3.4 in place of Proposition 7.3.1, we see that the natural map
Fun(J,€) — lzlenll Fun(J;, &)
gives rise to the following commutative square:

Fun(J,&) — l.in} Fun(J;, &)
1€

(8.5.2) J ]

Sty e —— lim Sty ¢ .
’ el ’



HOMOTOPY THEORY OF STOKES STRUCTURES AND DERIVED MODULI 61

It follows from Lemma 7.4.1 that the top horizontal functor is an equivalence. Thus, the bottom
horizontal one is fully faithful. To conclude the proof, it is enough to prove that a functor
F:J — & is Stokes if and only if for every i € I, its image in Fun(J;, €) is Stokes. The “only
if” follows from Corollary 8.3.4. For the converse, we have already shown in Proposition 7.4.10
that if each restriction of F'is cocartesian then F' was cocartesian to begin with. We are left
to check that F' is punctually split. Combining Corollary 7.2.6 and Lemma 7.4.9, we see that
F' is punctually split if and only if it is split at every object of X lying in the image of some
structural map f;: X; — X. However, if x € X is in the image of f;, then F is split at = thanks
to Corollary 8.3.3. O

As a consequence of Van Kampen for Stokes functors, we can prove:

Corollary 8.5.3. In the situation of Proposition 8.5.1, if furthermore & is stable and if J; — X
1s E-bireflexive for every i € I, then J — X is E-bireflexive and the limit of Proposition 8.5.1 can
be computed inside PriR.

Proof. Let f: i — j be a morphism in /. Since J; and J; are E-bireflexive, it follows that Stg, ¢
and Stj].,g are presentable and that the transition functor
f*Z Stjj)g — Stgi’g

commute with limits and colimits. Therefore, it admits both a left and a right adjoint. In
particular, the diagram Stg, ¢ factors through Pr®. Since limits in Pr® can be computed in
CAT, Proposition 8.5.1 implies that Sty ¢ is presentable and stable. Besides, since all transition
maps in Stg, ¢ commute with limits, it automatically follows that the structural functors

Stj,g — Stjhg

commute with limits as well. Thus, Sty ¢ is closed under limits inside Fun(J, £). On the other
hand, Lemma 8.4.2 shows that Sty ¢ is closed under arbitrary coproducts inside Fun(J, €). Since
€ is stable and we already showed that Stg ¢ is stable, closure under finite colimits is automatic.
The conclusion follows. O

8.6. Change of coefficients for punctually split and Stokes functors. Fix a cocartesian
fibration in posets p: J — X and let f: & — & be a morphism in Pr’. Recall from Section 6.5
that this induces a transformation

FI7 expe (3/X) = expe/ (3/X)
in PrFib". We have:

Proposition 8.6.1. The transformation f7/* respects the punctually split sub-cocartesian fibra-
tions, and thus it induces a functor

FIX expE®(3/%X) = expi? (3/X)
n PrFibIjC. In particular, the induced functor
f: Fun(J,€) — Fun(J, &)
induces well defined functors
f: Funpg(J, &) — Fun(J, &) and f:Stye — Styer .

Proof. Since f commutes with colimits, it commutes with the formation of left Kan extensions.
This immediately implies the first statement. Applying Yy and using Proposition 6.5.1, we
deduce that f: Fun(J, &) — Fun(J, &) preserves punctually split functors. In turn, this fact and
Proposition 7.5.1 implies that f also preserves Stokes functors. O
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Cocartesian functors exhibit a nice behavior with respect to the tensor product in Prl (see
Corollary 7.5.7). On the other hand expgs(f] /X) is typically not a presentable fibration, and Stg ¢
is typically not presentable. This prevents from formally deducing an analogue of Corollary 7.5.7
for Stokes functors: such a result will be true, but only in a more restrictive geometric setting,
see Theorem 12.2.6. For the moment, let us simply collect a couple of elementary observations
that will be needed later.

When bireflexivity holds, we can construct, for every pair of presentable oo-categories & and &',
a canonical comparison morphism Sty e ® & — Sty gges. The key point is the following lemma:

Lemma 8.6.2. Let p: I — X be a cocartesian fibration in posets. Let & and &' be presentable
oo-categories. Let x € X be an object and let F: J — &€ be a functor that splits at x. Then for
every object E' € &', the functor

F®FE e€Fun(J,8)® & ~Fun(d,E ® &')
splits at x as well.
Proof. Let i, : I, — J be the canonical functor. For any presentable co-category D, both functors
ir: Fun(J,D) — Fun(J,, D) and i, 10 Fun(3%°*, D) — Fun(J,, D)
commute with colimits, so we obtain the following canonical identifications:

Fun(J, Spc) ® D =8P, Fun(J,, Spc) ® D Hai®D Fun (75", Spc) ® D

Jz Jz J{z
Fun(J, D) S SN Fun(J,, D) — Tt Fun(J35°*, D) .
This proves the lemma when & = Spc, and the general case follows from the associativity of the
tensor product in Prr. O

Construction 8.6.3. Let p: J — X be a cocartesian fibration in posets. Let & and &’ be
presentable co-categories such that p: I — X is {€, &' }-bireflexive. Consider the following solid
commutative diagram:

Stj78 ® A > St3,8®8’
(864) Funcocart(j, 8) ® 8/ _~ Funcocart(j, & ® 8/)

Fun(J,8) @ & ——=—— Fun(J,€ ® &')

in Pr’. By definition, Stg.e ® &' is generated under colimits by objects of the form F'® E’, where
F:J — & is a Stokes functor and E’ € &' is an object. Lemma 8.6.2 guarantees that such an
object is mapped via the bottom horizontal equivalence into an object in Sty gges. Since the
right vertical arrows are fully faithful by definition, it follows that the dashed arrow exist.

Proposition 8.6.5. Let p: J — X be a cocartesian fibration in posets. Let & and &' be presentable
oo-categories. Assume that:

(1) The fibers of I are finite;
(2) p: 3= X is &, & -bireflexive.
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Then the canonical comparison functor
Stjfl’ ®E& — Stjyg®g/
of Construction 8.6.3 is fully faithful.

Proof. Since the fibers of J are finite, Proposition 7.2.14 implies that Fun®“*"*(J, £) is closed under
limits and colimits in Fun(J, £). By (2), it follows that Sty ¢ is closed under limits and colimits
in Fun®“"*(J, &) as well. Since in this situation Stj ¢ is presentable by Lemma 8.4.6, it follows
that the inclusion of Sty ¢ into Fun®®*(J, €) has both a left and a right adjoint. Therefore, the
functoriality of the tensor product in Prl implies that the top left vertical arrow in the diagram
(8.6.4) is fully faithful. On the other hand, the middle horizontal functor is an equivalence thanks
to Corollary 7.5.7, so the conclusion follows. O

Definition 8.6.6. Let p: 7 — X be an object of PosFib and let € C PrY be a full subcategory
stable under tensor product. We say that p: J — X is C-universal if it is C-bireflexive and the
comparison map Sty ¢ ® £ — Sty eges of Construction 8.6.3 is an equivalence for every€, & € C.
If @€  Prt is the collection of all presentable stable oo-categories, we simply say that p: J — X
is stably universal.

Proposition 8.6.7. Let Xo: I — Caty, be a diagram with colimit X. Let p:J — X be a
cocartesian fibration in posets and set

Jo = Xe XxxJ: I — Cat, .
Assume that J; — X is stably universal for every i € I. Then J — X is stably universal.

Proof. Note that J — X is stably bireflexive by Corollary 8.5.3. For every presentable stable
co-categories €, &', we have

Stye ® & ~ (lin? Sty e) @& Corollary 8.5.3
’ ic
~ 1iIIII(Stji)g ® & Lemma 7.5.5
1€
~ 1 tg. ’
lim Sty eoe
>~ Sty exer Corollary 8.5.3
O
8.7. Induced t-structures for Stokes functors. Fix a presentable stable oco-category &
equipped with an induced t-structure 7 = (€9, E<p). In Section 7.9 we showed that cocartesian

functors inherits a t-structure from 7, and we analyzed the basic properties. We now investigate
the behavior with respect to Stokes functor.

We start with a couple of general facts concerning t¢-structures.

Construction 8.7.1. Let € and D be stable co-categories equipped with t-structures 7¢ =

((‘3@, (‘3>0) and 72 = (@go, @20) and let
F:C—D

be a right ¢-exact stable functor. For every object C' € €, one has F(7$((C)) € D, and therefore
the mapping space

Mapy, (F(750(C)), 721 (F(C)))
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is contractible. It follows that there exists the dashed morphisms making the diagram

F(15,(0)) F(C) F(1_4(0))
(8.7.2) 1 H :

commutative.

Lemma 8.7.3. In the situation of Construction 8.7.1, let C € C be an object. If F(Tg_l(C)) €
D1 then both canonical comparison maps

F(TSO(C)) — T;DO (F(C)) and F(Tgil(C)) — 7'?71 (F(C’))
are equivalences.

Proof. Since F is a stable functor, the top row of (8.7.2) is a fiber sequence in D. By definition
of t-structure, the same holds true for the bottom row. Set

K =fib(F(r$,(C)) = 725 (F(C)))  and  K':=fib(F(rS_,(C)) = 24 (F(C))) .
We therefore obtain a fiber sequence
K—-0- K,
which implies K’ ~ K[1]. Observe now that K’ € D¢_;. At the same time,
K[1] ~ cofib (F(7$,(C)) = 73,(F(C))) € Do -

Thus, it follows that K’ € DyoN D1 = {0}. Thus, both K and K’ are zero, which implies that
the comparison morphisms are equivalences. O

We now start analyzing the behavior of the standard ¢-structure on Stokes functors.
Recollection 8.7.4. Let f: A — B be a functor of co-categories. Then
f*: Fun(B, &) — Fun(A, &)

is t-exact with respect to the standard ¢-structures. In particular, f is right t-exact and f, is left
t-exact.

Lemma 8.7.5. Let f: I — J be a morphism of posets, where J is discrete and finite. Then
fi: Fun(J, &) — Fun(d, €)
18 t-exact.

Proof. Fix a functor F': J — &£ and an object b € J. By definition

fi(F)p = @ Fo,
f(a)<b
so the conclusion follows from the fact that both €5y and €«q are closed under finite sums. [

Corollary 8.7.6. Let J be a finite poset and let F: I — & be a functor. If F is split, then so are
T<n(F) and 75, (F) for every n € Z.

Proof. Tt suffices to treat the case n = 0. Choose a functor V: J%¢* — & with an equivalence
F ~44,(V). Since J is finite, Lemma 8.7.5 implies that

T<o(iny(V)) =g (r<o(V))  and  730(ig (V) =i (720(V)) ,

whence the conclusion. O
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Lemma 8.7.7. Let J be a poset and let F: I — &€ be a functor. Let (V,¢: i51(V) ~ F) be a
splitting for F. Let n € Z be an integer. If F takes values in €, (resp. E<y), then the same
goes for V.

Proof. 1t suffices to consider the case n = 0. For a € J, ¢ induces
F, ~ ED V.
b<a

In particular, V, is a retract of F,. Since F, € € (resp. Fy, € €«p), it follows that V, € €5
(resp. V, € €«p) as well. O

Corollary 8.7.8. Let f: J — J be a morphism of finite posets. Let F:J — & be a split functor
and let n € Z be an integer. If F takes values in E<y, then so does fi(F);

Proof. It suffices to consider the case n = 0. Since F is split, we can find a functor V: J5¢* — &
and an equivalence ¢: F' =~ i5(V). Lemma 8.7.7 guarantees that V takes values in €. Thus,
we find

FilF) = filig (V) =g (f7 (V)

and the conclusion now follows from Lemma 8.7.5 applied to ig o f5: J5¢t — 7. O

Notation 8.7.9. Given an oco-category A, we denote again by
Tsn: Fun(A, &) — Fun(A, €5,,) and T<n: Fun(A, &) — Fun(A, £<,)
the induced truncation functors, given respectively by the compositions
Ton(F) =Ty o0 F and T<n(F) =Tgn o F .

Lemma 8.7.10. Let f: J — J be a morphism of finite posets and let F': I — & be a split functor.
Then for every integer n, the canonical maps of Construction 8.7.1

filron(F)) = mon(A(F)  and  filr<n(F)) = T<n(fi(F))

are equivalences.

Proof. Tt suffices to consider the case n = 0. Since F' is split, Corollary 8.7.6 guarantees
that 7<_1(F) is again split and takes values in €<_1. Therefore, Corollary 8.7.8 implies that
filt<—1(F)) takes values in E¢_;. At this point, the conclusion follows from Lemma 8.7.3. O

Proposition 8.7.11. Let p: I — X be a cocartesian fibration in finite posets and let € be a stable
presentable co-category equipped with an accessible t-structure T = (E<o,Ex0). If F: I = E isa
Stokes functor then for every integer n € Z, both T<,(F) and 7>, (F') are again Stokes functors.
In particular, p: I — X is E-bireflexive, then Sty ¢ acquires a unique accessible t-structure such
that the inclusion
Stg,e — Fun(J, €)

is t-exact. If in addition T is compatible with filtered colimits, the same goes for the induced
t-structure on Sty ¢.

Proof. We know from Lemma 8.4.6 that Sty ¢ is presentable and stable. Since Sty ¢ is closed
under limits and colimits in Fun(J, £), the first half of the statement implies the existence of the
desired t-structure, its accessibility and its compatibility with filtered colimits.

Let us therefore prove the first part. It suffices to consider the case n =0. Let F': J — € be a
Stokes functor. We first prove that 7>¢(F) and 7<o(F') are punctually split. Fix an object x € X.
Since j¥: Fun(J, &) — Fun(J,, &) is t-exact, we find canonical equivalences

Jo(T20(F)) = 720(j2(F))  and  ji(7<o(F)) = 7<0(4:(F)) -
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Since jX(F) is split by assumption, Corollary 8.7.6 implies that the same goes for <o (jX(F")) and
T>0(j5(F)) as well, which proves the first claim.

We now prove that 750(F') and 7¢o(F') are cocartesian. Let v: x — y be a morphism in X and
let f,:J, — J, be any straightening for J, — A'. By Lemma 8.7.10, the canonical comparison
maps

Sra(m2002(F))) = m0(f10Gz(F)))  and  fy1(m<0(iz(F))) = m<o(fr.1 (72 (F)))
are equivalences. Since F' is cocartesian, the canonical map
Jra(Gz(F)) = Jy(F)

is an equivalence. The conclusion now follows from the {-exactness of both j; and jj. ([

Corollary 8.7.12. In the setting of Proposition 8.7.11, one has a canonical equivalence:
Sty e ~ Sty eo .

Proof. By definition of the standard t-structure on Fun(J, €), we have Fun(J, €)% ~ Fun(J, ).
Proposition 8.7.11 guarantees that a Stokes functor is connective (resp. coconnective) if and only
if it is connective (resp. coconnective) as an object in Fun(J, ), so the conclusion follows. (]

Recollection 8.7.13. If A is a Grothendieck abelian category, we denote by D(A) the derived co-
category of A (see [32, Definition 1.3.5.8]). By [32, Propositions 1.3.5.9 & 1.3.5.21] we see that D(A)
is a presentable stable co-category equipped with an accessible ¢-structure 7 = (D(A)>0, D(A)<o0)
compatible with filtered colimits and such that A ~ D(A)Y.

Corollary 8.7.14. Let p: J — X be an object of PosFib and let A be a Grothendieck abelian
category such that p: I — X is D(A)-bireflexive. Then Sty 4 is a Grothendieck abelian category.

Proof. Lemma 8.4.6 implies that Sty p4) is presentable and stable, while Proposition 8.7.11
guarantees that 7 induces an accessible {-structure on Sty p(4) which is compatible with filtered
colimits and such that the inclusion

Stg,p(a) — Fun(J,D(A))
is t-exact. Moreover, Corollary 8.7.12 and Recollection 8.7.13 imply that
St5 p(ay = Sta,a -
Thus, it follows that Sty 4 is a Grothendieck abelian category. O

Corollary 8.7.15. Let X be an oo-category and let f: I — J be a morphism between cocartesian
fibrations in finite posets over X. If I — X and § — X are E-bireflexive, then the functor

f[i Stjyg — Stgvg
15 t-exact.
Proof. 1t follows from Proposition 8.7.11 and Recollection 8.7.4 that f, is right t-exact. Let
F € (Sty,¢)<o- We have to prove that fi(F') takes values in €¢¢. Combining Corollaries 6.1.6

and 8.3.4, we can reduce ourselves to the case where X is reduced to a point, where the result
follows from Corollary 8.7.8. ]

Remark 8.7.16. The inclusion Fun®®*(J, &) < Fun(J, £) is typically not left ¢t-exact and in
general

Funcocart (j’ 8)@ ;ﬁ Funcocart (37 8@) ,
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as Example 7.9.5 shows. Notice however that the functor F' considered there is not punctually
split at 0. Similarly, if f: J — J is a morphism between cocartesian fibrations in finite posets,
neither

fi: Fun(J, &) — Fun(g, &)
nor its cocartesian variant are left t-exact. However, it becomes left t-exact once restricted to
Stg.e, thanks to Corollary 8.7.15.

Corollary 8.7.17. Let I — X be a cocartesian fibration in posets. If X admits an initial object
x, then a Stokes functor F: I — & takes values in Y if and only if j*(F): J, — & takes values
in Y.

Proof. The “only if” direction simply follows from the t-exactness of j*: Fun(J, &) — Fun(J,, €).
For the “if” direction, we equivalently have to show that for every y € X, the restriction j; (F )

takes values in €Y. Since z is initial in X, we can find a morphism v: 2 — y. Choose any
straightening f,: J, — J, for J, — Al. Since F is cocartesian, the canonical map

Fr1(Gz(F)) = 4y (F)

is an equivalence. The conclusion now follows from Corollary 8.7.8. O

8.8. Categorical actions on Stokes functors. We use the terminology on categorical actions
reviewed in Section 20 (see also Section 7.10, of which this section is the continuation). We fix a
presentably symmetric monoidal and stable co-category €%. In analogy to Proposition 7.10.1, we
have:

Proposition 8.8.1. Let p: I — X be a cocartesian fibration in posets. Then for every L €
Loc(X; €) and every G € Funps(J, €), the functor

p(L)®G:T— &
is again punctually split. In particular, if G is a Stokes functor, the same goes for p*(L) ® G.

Proof. Fix x € X. Since the restrictions j%: Fun(J, €) — Fun(J,, €) are &-linear, we can assume
without loss of generality that X is reduced at a single point. Choose a splitting V: J5¢t — &
for G. Lemma 20.1.3 implies that ig,: Fun(J**, &) — Fun(J, €) is &-linear. Therefore, for every
L € & we obtain

p*(L)® G = p*(L) ®ig (V) = ig(p™"" (L) @ V),
ie. p*(L) ® G is split. O

Corollary 8.8.2. Let p: J — X be a E-bireflexive cocartesian fibration in posets. Then the
categorical action of Loc(X; E) on Fun(J, €) restricts to a categorical action of Loc(X; E) on Sty e.

Proof. This is obvious from Proposition 8.8.1. O

We now derive an analogue of Corollaries 20.2.8 and 7.10.10 in the setting of Stokes functors.

We fix a pullback square

J N |

boob

y Lo
in Cat.,, where p is a cocartesian fibration in posets. In addition, we assume that f is a finite
étale fibration (see Definition 19.2.1) and that both J and J are &-bireflexive. In this setting,
Construction 20.2.1 supplies a canonical transformation

p: Loc(Y; €) ®roc(x;e) Fun(Jd, €) — Fun(d, €) ,
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and Proposition 7.10.1 and Corollary 8.8.2 imply that this action restricts to a well defined
categorical action

p: Loc(Y; €) ®rec(x;e) Sta,e — Stge -
Lemma 8.8.3. In the above setting, the functor
w: Fun(g, &) — Fun(J, &)
respects Stokes functors and in particular it induces a well defined functor
uy: Stge — Stye .

Proof. We know from Corollary 7.10.8 that w; preserves cocartesian functors. It is therefore
enough to prove that it preserves punctually split functors as well. Let therefore F': J — € be a
punctually split functor. Fix z € X. For every y € Y., we have a splitting

Vy: ZJZCt — &
for j»(F). Since f is a finite étale fibration, the same goes for u (see Lemma 19.2.2), and therefore

Ja(w(F) = @ jy(F) -

YE€Y e

It follows from Lemma 8.4.2 that @,y V, provides a splitting for j;(w(F)), whence the
conclusion. g

Proposition 8.8.4. In the above setting, the functor
Uuy: Stg7g — Stj,g
is monadic.

Proof. As in the proof of Corollary 7.10.9, Lemmas 8.8.3 and 20.2.5 imply that w; and u* are
biadjoint. Besides, wi: Fun(d, £) — Fun(J, €) is conservative thanks to Lemma 20.2.6, so the
same holds true for its restriction to the oo-categories of Stokes functors. O

Corollary 8.8.5. Let

J——17
q p
o

be a pullback square in Catss, where p is a cocartesian fibration in posets. Let E® be a presentably
symmetric monoidal co-category. Assume that:

(1) f is a finite étale fibration;
(2) & is stable;
(8) both I and J are E-bireflexive.

Then, the comparison functor
w: Loc(Y; €) ®Loc(X;€) Stge — Stg.e
18 an equivalence.

Proof. Using Proposition 8.8.4 as input, the same proof of Corollary 20.2.8 applies. O

We conclude this section with the following result, which has been inspired by [4, Lemma 15.5]
and that will play an important role later on:
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Corollary 8.8.6 (Retraction lemma). Let
Xeo: AP — Caty
be a semi-simplicial diagram with colimit X. Let 3 — X be a cocartesian fibration in posets and set
Jo:=Xe XxJ.

Let €2 be a presentably symmetric monoidal stable co-category. Assume that:

(1) Env(X) is compact in Spc;

(2) for every [n] € A, the structural morphism X,, — X is a finite étale fibration;

(3) For every [n] € As, I, is E-bireflexive;
Then there exists an integer m > 0 depending only on Env(X) such that Stg e is a retract of

lim Stjmg
[n]eAs‘gm,

in Pr®.
Proof. To begin with, Corollary 8.5.3 implies that Sty ¢ is presentable, stable and closed under
limits and colimits in Fun(J, €) and that besides

Stg.e >~ lim Sty, ¢ ,
el

the limit being computed in Pr-®,

For any integer m > 0, set

X .= colim X, .
[n]EAZf’Sm

It automatically follows that

X ~ colim X(™ |
meNepP

where the colimit is now filtered. Since the enveloping co-groupoid functor Env: Cat., — Spc is
a left adjoint, we see that

Env(X) ~ colim Env(X(™) .

meN

Since Env(X) is compact, there exists an integer m > 0 such that Env(X) is a retract of Env(X("™)).
As a consequence, we see that Loc(X; &) is a retract of Loc(X(™); €). In particular,

Stj’g ~ Loc(f)C; 8) ®Loc(3€;£) Stlg
is a retract of

LOC(x(m); 8) ®Loc(3C;8) Stjyg ~ ([ ]EhAm LOC(xn; 8)) ®Loc(fx;£) StJ;E :
n s5,<m

Notice that the diagram Loc(X,; &) takes values in Pr“®. Therefore, Lemma 7.5.5 supplies a
canonical equivalence

lim LocDCmE)@OC &) Stge =~ lim Loc(Xn; €) @poc(xe) Staee -
<[n]eAs,gm ( )) @rocxie) Stae A ., ( ) ®Loc(x;e) Stae

Since each X,, — X is a finite étale fibration, Corollary 8.8.5 supplies a canonical equivalence
Loc(f)Cn; ‘S) ®LOC(DC;E) Stj;éﬁ =~ StJ,L;S .

Thus, the conclusion follows. (I
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9. GRADUATION

In this section we keep working with cocartesian fibrations in posets, but we restrict to stable
coeflicients. This allows to introduce a new fundamental operation for Stokes functors: graduation.
Intuitively, this allows to break a Stokes functor in more elementary pieces, and it will be the key
ingredient needed to develop the theory of level morphisms and level induction.

9.1. Relative graduation. Let X be an oco-category. Starting with a morphism p: J — J in
PosFiby, we can perform the following two constructions:

Construction 9.1.1. Consider the fiber product

Ip — 7

J(T( JVP

gset iy 3
Notice that J5°* — J5¢* is an equivalence. When X is reduced to a point, we can identify J, with
the poset (J,<,), where

a<,d &L p(a) =p(a’) and a < a’ .

In other words, if p(a) # p(a’), then a and o’ are incomparable with respect to <.

Construction 9.1.2. Let
T="T5:=5t(J): X = Cat
be the straightening of pg: J — X. Consider the composition
TA = Fun(A', T(-)): X — Cat..,

and write g2 = Ungg(TAl) for the associated cocartesian fibration. The source and identity
functors

Fun(A', T(=)) = Y(-) and T(—) — Fun(A', T(-))
induce morphisms of cocartesian fibration in posets over X
s: g 579  and  id: g — g~
Consider the pullback diagram

JSL)J

.
3 —— 7.
Objects of J< are triples (z, a,b) where a € J;, b € J, and where p(a) < b in J,. We also consider
the full subcategory i5 «: I« < J< spanned by objects (z,a,b) with p(a) < b. When J is clear
from the context, we simply write i instead of 75 <.
Remark 9.1.3. The target functor Fun(A!, Y(—)) — T(—) induces a morphism of cocartesian
fibration in posets ¢: HAl — J. Let 7: J< — J be the composition of J< — HAl with ¢: HAl — 4.
Then, one checks that if X is a point, the induced functor (o,7): J< — J x § is fully-faithful.
In general, J_ is no longer a cocartesian fibration. To remedy this, we introduce the following:

Definition 9.1.4. Let X be an oco-category. Let p: J — J be a morphism in PosFib over X.
We say that p: J — J is a graduation morphism if the cocartesian fibration J*¢* — X is locally
constant in the sense of Definition 19.1.4.

The following lemma is simply a matter of unraveling the definitions:
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Lemma 9.1.5. Let X be an oo-category. Let p: I — J be a graduation morphism over X. Then,
i< I = J< is a cocartesian subfibration of I< over X.
Consider the following diagram with pull-back squares:
J<
2

(9.1.6) 9, v I« ——7

J”
gslet ig g id HL s, q.

We fix a presentable stable co-category € and write

e<ticil = idpun(ice)
for the counit of the adjunction i«: Fun(J<, &) S Fun(J<, €): i%.
Definition 9.1.7. The graduation functor relative to p: I — J (or p-graduation functor)
Grp: Fun(J, &) — Fun(J,, €)
is the cofiber

*

Gryp, .—coﬁb(zp5<a 11,001 01L 00" —i,00 ) .

Notation 9.1.8. When p = id, we note Gr for Griq.

In the following basic example, we recall that if p: J — J is a morphism of posets and if b € J,
we put J<p =J, =T X333 Since J is a poset, the canonical morphism dpp— 3 is fully-faithful.
Thus, the canonical morphism J,, — J identifies J, with the full subcategory of J spanned by
objects a € J such that p(a) < b. Similarly, Jp, := T x5 J<p is the full subcategory of J spanned
by objects a € J such that p(a) < b.

Example 9.1.9. Let p: J — J be a morphism of posets. Let & be a presentable stable oco-
category. Let V: 7% — & be a functor and put F' := i5 (V). Let a € J,. Then, there is a
canonical equivalence

(Crp(F)a~ B Var -

a'<a
p(a’)=p(a)
Proof. We have
(ipo0icioil 0™ (F)), =~ colim Fy ~ colim Vg
(a’,0)€(I<) /(a,p(a)) (a’,a’,b)eC

where € is the full subcategory of J x J x J%¢* spanned by triples (a’,b,a”) such that a” < a' <a
and p(a’) < b < p(a). Let D be the full subcategory of J x J5¢* spanned by pairs (a’, a”’) such that
a” <a' <aand p(a) < p(a). Let A be the subset of I formed by the a” such that ¢ < a and
p(a”) < p(a). Consider the commutative diagram

D _f, C
Jpz JP3
A Jset

where f: D — Cis given by (da’,a”) — (a’,p(a),a”). We claim that f is cofinal. Indeed, for every
triple (a’,b,a") € C, Do p.ary) = D Xe Clar p,ar), is the subposet of D spanned by pairs (o', a”)
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with a’ < o’. Observe that (a’,a”) is a minimal element of D, 4/, Which is thus weakly
contractible. Hence, the claimed cofinality follows from [31, Theorem 4.1.3.1]. Thus,

(iy0ictoiZ 0a™(F))q =~ co%m Vo

We also claim that py: D — A is cofinal. Indeed, if " € A, Dyr) =D x4 A/ is the subposet
of D spanned by couples (a’,a”). Observe that (a”,a”) is a minimal element of D/, which is
thus weakly contractible. Hence, the claimed cofinality follows from [31, Theorem 4.1.3.1]. Thus,

(ipo0icioil oo™ (F)), =~ coquimV\A ~ @ Vs
a'<a
p(a")<p(a)

On the other hand,
(i5 0 0" (F))a ~ Fo ~ €D Var
a'<a

Example 9.1.9 thus follows. O
In particular when p: J — J is the identity of J, we obtain:

Example 9.1.10. In the setting of Example 9.1.9, let V: J5¢* — & be a functor and put
F =149 (V). Let a € 7°¢*. Then, there is a canonical equivalence

(GrF), >V,

Example 9.1.11. Let X be an oo-category. Let p: J — J be a graduation morphism over X and
assume that J = J°°*. Then, J, = J and Gr,,: Fun(J,, &) — Fun(J, €) is the identity functor.

Proposition 9.1.12. Let X be an oco-category. Let p: I — J be a graduation morphism over
X. Let € be a presentable stable co-category. Then Gry,: Fun(J, £) — Fun(J,, ) commutes with
colimits. In particular, Gr, admits a right adjoint

Gr,: Fun(J,, €) — Fun(J, €)
that can be explicitly computed as
Gr), ~ fib(0, 0 i« B o 0ic 0l 0dp.)
where n< 1is the unit of the adjunction i% =i ..

Proof. The first half follows immediately from the fact that Gr, is a composition of functors
commuting with colimits. The second half simply follows from the Yoneda lemma. (I

Remark 9.1.13. For an explicit description of the right adjoint Gr; in the spirit of Example 9.1.9,
see Proposition 9.3.11.

Under extra finitness conditions, Proposition 9.1.12 has a counterpart for limits. Before stating
it, we introduce the following

Definition 9.1.14. We define PosFib/ as the full subcategory of PosFib spanned by cocartesian
fibrations in posets p : J — X such that for every x € X, the poset J, is finite.

Proposition 9.1.15. Let X be an oo-category. Let p: I — J be a graduation morphism in
PosFib’ over X. Let & be a presentable stable co-category. Then Gr,: Fun(J, &) — Fun(J,, &)
commutes with limaits.

Proof. Follows immediately from Proposition 17.2.3 and the fact that in a stable co-category, the
cofiber functor commutes with limits in virtue of Lemma 17.2.1. O
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Proposition 9.1.16. Let X be an oo-category. Let p: I — J be a graduation morphism in
PosFib’ over X. Let & be a presentable stable co-category. Then Gr,: Fun(J, &) — Fun(J,, &)
18 conservative.

Proof. From Corollary 6.1.6, we can suppose that X is a point. Let f: F' — G be a morphism in
Fun(J, €) such that Gr,(f): Grp(F) — Grp(G) is an isomorphism. Let A C J be the subset of
elements a such that f is not an isomorphism at a. We argue by contradiction and assume that
A is not empty. Since J is finite, A admits a minimal element a. If €, = I« xX3_ (J<)/(a.p(a));
there is a morphism of cofibre sequences

coelimF|@a — F, —— Grp(F),

) J Jfa JGr(f)a

coelim Gle, — Go — Gr,(G),

By definition, an object of €, is a couple (b, ¢) € I x J with p(b) < ¢ such that b < a and ¢ < p(a).
In particular p(b) < p(a), so that b < a. That is, the above colimit over C, only features values of
f at elements b € J strictly smaller than a. Thus, the left vertical arrow is an equivalence by the
minimality of a. The right vertical arrow is an equivalence by assumption. Hence f,: F, — G, is
an equivalence. Contradiction. (I

Remark 9.1.17. Note that Proposition 9.1.16 fail if the finiteness assumption on J is dropped.
If 3 = Z and if F is the functor constant to a non zero object in &, then we have F' # 0 and
Gr(F) ~0.

9.2. Exponential graduation. The graduation functor introduced in Section 9.1 should be
understood as the global counterpart of the exponential graduation, which we now discuss. Fix
a presentable stable co-category €. For every oo-category X and every graduation morphism
p: I — J in PosFib over X, we can apply expg(—/X) to the diagram (9.1.6). This yields the
following commutative diagram

expe (I /X)
Je
expe (9,/X) expe (T< /X) —— expg (7/%)

| l |

id
!

expe (5 /X) — expe (3/X) ——— expe (I /X) —2s expe (3/X)

ey

in PrFibY. Recall from Lemma 6.4.1 the existence of right adjoints £7*, £7<* and &%* for &7,

8f< and S!ip, respectively.

Definition 9.2.1. In the above setup, the exponential graduation relative to p is the functor
expGr), = cofib(E7* o 8f< 0 &< F 0 ETF 5 Eln* 0 £7F)

where the morphism is induced by the counit of the adjunction E!i< - gi<o*,

The following result summarizes the local and the global behavior of the exponential graduation
functor:

Proposition 9.2.2. Keep the same notations as above. Then:
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(1) for every x € X, the diagram

Fun(Ty, &) —2%5 Fun((9,), &)

J l

expGr,
expg (1/X) ——2 Fun(Jy, £)

commutes.
(2) The diagram

Ex (expGr,,)
Fun (X, expe (/X)) —————% Fun (X, expe (J,/X))

J{spj lspjp

Fun(7, &) Grr Fun(d,, &)

commutes.

Proof. Statement (1) immediately follows from Corollary 6.1.6 applied to 8f< and the fact that

the adjunctions &f 4 £7%, S!i< — &< and E!i‘” - &%+* are relative to X, see Lemma 6.4.1. On
the other hand, statement (2) is a direct consequence of Proposition 6.4.2. O

Our next goal is to understand the behavior of expGr with the exponential functoriality for
morphisms in PosFib. We start analyzing cartesian morphisms. Consider therefore a diagram

(9.2.3) /

Yy —X

whose squares are pullbacks and where J — Y and J — Y are cocartesian fibrations in posets. We
also assume that J°¢* — X is locally constant. We have:

Proposition 9.2.4. In the above setting, the diagram
eup
expe (Tp/¥) ——— expe ((Tx)py /X)
(925) expGrpT TexpGrq
expe (3/4) 5 expg (Jx/X)
18 canonically commutative, and it is therefore a pullback.

Proof. Unraveling the definitions, we see that an object in expg (Jx/X) can be identified with
a pair (F,z), where z € X and F': (Jx); — € is a functor. Under the canonical identification
(Ix)z =~ Jf(z), the functor £" sends (F,x) to (F, f(x)). At this point, the commutativity follows
from Corollary 6.1.6 and Proposition 9.2.2-(1), while Proposition 3.2.6-(1) immediately implies
that the square in consideration is a pullback. O

Corollary 9.2.6. In the above setting, the natural transformation
Grgou™ — u, o Gty

between functors from Fun(J, €) to Fun((Jx)q, €) is an equivalence.
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Proof. We can see (9.2.5) as a commutative square in PrFib". The statement then follows
applying ¥ and invoking Proposition 6.1.2-(1) and Proposition 9.2.2-(2). (I

Remark 9.2.7. As a particular case of Corollary 9.2.6, we see that relative graduation commutes
with restriction over an object of X.

9.3. Graduation and induction. Our next task is to understand how graduation behaves with
respect to morphisms in PosFiby for a fixed co-category X. In other words, we are interested in
seeing to which extent (exponential) graduation and (exponential) induction intertwine with each
other. Our starting point is the following. Let X be an oco-category and let

=

(9.3.1)

f
—_—
P

g
—_—

QA —
O —
_Q

be a commutative diagram in PosFib over X. We make the following running

Assumption 9.3.2.
(1) Bothp:J — g and q: KX — L are graduation morphisms.
(2) For every x € X, the map g5°*: J5°* — L5 is injective.
The second half of this assumption guarantees that if a,b € J, are such that a < b, then

g(a) < g(b) as well. Thus, the above assumption guarantees the existence and commutativity of
the following diagram:

J<

V

:K:< i7,<

1%, <

g, — " 9

agg j
9.3.3) ’/ ‘ y /
X, Y K< K P
q
d
A
L

IN

Lset LAI

Fix a stable presentable co-category € and consider the induced natural transformation
(9.3.4) fp.qt 0 Grp, = Grgofi

of functors from Fun(J, €) to Fun(X,, ). The goal of this section is to establish the following:
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Proposition 9.3.5. Let € be a stable presentable oco-category and let F € Fun(J,&). Under
Assumption 9.8.2, the natural transformation (9.3.4) is an equivalence and the diagram

expe (1/X) — s expe (/)

expGr,, JexpGrq
- fp,q

[SH
€XPg (jp/x) _— eXPS(:Kq/x)
commutes.

We first deal with the natural transformation (9.3.4), and we start by the following particular
case:

Lemma 9.3.6. Let X be an co-category. Let € be a presentable stable co-category. Let p: I —
be a graduation morphism in PosFib over X. Consider the commutative diagram

gset iy

s o

3 id

Then, the induced natural transformation ig, — Grp oigy is an equivalence.

Proof. Combining Corollary 6.1.6 and Corollary 9.2.6, we can suppose that X is a point. Let
V: J%* — & be a functor. Then, for every a € J,, we have

(ijp!(v))a = @ Var

a'<a
p(a")=p(a)

Then, Lemma 9.3.6 follows from the computation performed in Example 9.1.9. ]

Corollary 9.3.7. Under the assumptions of Lemma 9.3.6, for every punctually split functor
F: 73— &, the graduation Gr,(F): J, — & is punctually split.

Proof. From Corollary 9.2.6, we are left to treat the case where X is a point. In this case, the
statement follows from Lemma 9.3.6. O

Corollary 9.3.8. Let J — X be an object of PosFib’ such that 75 — X is locally constant.
Let & be a presentable stable oco-category. Let F:' J — & be a functor. Then, the following are
equivalent:

(1) the canonical morphism i(F) — Gr(F) admits a section o: Gr(F) — i5(F);
(2) the functor F split.
If these conditions are satisfied, the morphism
7199 Gr(F) = F
induced by o is an equivalence.

Proof. Assume that (1) holds. To prove (2), it is enough to show that 7 is an equivalence. By
Proposition 9.1.16, it is enough to show that

Gr(7): Grig Gr(F) — Gr(F)
is an equivalence. Then, Corollary 9.3.8 follows from Lemma 9.3.6. Assume that F' split and let

us write F' ~ i5,(V) where V: J — € is a functor. By Lemma 9.3.6, the canonical morphism from
(1) reads as i}i5,(V) — V. Then, the unit transformation V' — i%i5,(V) does the job. O
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We are now ready for:

Proof of Proposition 9.3.5. Combining Corollary 6.1.6 and Corollary 9.2.6, we can assume that
X is a point. Recall moreover from Proposition 8.1.9 that Fun(J, €) is generated under colimits
by punctually split functors. Since both source and target of (9.3.4) commute with colimits, it is
enough to check that the canonical morphism

fp.at(Grp(F)) = Grq(fi(F))
is an equivalence when F is punctually split. We can therefore assume that F' ~ i5 (V') for some
functor V: J%¢t — €. Thus, we can compute:

o0t (Grp(F)) = fp,q(Grp(in(V)))

~ fpq oz (V) By Lemma 9.3.6
=~ g, (fi (V)

~ Gry (i1 (f7°5(V))) By Lemma 9.3.6
~ Grpofiois (V)

~ Gryofi(F) .

Thus, (9.3.4) is an equivalence. As for the second half of the statement, observe that applying
expe (—/X) to the diagram (9.3.4) supplies a canonical natural transformation

a: E'f’”"‘ o expGr, — expGr, o€,f .

To prove that it is an equivalence, it is enough to prove that its restriction «, is an equivalence for
every x € X. Combining Proposition 6.1.2-(2) and Proposition 9.2.2-(1), we see that o, coincides
with the natural transformation (9.3.4), so the conclusion follows from what we have already
proven. O

We store the following particular cases of Proposition 9.3.5 for later use.

Corollary 9.3.9. Let X be an oco-category. Let p: I — J be a graduation morphism in PosFib
over X. Consider the commutative square

|
bl
Jg—-1

Let 7w: J, = 3% be the morphism induced by p. Let & be a presentable stable oco-category. Then,
for every functor F:J — &, the canonical morphism

m(Grp(F)) - Gr(pi(F)
s an equivalence.

Corollary 9.3.10. Let X be an oo-category. Let i:J — J be a fully faithful functor in PosFib
over X. Consider the commutative square

QL — X
Q.

dJ

Jid

J.

Let €& be a presentable stable oco-category. Then, for every functor F:J — &, the canonical

morphism

i5°(Gr(F)) = Gr(iy(F))
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18 an equivalence.

Proposition 9.3.11. Let p: J — J be a morphism of posets. Let & be a presentable stable
oo-category. Then, for every F' € Fun(J,, &) and every a,b € J with a < b, we have canonical
equivalences

Fla<b)  if pla) = p(b)

(Gr;(F))(a <b) ~ {0: F, = F, ifpla) < p(b)

Proof. Let i: p~*(p(a)) — J and j: p~'(p(a)) — J, be the inclusions. From Proposition 9.3.5
and Example 9.1.11 applied to the commutative square

p(pla)) —— 9

| b

M p(a) g

there is a canonical equivalence of functors ji ~ Gr, oi). Passing to right adjoints gives a canonical
equivalence i* o Gr, ~ j*. This proves the first claim. Let a,b € J with a < b and p(a) < p(b).
We want to show that

— (Gry(F))(a < b): (Gry(F))a = (Gry(F)y
is the zero morphism. This amounts to show that for every V € &, the morphism
Map(V, a): Map(V, ev’* Gr,(F)) — Map(V, evb * Gry(F))
is the zero morphism. By adjunction, this amounts to show that
Map(g, F'): Map(Gr, oevg’!(V)7 F') — Map(Gr, oev;! (V),F)

is the zero morphism, where

B : Grp oevg’!(V) — Grp oevi_’!(V)
is the induced morphism in Fun(J,, £). We are thus left to show that j is the zero morphism.
From Proposition 9.3.5, 5 identifies with a morphism of the form evZf’l(V) — evi’:!(V). Let c € Jp.
Since p(a) < p(b), then either p(c) # p(a) or p(c) # p(b). In the first case, a and ¢ cannot be
compared in Jj,, so that evif!(V) sends ¢ to 0. In the second case, b and ¢ cannot be compared in
Jp, so that evgf’,(V) sends ¢ to 0. Hence, in both cases 3 is zero when evaluated at c. Thus, § is

the zero morphism. (I

Proposition 9.3.12. Let X be an oo-category. Let p: I — J be a graduation morphism over X.
Let a € J. Let € be a presentable stable co-category. Then the triangle

*

Fun(J,, &) 4>Funj &)

N e

s camonically commutative.

Proof. Equivalently, it is enough to check that the canonical map
evif’ — Gr,oev?,

is an equivalence. Since evy? factors through 75t — J, and ev) factors through J°* — J, the

statement follows directly from Proposition 9.3.5, in the form of the special case treated in

Lemma 9.3.6. U
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Corollary 9.3.13. Let X be an co-category. Letp: I — J be a graduation morphism over X. Then,
Gr,: Fun(J,, &) — Fun(J, &) commutes with colimits. In particular, Gr,: Fun(J, &) — Fun(J, €)
preserves compact objects.

Proof. Immediate from Proposition 9.3.12 and the fact that the functors ev?:* a € J are jointly
conservative and commute with colimits. U

9.4. Graduation and cocartesian functors.

Proposition 9.4.1. Let X be an co-category. Let p: I — g be a graduation morphism in PosFib
over X. Let € be a presentable stable co-category. Then, the functor

expGr,,: expe (1/X) — expe (J,/X)

preserves cocartesian edges. If in addition both J and g belong to PosFib’, then expGr,, reflects
cocartesian edges as well.

Warning 9.4.2. Since the adjoints £7*, £¥<* and €%* do not preserve cocartesian edges, it is
a priori not obvious that expGr,, defines a morphism of cocartesian fibrations over X.

Proof of Proposition 9.4.1. Unraveling the definitions, we have to prove the following statement.
Let «v: x — y be any morphism in X and fix compatible straightenings f,: J, — Iy, gy: 92 — dy
making the diagram

Iy

Joe — Ty

(943) J{pm lpy
commutative. Then we have to prove that for every pair of functors F,: J, — € and Fy: J, = €
and every map a: (Fy,x) — (Fy,y) in expg (J/X) lying over +, if the canonically induced morphism

Q: f'y,!(Fz) - Fy

is an equivalence then the same goes for the map

(9~4-4) B: (fv)pmpy!(Grpz (F)) — Grpy (Fy)

induced by the morphism 8 = expGr,(a): (Grp, (F:), ) — (Grp, (F),),y) in expg (J,/X). Notice
that, since §** — X is locally constant, the underlying map g5*: J5* — 75" is a bijection.
In particular, Assumption 9.3.2 is satisfied, and we therefore find a natural transformation

(f+)pe.pyt © Grp, — Grp of, making the diagram

(f'y)pmpy!(Grpm (Fp)) —— Grpy (Fy)

J %py(@

Grpy(f'yl(Fw)) ’

commutative. Now, Proposition 9.3.5 guarantees that the vertical arrow is an equivalence, so 3 is
an equivalence if and only if Gr, (@) is. This immediately proves the first half of the statement,
and the second half follows from the conservativity of Grpy7 that holds when J and J are in

PosFib’ thanks to Proposition 9.1.16. (]
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Corollary 9.4.5. In the setting of Proposition 9.4.1, the functor Grp: Fun(J, £) — Fun(J,, €)
preserves cocartesian functors. If in addition J and J belong to PosFib’, then the resulting
commutative square

Fun®*(J, &) «——— Fun(J, &)

lGrp JGrp

Fun®*(J,,, &) —— Fun(J,, &)
is a pullback.

Proof. Thanks to Proposition 9.4.1, we see that expGr,, is a morphism in PrFib". Applying
2§t we see that Gr, preserves cocartesian functors. As for the pullback statement, since
both horizontal functors are fully faithful, it amounts to check that if F': J — € is such that
Grp(F) is cocartesian, then the same goes for F. Via the specialization equivalence (6.1.1), we
can equivalently see F' as a section sp;(F): X — expg (J/X) of the structural map of expg (J/X).
Using Proposition 9.2.2-(2), we see that the problem at hand becomes showing that sp;(F) is a
cocartesian section if and only if expGr, osp,(F) is a cocartesian section of expg (J,/X), and this
latter statement follows directly from the second half of Proposition 9.4.1. O

In fact, we can extract from the proof of Corollary 9.4.5 the following more precise statement:
Corollary 9.4.6. In the setting of Proposition 9.4.1, let v: © — y be a morphism in X and let
F:J— € be a functor. Then if F is cocartesian at vy, the same goes for Gr,(F): 3, — E. The
converse holds provided that both J and J belong to PosFib’.

Proof. Passing to the other side of the specialization equivalence (6.1.1) and invoking Propo-
sition 9.2.2-(2), we have to prove that a section s: X — expg(J/X) takes v to a cocartesian

morphism if and only if expGr, os takes v to a cocartesian morphism in expg (J,/X). As this
statement is obviously implied by Proposition 9.4.1, the conclusion follows. (I

Combining together Corollary 9.3.7 and Corollary 9.4.5 we obtain:

Corollary 9.4.7. Let X be an co-category. Let p: I — J be a graduation morphism in PosFiby.
Let &€ be a presentable stable co-category. Then, for every cocartesian punctually split functor
F:J— &, its p-graduation Gr,(F): J, — & is cocartesian and punctually split.

We conclude this section with the following handy consequence:
Corollary 9.4.8. Let X be an co-category. Let p: I — J be a graduation morphism in PosFiby.
Let &€ be a presentable stable co-category. Then the functor
expGr,,: expg (1/X) — expe (J,/X)
admits a right adjoint expGr), relative to X. In particular, for every x € X, the diagram

Gr*
Fun((J9;)p,, &) —— Fun(J,, &)

l o

expGrp
expg (Jp/X) ———— exp (J/X)
commutes. In addition, the diagram

Ex (expGryy)
Fun o (X, expe (Jp/ X)) ————=> Fun (X, expe (/X))

Jspgp Jspg
Gr*

Fun(J,,¢&) - Fun(J, &)
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commutes as well.

Proof. Since expGr,, preserves cocartesian edges by Proposition 9.4.1, [32, Proposition 7.3.2.6]
shows that it is enough to prove that for every x, the induced functor on the fibers at =

(expGr,),: Fun((Jz)p,,€) — Fun(J,, €)

admits a right adjoint. By Proposition 9.2.2-(1), we see that (expGr,), canonically coincides
with Gr,_, so the existence of the right adjoint is guaranteed by Proposition 9.1.12. This proves
at the same time the commutativity of the first diagram. As for the second, it simply follows
from the uniqueness of the adjoints, the fact that the specialization functors are equivalences and
Proposition 9.2.2-(2). O

Proposition 9.4.9. Let X be an co-category. Let p: I — § be a graduation morphism over X. Let
& be a presentable stable co-category. Then, the graduation functor relative to p (Definition 9.1.7)

Grp: Fun(J, &) — Fun(J,, €)
preserves the category of Stokes functors. In other words, it restricts to a functor
Grp: Sty e — Stgp,g.

Proof. This follows from Corollary 9.4.7, Corollary 9.2.6 and Lemma 9.3.6. (]

Corollary 9.4.10. Let J — X be an object of PosFib such that 35 — X is locally constant. Let
& be a presentable stable co-category. Then, the following square

Q9,1
Stjset7£ _— Stj7g

[ [

Fun (9%, &) — Fun(J, &)
s a pullback

Proof. Let F:J — & be a split Stokes functor. Let V: %" — & such that F ~ i5,(V). By
Lemma 9.3.6, we have

Gr(F) ~ Gr(ig (V) ~ V.

By Corollary 9.4.5, we deduce that V': 75 — € is cocartesian. Since V is automatically punctually
split, Corollary 9.4.10 thus follows.
O

9.5. Essential image of a fully-faithul induction. The following propositions describe the
essential image of a fully-faithul induction in terms of graduation.

Lemma 9.5.1. Let X be an oo-category. Let i: I — J be a fully faithful functor in PosFib over
X. Let € be a presentable stable co-category. Then, the functor

ir: Funpg(J, &) — Funpg(d, &)
is fully faithful. Let F € Funpgs(d,&). Then, the following statements are equivalent :
(1) F lies in the essential image of i;: Funpg(J, &) — Funpg(d, €).
(2) i*(F) lies in Funpg(J, &) and the counit map i(i*(F)) — F is an equivalence.

(3) (GrF), >~ 0 for every a € J°°* not in the essential image of i%*: J5* — gs°t.
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Proof. Since i: J — § is fully faithful, so is ¢;: Fun(J,&) — Fun(d, €). In particular, the unit
of iy 4 4* is an equivalence. The fact that (1) implies (2) is then obvious. The statement (2)
trivially implies (1). To show the equivalence with (3), we can suppose from Corollary 6.1.6
and Corollary 9.2.6 that X is a point. If (2) holds, the sought-after vanishing follows from
Example 9.1.10. Suppose that (3) holds. Let us write F' = ig(V) where V: %" — €. From
Example 9.1.10, V, ~ 0 for every a € J5°°\ J5°". If W = V|jset, we thus have V ~ i§°*(W). Hence,

F= igg(V) ~ igg o ’i,set(W) ~ ig o ijg(W)

which proves (1), thus finishing the proof of Lemma 9.5.1. O

Proposition 9.5.2. Let X be an co-category. Let i: I — J be a fully faithful functor in PosFib
over X. Let & be a presentable stable co-category. Let F' € Sty . Then, the following statements
are equivalent :

(1) F lies in the essential image of i: Sty ¢ — Stge.
(2) i*(F) lies in Sty ¢ and the counit map i,(i*(F)) — F is an equivalence.
(3) (GrF), >~ 0 for every a € J°°* not in the essential image of i%*: J5* — gs°t.

Proof. The equivalence between (1) and (2) follows as in Lemma 9.5.1. Assume that (1) holds.
Then (3) holds in virtue of Corollary 9.3.10. Assume that (3) holds. We are doing to show that
(2) holds. Since F' is punctually split, Lemma 9.5.1 implies that *(F') is punctually split and
that the counit map #(¢*(F)) — F is an equivalence. Hence, we are left to show that i*(F) is
cocartesian. To do this, we can suppose that X = Al. In that case, consider the commutative
square

g, <2 g

o

By Proposition 8.2.5, the counit map j,155(F) — F is an equivalence. By Corollary 9.2.6, the
split functor ji(F): J, — €& satisfies the conditions of Lemma 9.5.1-(3). Thus, there exists
G: J, — € such that j(F) ~i,,1(G). Hence, we have

Z*(F) ~ Z*jjc,r];(F) ~ Z'*jxvgi%!(G) o~ i*iijvg(G) ~ jﬂ,I(G)

where the last equivalence follows from the fully faithfulness of i: J < J. Then ¢*(F) is cocartesian
by Proposition 8.2.5. O

Corollary 9.5.3. Let X be an oo-category. Let i:J — J be a fully faithful morphism in PosFib
over X. Let & be a presentable co-category. Assume that

ig,gi Stgset7£ — Stgﬁ
is essentially surjective (resp. fully faithful). Then, so is
GRE Stjset,g — Stj7g .

Proof. Consider the commutative square

;set

Stigset ,E s Stgset £

lia,! J{ig,!

Stlg ‘Z—'> St&g
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whose horizontal arrows are fully faithful since i: J < J is fully faithful. In particular, if g, is
fully faithful so is ¢5). Assume that iy is essentially surjective. Let F': J — € be a Stokes functor.
Write i)(F) ~ iz, (V) where V: %" — & is Stokes. By Lemma 9.3.6, we have

Griy(F) ~Grigy(V) 2V ~GrV .

By Proposition 9.5.2, we deduce that (GrV), ~ 0 for every a € J°" not in the essential image
of §%¢¢: J*¢t — gset. By Proposition 9.5.2 again, there is a Stokes functor W: J*** — & such that
V ~ §°*(W). Then,

ivig (W) =~ ig i (W) ~i(F) .
Since i: J < § is fully faithful, we deduce that F' >~ i5,(W). The proof of Corollary 9.5.3 is thus
complete. [l

9.6. Graduation and t¢-structures. We now explore the properties of the relative graduation
with respect to the ¢-structures of Proposition 8.7.11.

Proposition 9.6.1. Let X be an oco-category and let p: I — J be a graduation morphism of
cocartesian fibrations in finite posets over X. Let & be a presentable stable oco-category equipped
with an accessible t-structure T = (£<o, €0). If I, I, are E-bireflexive, then the relative graduation
functor

Grp: Stj’g — Stjp’g

18 t-exact.
Proof. The very definition of Gr, (see Definition 9.1.7) and Recollection 8.7.4 imply together
that Gr, is right t-exact. Let now F' € (Stye)<o. To check that Gr,(F) € (Sty, ¢)<o, it suffices
to show that for every x € X one has

Jz(Grp(F)) € Fun((Jp)a, €) -
By Corollary 9.2.6 and Remark 9.2.7 we have a canonical equivalence

J2(Grp(F)) = Grp, (7, (F)) -

We can therefore assume that X is reduced to a point. Since F' is punctually split, we can find a
functor V: J%* — €. Lemma 8.7.7 guarantees that V takes values in €<p. Since J, is finite and
€<o is closed under finite sums, the conclusion follows from the fomula given in Example 9.1.9. O

Corollary 9.6.2. In the setting of Proposition 9.6.1, a Stokes functor F': J — & is connective
(resp. coconnective) with respect to the induced t-structure on Sty e if and only if Gry(F) is
connective (resp. coconnective).

Proof. It follows combining t-exactness and conservativity of Gr,, see Proposition 9.6.1 and
Proposition 9.1.16. (]

9.7. Splitting criterion. The goal of this subsection is to establish a splitting criterion (Corol-
lary 9.7.17), to be used in the essential surjectivity part of the proof of Theorem 15.2.1.

Construction 9.7.1. Let X be an oo-category. Let i: J — J and k: K — J be fully faithful
functors in PosFib/ over X such that g5¢* = Js°t | K¢, In particular, for every functor
G: %t — &, we have

G ~ i!SEtiset*(G) o) k!setk,set*(G) .
We denote by A(G) the split cofiber sequence
(9.7.2) i (G) = G — kST (G) .
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We assume that J°¢ — X is locally constant. Let & be a presentable stable co-category. Let
F:J — & be a functor. We suppose that the canonical morphism i****i}(F) — i**** Gr(F)
admits a section

(9.7.3) o: % Gr(F) — iset’*iZ(F) .
By adjunction, o yields a morphism
71 igit i Gr(F) — F

in Fun(g, €). We denote by A(F, o) the following cofiber sequence

(9.7.4) igrisetst* Gr(F) —— F —— FV .

Remark 9.7.5. By Corollary 9.2.6 and Corollary 6.1.6, observe that the formation of F\’
commutes with pull-back.
Lemma 9.7.6. In the setting of Construction 9.7.1, the canonical morphism
kiU ks Gr(F) — Gr(FV)
18 an equivalence.

Proof. Since Gr commutes with colimits, applying Gr to (9.7.4) yields a cofiber sequence
Criyigi*** Gr(F) — Gr(F) — Gr(F\Y) .

By Lemma 9.3.6 and Corollary 9.3.10, we have Griigii®** Gr(F) ~ °i%°%* Gr(F). Since we
have

Gr(F) ~ i°%%%* Gr(F) @ k{*k**"* Gr(F) ,
Lemma 9.7.6 thus follows. O

Lemma 9.7.7. In the setting of Construction 9.7.1, the following hold:
(1) If F is cocartesian, so is F\’.
(2) If F is punctually split, so is F\”.
(3) If F split,the cofiber sequences A(F, o) and iz A(Gr(F)) are equivalent. In particular,
F\ split.

Proof. Ttem (1) follows immediately from the stability of Fun®®"*(g, &) under colimits (Proposi-
tion 7.2.9). By Remark 9.7.5, the formation of F\? commutes with pull-back. Hence, (3) implies
(2). We now prove (3) and assume that F split. By Corollary 9.3.8, the canonical morphism
i5(F) — Gr(F) admits a section ¢ @© x. Then, the vertical arrows of the commutative square

iU (F) —— i5(F)

>
o®0 / J{ J{ \ Pk
1 1

\ 1
N /

ettt Gr(F) —— Gr(F) 7
admit sections represented by dashed arrows. By adjunction, there is a commutative square

F id F

d T

igifVe* Gr(F) —— iz, Gr(F)

whose right vertical arrow is an equivalence in virtue of Corollary 9.3.8. Item (3) is thus proved. O
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Corollary 9.7.8. In the setting of Construction 9.7.1, assume that F: J — & punctally split.
Then, F\ lies in the essential image of ki: Fun(X, &) — Fun(g, ).

Proof. By Lemma 9.7.7, we know that F\? punctually split. By Lemma 9.7.6, we have (Gr F\?)(a) ~
0 for every a € J. Then, Corollary 9.7.8 follows from Lemma 9.5.1. O

Construction 9.7.9. In the setting of Construction 9.7.1, let [: £ — X and m: M — X be
fully faithful functors in PosFib’ over X such that K5t = £5°t | Mst. We suppose that the
canonical morphism [****i§(F) — [**** Gr(F) admits a section

(9.7.10) A: 15 Gr(F) — I35 (F) .

Let ¢: JUL < J be the full subcategory of J spanned by objects of J and £. Then, the vertical
arrows of the commutative square

L CiE) —— CiEY)

o/ l J \ 0B
1
I

1
\ !
7

T Gr(F) —— o Gr(FV) ~

admit sections represented by dashed arrows. By adjunction, we thus deduce a morphism of
cofiber sequence

(9.7.11) AF, 0@ )\) = AFN 06 )\) .
Lemma 9.7.12. In the setting of Construction 9.7.9, the natural transformation
F\JUL N (F\J)\JUL
deduced from (9.7.11) is an equivalence.
Proof. Immediate from Lemma 9.7.6 and Proposition 9.1.16. O

Notation 9.7.13. We denote by aj : F\' — FVY% the canonical morphism obtained by
composing F\? — (F\)\VYL with the inverse of F\Y4 — (F\)\9Y% supplied by Lemma 9.7.12.

Lemma 9.7.14. In the setting of Construction 9.7.9, assume that F\' split. Then there is a
commutative square
igy Gr(F\) ——— FV

Jizl,! Gr(ag, o) Jan,/:

ia,! Gr(F\UUL) N F\JUE
whose horizontal arrows are equivalences.
Proof. Recall that gset = Js¢t | £t L M*¢*., Consider the commutative diagram

i5(ag g): i5(FV) —— i3 (F\)VIUe = 5 (F\IVE)
J * 0@ D J{ ® 0000 J * 080D

!
s

!
s

!
s

Gr(ag g): Gr(F\) —— Gr(FV)\VY4 =, Gr(FVY4) .

Since F\? split, Lemma 9.7.7 ensures that so do (F\?)\?“£. By Lemma 9.7.12, the functor F\?“¢
split as well. By Corollary 9.3.8, we thus deduce the existence of the section u represented as a
dashed arrow. Since the right horizontal arrows are equivalences, there exists a section p’ making
the right square commutative. On the other hand, Lemma 9.7.6 implies that Gr(F\j)\JUL is a
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direct factor of Gr(F\?). Since F\? split, we deduce from Lemma 9.7.7 the existence of a section
A making the left square commutative. Then, Lemma 9.7.14 follows from Corollary 9.3.8. O

Lemma 9.7.15. In the setting of Construction 9.7.9, the morphism
(9.7.16) F — FV xpooe FVF
18 an equivalence.

Proof. Follows immediately from Lemma 9.7.6 and Proposition 9.1.16. O

Corollary 9.7.17. In the setting of Construction 9.7.9, the following are equivalent:
(1) the functor F split;

(2) the functors F\ and F\* split.

Proof. If (1) holds, so do (2) in virtue of Lemma 9.7.7. Assume that (2) holds. From Lemma 9.7.15,
we are left to show that F\ X paue F\* split. Since F\? and F\* split, Lemma 9.7.14 ensures
that the diagram

£,9

A\ Q0L p\JuL 229 L

is equivalent to

iz, Gr(ag,c) ig1 Gr(ag,s)
LA —

igy Gr(F\) ig Gr(F\7V°) F\*

Since the induction functor iz, commutes with finite limits, Corollary 9.7.17 thus follows. O

10. LEVEL STRUCTURES

We now introduce an axiomatization of the notion of level structure from the theory of good
meromorphic flat bundles [37]. The key concept is that of level morphism for a morphism of
cocartesian fibrations in posets.

10.1. Level morphisms. We start with the following pair of definitions:

Definition 10.1.1. A morphism of posets p: I — J is a level morphism if it is surjective and for
every a,b € J, we have

pla) <p(b)ind=a<binJ.
Definition 10.1.2. Let X be an oco-category and let p: J — J be a morphism in PosFiby. We

say that p is a level morphism if for every z € X, the induced morphism p,: J, — 7, is a level
morphism.

Example 10.1.3. Let J — X be an object of PosFib. Then, the morphisms of cocartesian
fibrations idg: J — J and J — X X x ~ X are level morphisms.

Remark 10.1.4. The class of level morphisms is stable under pullback.

Construction 10.1.5. Fix an oo-category X and let p: J — J be a level graduation morphism
in PosFiby. Fix also a presentable stable co-category €. Recall from Construction 9.1.1 the
following pullback diagram

Jp — 17

lﬂ' J{P

gset 5 ,
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as well as the commutative diagram

ey
expg (J/X) ——— expg (3/X)
expGr,, JexpGr

™

&l se
expg (J,/X) —— expg (I°/X) .
supplied by Proposition 9.3.5. It induces a canonical transformation
¢p: expe(I/X) = expe (d/X) Xexp, (g5t /x) €xPe (I/X)

in PrFibI;C. Observe as well that combining Propositions 3.2.6-(2) and Proposition 9.4.1, we see
that all the functors in the above square preserve cocartesian edges. Thus, the same goes for ¢,,.
Since Yo : PrFibI;C — Pr' is a right adjoint, Yx(¢p) is a functor

Zx(qf)p): Fun(ﬂ, 8) — Fun(EJ, 8) XFun(jsct,g) Fun(ﬂp, 8) R

and Propositions 6.4.2 and 9.2.2-(2) imply that it canonically coincides with the functor induced
by the commutative diagram

Fun(J, &) —2— Fun({, €)

JGr,, lGr
Fun(J,, &) —— Fun(J**,€) .
Proposition 10.1.6. The functors ¢, and Xx(¢p) are fully faithful.

Proof. Thanks to Proposition 21.1.1, we are immediately reduced to prove the statement when X
is a point. In this case, unraveling the definitions, we have to check that for every pair of functors
F,G:J — € the square

MapFun(J,S)(Fa G) ——— Ma‘pFun(H,E)(p!(F)vp!(G))

(10.1.7) l J
MapFun(jp,E)(GrP(F)a GrP(G)) - MapFun(aset,E)(Grp!(F)7Grp!(G))

is a pullback. Notice that the collection of functors F' for which the statement is true is closed
under colimits. Invoking Proposition 8.1.9 and Example 8.1.3 we can therefore assume without
loss of generality that F' =~ evgyl(E) for some a € J and some E € £. Notice that

p(evi (E)) ~ evf)(a)_’!(E)
and that Lemma 9.3.6 supplies canonical identifications
J set
Gry (ev) ((E)) ~ ev,\(E) and Gr (evg(a)w!(E)) ~ evg(a)’!(E) :

Thus (10.1.7) can be rewritten as follows:

Mape (E, Ga) ————— Map (E, (p1(G))a)

l |

MapS(EvGrP(G)a) — Map&(Ev(;r(p!(G))a) )
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and to prove that it is a pullback becomes equivalent to prove that for every a € J and every
G:J — &, the square

Go — (n(G))a

(10.1.8) J |
Gry(G)a —— Gr(pi(G))a

is a pullback in €. Since € is stable, we see that the collection of functors G for which the
above square is a pullback is closed under colimits. Invoking once again Proposition 8.1.9 and
Example 8.1.3, we can suppose that G ~ eVg7!(M)7 for some b € J and M € €. We now proceed
by analysis case-by-case:
(1) Case p(a) < p(b) or p(a) and p(b) incomparable. Since p is a level morphism, this implies
respectively that a < b or that a and b are incomparable. In either cases, (10.1.8) becomes

i

—

O —— O

—

which is indeed a pullback.

(2) Case p(a) > p(b). Since p is a level morphism, this implies that a > b. Then (10.1.8)
becomes

id s

| |

M M
0 0
which is indeed a pullback.

(3) Case p(a) = p(b). We then distinguish two further cases:
(i) Case a > b. Then (10.1.8) becomes

id
M M M
id]\l idA{

Mﬂ»]\}

which is indeed a pullback.

(if) Case a <b ora and b incomparable. Then (10.1.8) becomes

— M

lidM
M

)

O —— O

which is indeed a pullback.

Thus, the conclusion follows. (I

10.2. Level induction. The goal of this subsection is to prove the following result:
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Theorem 10.2.1. Let X be an oo-category and let p: I — J be a level graduation morphism in
PosFiby. Then the square

ey
oxpe > (J/X) —— expg>(3/X)
J{expGrp J{expGr
8'7‘- se
expg> (J,/X) —— expg®(@>/X)
18 a pullback square in COCARTy. In particular, the induced square

Stji‘, _r St37g

[

Stjp78 e Staset’g
s a pullback square in CAT .

Proof. The second half follows directly from the first since X°*: COCARTy — CAT is a
right adjoint. Moreover, the straightening/unstraightening equivalence immediately reduces the
proof of the first half to the case where X is a point. In this case, we have to show that the top
horizontal arrow of the commutative square

Funt5(7,8) —— Fun®5(4, &) X FunPS (gset &) Fun®5(79,,, €)

| |

Fun(J, €) ———— Fun(d, €) Xpun(geer,e) Fun(J,, €) .

is an equivalence. Note that the vertical arrows are fully faithful. From Proposition 10.1.6, the
bottom arrow is fully faithful. Thus, so is the top horizontal arrow. We are thus left to show
essentially surjectivity. From Lemma 9.3.6, the lateral faces of the following cube

set

Fun(J%¢*, &) i Fun(g°*, &)

& ‘ w)

Fun®5(7, &) P J Fun™5(7, &)

Fun (7, &) ? Fun(J°°*, &)

\iﬂpi Gryp \id) Gr

Fun™5(7,, €) Gk Fun (g%, &)

are commutative. Hence, all faces are commutative. We thus obtain a commutative square
Fun(J%¢*, &) —— Fun(J*, €) X Fun(geet, &) Fun(g5*, &)

- |
Fun™®(7, &) —— Fun™5(J,, &) X Fun(geet, &) Fun®(3, €)
Since ig,i: Fun(J**, &) — Fun™5(9,, &) and ig: Fun(J**, &) — Fun®>(g, &) are essentially surjec-

tive by definition, we deduce that so is the right vertical arrow of the above square. Since the top
horizontal arrow is an equivalence, the conclusion follows. O
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10.3. Level induction and Stokes detection.

Construction 10.3.1. Fix an oo-category X and let p: J — J be a level graduation morphism
in PosFiby. Fix also a presentable stable co-category €. We consider the following commutative
cube:

Fun(J, &) P Fun(g, &)
Stg)g o Stg}g Gr
JGrP
Gry Fun(J,, &) o UL Fun(J**, €)
Stg, ¢ - Stgeet &

Passing to fiber products on the front and back squares, we obtain the following commutative
square:

Lst
Stg,e —————> Stg.e XStyeee . Oto,.e

(10.3.2) [ [s

Fun(d, &) —55 Fun(g, €) X pun(geee) Fun(d,, &) .

Since

€= Fun(d, €) Xpun(geer,e) Fun(Jy, €)
is a finite limit in Cat., whose transitions functors commute with filtered colimits, filtered colimits
in € are computed objectwise. Since € is stable, we deduce that colimits in € are computed
objectwise. Hence, since pi: Fun(J, €) — Fun(g, &) and Gr,: Fun(J, &) — Fun(J,, £) commute
with colimits, so does Lg;. Thus, Lg; admits a right adjoint

Rpi: Fun(d, €) Xpun(geer, ) Fun(Jp, €) — Fun(J, €) .
Remark 10.3.3. By abstract nonsense, Rp; sends a triple G = (Fy, F3, ) to the pullback square
Rpi(G) ——— p*(F1)
Gr;J(FQ) —— Gr,, W*JGr(Fl)
in Fun(J, €).
From Theorem 10.2.1, the functor Lg; in (10.3.2) is an equivalence. Let Rg; be an inverse.
Then for every G € Sty ¢ X Sty et ¢ Stg,.e, the chain of equivalences
Map(Rst(G), Rril(G)) ~ Map(G, Lri (Rril(G))) By Proposition 10.1.6
~ Map (R (G), Rri(G))
gives rise to a canonical morphism
(10.3.4) Rst(G) — Rru(G) .

Proposition 10.3.5. Let X be an oo-category. Let p: I — J be a level graduation morphism in
PosFib’ over X. Let & be a presentable stable co-category. Let F':' J — &€ be a functor. Then the
following are equivalent :
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(1) F is a Stokes functor.
(2) Grp(F): 3, = € and pi(F): § — € are Stokes functors.

Proof. That (1) implies (2) follows from Corollary 8.3.4 and Proposition 9.4.9. Assume that (2)
holds. Then Ly (F) lies in Stg ¢ X Styeet ¢ Stg,,e. From (10.3.4) applied to G := Lgy(F), there is
a zig-zag
Rsi(Lra(F)) = Bea(Lyn(F)) < F
whose right arrow is an equivalence in virtue of Proposition 10.1.6. Hence, there is a canonical
morphism
o RSt(LFil(F)) — F.

Since Rgi(Lwu(F')) is a Stokes functor, we are left to show that « is an equivalence. Since
Grp(a): Grp(Rse(Lwi(F))) — Grp(F) identifies canonically with the identity of Gr,(F), we
conclude from Proposition 9.1.16 by conservativity of Gr,. (]
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Part 3. Geometric aspects

In this part we approach the study of Stokes functors in the geometric setting. In Section 11.3 we
introduce the fundamental notion of elementarity and its variants. Working under the assumption
of the existence of ramified piecewise elementary level structures, we establish the main categorical
and geometrical properties of the oo-category of Stokes functors: presentability and stability (see
Theorem 12.1.1), non-commutative smoothness (see Theorem 12.3.5) and the representability of
the derived moduli stack of Stokes structures (see Theorem 13.1.4). In Section 15 we develop a
criterion to test the elementarity of a Stokes stratified space, which is inspired by [36, Proposition
3.16] and relates the elementarity property with the geometry of the Stokes loci. Finally, in
Section 16 we analyze the Stokes stratified spaces arising from the study of flat bundles, and
establish the existence of ramified piecewise linear level structures for them.

11. STOKES ANALYTIC STRATIFIED SPACES

We start deepening our analysis of the category StStrat of Stokes (analytic) stratified spaces
introduced in Section 4, and introducing the key notion of elementary morphisms.

11.1. Functorialities of Stokes stratified spaces. Recall from Definition 4.1.1 and Re-
mark 4.1.5 that a Stokes stratified space is a triple (X, P,J) where (X, P) is an exodromic
stratified space and J — Il (X, P) is a cocartesian fibration in posets.

Definition 11.1.1. If ¢ C Mor(ExStrat) is a class of morphisms, we say that a morphism
(X,P,J) = (Y,Q,J) in StStrat lies in € if the induced morphism of analytic stratified spaces
(X,P) — (Y,Q) lies in C.

Example 11.1.2. The most relevant classes for our purposes are those of proper morphisms,
refinements and Galois cover.

Fix a presentable oco-category €. Recall from Definitions 5.1.2 and 5.2.3 that to every Stokes
stratified space (X, P,J) we can attach two P-hyperconstructible sheaves with values in CAT:
Fily ¢, Sty ¢ € ConsHP(X; CAT,,) .

Construction 11.1.3. Let f: (Y,Q,J) — (X, P,J) be a morphism in StStrat. Recall that f
amounts to the datum of a morphism of stratified spaces f: (Y,Q) — (X, P) and a commutative
diagram

g uf 9y vy 9

J |

(X, P) <=L 11 (v,Q)

where the square is cartesian. Applying Corollary 8.3.4 yields the following commutative diagram

exphS(I/To (X, P)) £ exptS(Iy /T (Y, Q) LN exps® (/1 (Y, Q))

[ R

(ILL4)  exp (3T (X, P)) £ expe (Oy /I (Y, Q) ——> expe (3/I (Y, Q)

J |

The functoriality of the exodromy equivalence with coefficients in Pr" recalled in Remark 2.3.7
shows that the middle row zig-zag induces transformations

u}’?: f*’hyp(%i[jyg) — %ﬂl[jyyg and by gi[gyyg — gi[g’g
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in Consg,yp (Y; PrL). Similarly the functoriality of the exodromy equivalence with coefficients in
CAT, recalled in Recollection 2.3.5 shows that the top row zig-zag induces transformations

uj}: f*’hyp(gtlg) — Gty ¢ and [ AE Gty, ¢ = Bty e

in Consgyp(Y;CAToo). Notice that the commutativity of (11.1.4) shows that these natural
transformation are compatible with the natural inclusion of &t_) ¢ into Fil(_)¢.

Proposition 11.1.5. Let f: (Y,Q,J) — (X, P,J) be a morphism in StStrat (see Remark 4.1.6).
Then the canonical morphisms

wpr fOP(Fil e ) — Filyy e and  uj: fONP(Stye) — Sty e
are equivalences. If in addition f is cartesian, then the morphisms
t)f7!: Si[jyyg — 3i[37g and Uf7!: ijy_’g — 6’(375
are equivalences.

Proof. Since the exodromy equivalence with coefficients in Pr™ and in CAT is functorial by
Recollection 2.3.5 and Remark 2.3.7, the first statement follows directly from the fact that the
left squares in (11.1.4) are pullback, see Corollary 8.3.4. The second statement follows from the
functoriality of exp¢, since when f is cartesian vy: Jy — § is itself an equivalence. O

Corollary 11.1.6. Let (X, P,J) € StStrat. For every x € X, the stalk of Sty ¢ at x is
canonically identified with Sty, ¢, i.e. with the essential image of g, 1: Fun(J5, &) — Fun(J,, &).

By design, Gty ¢ satisfies hyperdescent. The next proposition shows that actually more is true.

Proposition 11.1.7. Let (X, P,J) € StStrat and let & be a presentable co-category. Then, the
following holds:

(1) for every étale hypercover U, of X such that (U,, P) is exodromic for every [n] € Ag, the
canonical functor

Stj e — lim Stj &
9 [n]e A gp Un >
is an equivalence.

(2) If furthermore & is stable and (Uy, P,Jy,) is E-bireflexive for every [n] € As, then so is
(X, P,7) and the above limit can be computed in Pr R,

(8) If furthermore (Uy,, P,Jy, ) is stably universal for every [n] € A, then so is (X, P,J).
Proof. By Proposition 2.3.13, we know that
colim I, (U, P) — Il (X, P)

is an equivalence. Then, (1) follows from Proposition 8.5.1. Item (2) is an immediate consequence
of Corollary 8.5.3. Ttem (3) follows from Proposition 8.6.7. O

Notation 11.1.8. Let f: (Y,Q,J) — (X, P,J) be a morphism in StStrat. Under the adjunction
f*P o £, the morphisms u} introduced in Construction 11.1.3 determine transformations

f*Z gi[j’g — f* (gi[gy’g) and f*Z 6’(3’8 — f*(GtJY:E)

in Cons};,yp(X ; CATo ). When f is a cartesian morphism Proposition 11.1.5 shows that we can
rewrite the above morphism as

(1119) f*Z Si[j,fj — f*(gl[g,g) and f*I 6ijg — f*(Gfg’g) .
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When in addition f is a cartesian refinement, the underlying morphism of topological spaces is
the identity of X, and therefore §* simply becomes a transformation

f*Z Si[j’g — gi[g’g and f*Z 6fj7g — 6t37g .

In either case, passing to global sections and committing a slight abuse of notation, we denote by
f*: Fi 5?8 — Fi 5(7)8 and fre Stg.e — Stg.e

the induced functors.

Proposition 11.1.10. Let f: (X,Q,J) — (X, P,J) be a cartesian refinement in StStrat. Then,
the natural transformations

f*: 31[375 — Si[&g and f*: Gtmg — 6t375
introduced in Notation 11.1.8 are equivalences in Consg(X; CAT«).

Proof. Tt suffices to check on stalks. Fix a point x € X. The functoriality of the exodromy
equivalence paired with Corollary 6.1.6 supplies a canonical identification of

f;: (Si[ﬂ,g)z — (Sl[g,g)L
with
fa: Fun(J,, &) = Fun(d,, &) .

Since f is cartesian, f,: J, — J, is an equivalence, so the same goes for (f* and hence for) f*.
Using Corollary 11.1.6 as a starting point, the same reasoning shows that

f;: (Gtﬂ,g)z — (6t378)m

is an equivalence. O

Observation 11.1.11. Let f: (X,Q,d) — (X, P,J) be a cartesian refinement in StStrat. For
every open W in X, write fyr: (W,Q,dw) — (W, P,Jy ) for the induced cartesian refinement.
Unraveling the definitions and using Proposition 6.1.2-(1), we identify the global sections over W
of

fi: Silgy, e = Filg, e
with
u’}w : Fun®®* (Jy, &) — Fun®***(Jy, €) .

Combining Proposition 2.3.8 and Proposition 7.7.3, we see that u?w is an equivalence, and that
its inverse is given by the left Kan extension

Upy 1 Fun® Iy, &) — Fun®**(Jw, €) .

Since each uy,, 1 is an equivalence, we deduce that they can all be glued together to define a
natural transformation

fi: Silg e — Bilg e
in Consgyp(X ; PrL). Passing to global sections and committing a slight abuse of notation, we
denote by

f! : Fllg?g — Fl 8?3

the induced functor.
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Corollary 11.1.12. Let f: (X,Q,d) — (X, P,J) be a cartesian refinement in StStrat. Then
the natural transformation fi: §ily ¢ — Filg e of Observation 11.1.11 induces a transformation
fi: Gty e — Gty e
which is an inverse to f*: Gty ¢ — Gty ¢. In particular, passing to global sections, the adjunction
fi: Sty e S Sty e f*
18 an equivalence of co-categories.

Proof. Unraveling the definitions, we see that it is enough to check that for each point = € X,
the functor

(Fi)a: (Silge)e — (Silye)e
takes (St ¢e)s to (Stye),. By construction (fi), is an inverse to f%, which as in the proof of
Proposition 11.1.10 is canonically identified with
fa: Fun(d,, &) — Fun(J,, &) ,

where f, is the induced morphism J, — §J,. We therefore find a canonical identification of (fi),
with the left Kan extension f; ;. From, Corollary 11.1.6 we are thus left to check that f; takes
Stg,.e to Sty ¢. Since f,: J, — I, is an equivalence, the conclusion follows. [l

Corollary 11.1.13. Let (X, P) be an exodromic stratified space, considered as a Stokes stratified
space (X, P,I1o(X, P)). Then, Sty (x p)e is canonically equivalent to Locx e (see Defini-
tion 5.1.6).

Proof. Observe that (X, P, I (X, P)) — (X,*, (X)) is a cartesian refinement in StStrat.
From Proposition 11.1.10, we deduce that Sty (x p),e is canonically equivalent to Sty (x),e-
The punctually split condition being empty in that case, &ty (x),e is canonically equivalent to
Sili_(x),e- Then, the conclusion follows from Proposition 5.1.7. O

Corollary 11.1.14. Let (X, P,J) be a Stokes stratified space such that I — Il (X, P) is locally
constant in the sense of Definition 19.1.4. Then, &ty ¢ is locally hyperconstant on X.

Proof. By definition, the straightening of 3 — I, (X, P) sends every exit path to an isomorphism
of posets. From Proposition 2.3.8, we deduce the existence of a cartesian refinement (X, P,J) —
(X,*,d). Hence, Proposition 11.1.10 ensures that Gtj ¢ is canonically equivalent to Gty ¢. By
construction, Gty ¢ lies in Loc(X;Pr™) so the conclusion follows. O

11.2. Hyperconstructible hypersheaves and tensor product. Let (X, P) € ExStrat be
an exodromic stratified space. Let & be a presentable oo-category. Composition with the
colimit-preserving functor
(-)®¢&: Prl — Pr’
induces a colimit preserving functor
Fun(Il. (X, P),Pr") — Fun(ll (X, P), Pr") .

The exodromy equivalence with coefficients in Pr" from Remark 2.3.7 allows therefore to define
a functor
(=) @"P &: ConsHP(X; Prl) — ConsP(X; Prl)
making the diagram
Cons™P(X; Prl) —~— Fun(Il.(X, P), Pr")
(11.2.1) J(_)(@hypg J(_)Q@g

Cons'¥?(X; PrY) —~ Fun(Il(X, P), Pr")
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commutative.

Notation 11.2.2. There is a natural forgetful functor Cons}}yp(X; PrL) — PSh(X; PrL), and
(=) ® € induces a well defined functor

(=) ® &: PSh(X;Pr") — PSh(X;Pr") .
In other words, given J € Cons};;yp(X; PrL)7 F ® € is the presheaf sending an open U of X to
FU)®E.

Construction 11.2.3. Let J € Cons};;yp (X; PrL). Let € be a presentable co-category. Unraveling
the definitions, we see that for every point x € X, there is a natural equivalence

(Fa™Pe), ~F, ®&cPrt .
Fix an open U in X. Then we have a canonical identification

(FRMPE)U)~ lim F, @&,
2€M o (U,P)

and in particular we find a natural comparison map
FU)®E = (FWPE)(U),
which is a particular case of the Beck-Chevalley transformation considered in Lemma 7.5.6. In

other words, we obtain a natural transformation
(11.2.4) FRE - TFWPE

Notation 11.2.5. We denote Consy®(X; Pr“R) as the full-subcategory of ConsyP(X;Pr") of
hyperconstructible hypersheaves corresponding to objects in Fun(Il (X, P), Pr™®) through the
exodromy equivalence (11.2.1).

Lemma 11.2.6. Let I € Cons};yp(X;PrL’R). Let € be a presentable co-category. Then the
comparison map (11.2.4) is an equivalence, and in particular the presheaf F @ & is a hypersheaf.

Proof. This is a particular case of Lemma 7.5.6. We can argue directly as follows: it is enough to

show that for every open subset U of X, the canonical map

( lim 3'}) ®E — Iim F,®¢E
x€ll o (U, P) z€lo (U, P)

is an equivalence, and this follows directly from Lemma 7.5.6. O
Corollary 11.2.7. Let (X, P,J) be a Stokes stratified space. Let & and &' be presentable co-
categories.
(1) The canonical comparison map
Fily e @"P & — Fily e
is an equivalence.
(2) Assume that (X, P,J) is a Stokes stratified space in finite posets and that & and &' are
presentable stable. Then Fily ¢ belongs to Cons};)yp(X; PrL’R) and the comparison map
Filye ® & — Fily eger
is an equivalence.

Proof. The first point follows from Remark 3.3.1. The second point follows combining Lemma 7.3.5
with Lemma 11.2.6. (]

We conclude by recording the following handy sufficient condition ensuring that a categorical
sheaf F € ConsP(X; Pr") belongs to Conspy®(X; PrF).
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Lemma 11.2.8. Let (X, P) be a subanalytic stratified space. Let F € Consp(X; Pr™) such that
for every open subsets U C V., the functor F(V) — F(U) is a left and right adjoint. Then, F lies
in Cons ¥ (X; PriRy.

Proof. Let F: Ilo(X, P) — Pr' be the functor corresponding to F via the exodromy equivalence
(2.3.6). Let v: z — y be a morphism in I1 (X, P). By Proposition 2.5.6, choose an open
neighbourhood V' of x such that z is initial in I (V, P). At the cost of writing v as the
composition of a small enough exit-path followed by an equivalence, we can suppose that ~y lies
in V. Let U C V such that y is initial in I, (U, P). Then, the vertical arrows of the following
commutative diagram of &

are equivalences. Lemma 11.2.8 thus follows. (]

11.3. Elementarity. We now introduce a fundamental concept in the study of Stokes stratified
spaces: the notion of elementarity and its variants. We start discussing the absolute notion:

Definition 11.3.1 (Absolute elementarity). Let (X, P,J) be a Stokes stratified space. We say
that (X, P,J) is:

(1) elementary if for every presentable stable co-category &, the functor
Z‘jygi Stjset,g — Stj’g
is an equivalence;

(2) locally elementary if X admits a cover by open subsets U such that (U, P,Jy) is elementary.
Elementarity is a really strong condition, as the following two examples show:

Example 11.3.2. A poset J seen as a Stokes stratified space (*,x,J) as in Example 4.1.4 is
elementary if and only if J is discrete. Indeed, if J is discrete then i5: J5°* — J is an isomorphism
and therefore the three arrows in the commutative triangle

Fun(J%*, ) ——— Sty e

Fun(J, €)

are equivalences. Conversely, assume that J is elementary. Then the top horizontal arrow is an
equivalence, and therefore iy is forced to be fully faithful. Fix a non-zero object £/ # 0 in € and
assume by contradiction that there exists two elements a,b € J satisfying a < b. Then

set

Mapypyy (e e) (Vi) (B)evay (B)) =0,

while

set

MapFun(U,S) (il!evgj!e (E)ﬂ;j,!evg,! (E)) = MapFun(U,E) (evg,!(E)veV?z,l(E))
= MapFun(f],S) (E’ eV%*evg,! (E))
~ Mapy (E, E) £ 0 ,

which contradicts the full faithfulness of iy .
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Example 11.3.3. We consider again the situation of Example 5.2.7. Then the analysis carried
out there shows that (S!, P,J) is not elementary while (Wi, P,Jyw,) and (W_1, P,Jy_,) are
elementary. In other words, (S!, P,J) is locally elementary.

Example 11.3.4. Take X = (0, 1) stratified in four points and take J the constructible sheaf in
posets depicted below:

c c c c c b b b

N N I /N

b a b a b a b b c c a c a

| ! AN

a b a a a c
Cab Cap Ch,c Ca,c

Here we marked with C, g the Stokes locus for the pair {«, 8}. It follows from Theorem 15.2.4
that the shadowed interval is elementary, because it contains exactly one Stokes direction for
every possible pair of elements of J%* = {a,b,c}. On the other hand, Corollary 15.2.8 shows
that the leftmost C,;, cannot have an elementary open neighborhood. In other words, this is an
example of a Stokes stratified space which is not locally elementary.

Warning 11.3.5. Let (X, P,J) be a Stokes stratified space. In general, the intersection of two
elementary open subsets is no longer elementary: for instance, with the notations of Example 5.2.7,
the intersection W7 N W_ is no longer elementary. Also, Example 11.3.2 implies that any point
x € X such that J, is not discrete does not have a fundamental system of elementary open
neighborhoods. In other words, even when (X, P,J) is locally elementary, the collection of
elementary open subsets of X does not form a basis for the topology of X.

Let us discuss two variations on Definition 11.3.1. The first one concerns adapting the notion
of elementarity to a family of Stokes stratified spaces:

Definition 11.3.6. A morphism (X, P) — (Y, Q) in ExStrat is said to be a family of exodromic
stratified spaces if for every y € Y the stratified space (X, P) is exodromic.

Notation 11.3.7. Recall from Example 4.1.3 that every exodromic stratified space (Y, Q) gives
rise to a Stokes stratified space (Y, @, 0). We will commit a slight abuse of notation and write
(Y, Q) in place of (¥, Q,0).
Definition 11.3.8. A family of Stokes stratified spaces is a morphism

f(X,PI) = (Y,Q)
in StStrat whose underlying morphism f: (X, P) — (Y, Q) is a family of exodromic stratified
spaces. We denote the (1-)category of families of Stokes stratified spaces by FStStrat C
StStrat!!l.

Example 11.3.9. Let f: (X, P) — (Y, Q) be a morphism of subanalytic stratified spaces. Then
for each y € Y, the fiber (X,,P) is again a subanalytic stratified space, so Remark 2.5.4
guarantees that (X, P) is again exodromic. Therefore f is a family of exodromic stratified spaces.
In particular, for any Stokes fibration J on (X, P), the resulting morphism f: (X, P,J) — (Y, Q)
is a family of Stokes analytic stratified spaces.

Definition 11.3.10 (Relative elementarity). Let f: (X, P,J) — (Y, Q) be a family of Stokes
stratified spaces. We say that f is (locally) elementary at y € Y if (X,,P,J,) is (locally)
elementary. We say that f is (locally) elementary if it is (locally) elementary at y for every y € Y.

Remark 11.3.11. It follows from Example 11.3.2 that the empty poset J = ) is elementary.
Thus, a family of Stokes stratified spaces f: (X, P,J) — (Y, Q) is automatically elementary at
every point y € Y not in the image of f (i.e. for which X, = 0).
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Before moving on to the second variation on the notion of elementarity, let us record a couple of
important facts concerning relative elementarity. The first is the following easy stability property:

Lemma 11.3.12. Consider a morphism of families of Stokes stratified spaces
(¥,Q.9) —— (X, PJ)
(11.3.13) lf/ Jf
(Y’,QI) RN (X/,P/)
with cartesian horizontal arrows. Consider the following conditions:
(1) The square of stratified spaces underlying (11.3.13) is a pullback.
(2) The horizontal arrows are refinements.
Then, in both cases if f is elementary the same goes for f'. In case (2), the converse holds.

Proof. In case (1), the fibers of f” are fibers of f so there is nothing to prove. For (2), let z € X’
and let € be a presentable stable co-category. Then, restricting above z yields a refinement of
exodromic stratified spaces g, : (Y., Q) — (X,, P). Thanks to Corollary 11.1.12 the horizontal
arrows in the commutative square

Y1
Stgiet’g — Stjiet,g

liaz‘! liam,!

gz ,!
Stg,.e — Sty e
are equivalences, so the conclusion follows. (I

The second property of relative elementarity is the following important local-to-global principle.
An idea that plays a major role subsequent developments is that to establish absolute elementarity
of some (X, P,J), it is useful to fiber (X, P,J) over a stratified space (Y, Q), and then establish
relative elementarity to apply the following:

Proposition 11.3.14. Let f: (X, P,J) — (Y,Q) be an elementary family of Stokes stratified
spaces. Assume that the underlying morphism f: X — Y is proper and that at least one of the
following conditions hold:

(1) The induced morphism of co-topoi
fv: Sh™P(X) — Sh™P(Y)
is proper in the sense of [31, Definition 7.3.1.4].

(2) f: (X,P)— (Y,Q) is a morphism of subanalytic stratified spaces.
Then, (X, P,J) is elementary.
Proof. Let € be a presentable stable co-category. We have to show that

i3 Stgser g — Sty g
is an equivalence. To do this, it is enough to show that the morphism
Je(F91) 1 fo(Stgser &) — fi(Btye)

in Sh™P(Y; CAT.,) is an equivalence. This can be done at the level of stalks. Fix therefore
y €Y. For every F € Shhyp(X ; CAT), we have a canonical comparison map

(11.3.15) Y E(F) = Tx, (G (F))
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where j,: X, < X is the inclusion of the fiber. Notice that Proposition 11.1.5 provides an
identifications

GRSty e) Sty e and P (Stgeerg) Stgeer e

so the result follows from our elementarity assumption as soon as we know that (11.3.15)
is an equivalence for F = Gty ¢ and for F = Styeer ¢. In case (1), since CATo, is compactly
generated, [24, Theorem 0.5] shows that (11.3.15) is an equivalence for every categorical hypersheaf
F € Sh™P(X; CAT.,). In case (2), Proposition 2.5.10 shows that (11.3.15) is an equivalence for
any F € Consp(X; CATs). So in both cases the conclusion follows. O

Recollection 11.3.16. Let us recall some topological conditions that ensure that assumption
(1) in Proposition 11.3.14 are satisfied. Assume that:

(a) X is locally compact and Hausdorff and f is proper;

(b) both X and Y admit an open cover by subsets of finite covering dimensions (see [31,
Definition 7.2.3.1]).

Condition (a) ensures via [31, Theorem 7.3.1.16] that the geometric morphism
fv: Sh(X) — Sh(Y)

is proper. Condition (b) on the other hand guarantees that both Sh(X) and Sh(Y') are hyper-
complete: combine [31, Theorem 7.2.3.6, Corollary 7.2.1.12 and Remark 6.5.2.22]. Finally, notice
that any paracompact and finite dimensional space has finite covering dimension, see for instance
[16, Proposition 3.2.2].

We now introduce one final variation on the idea of elementarity in the analytic setting:

Definition 11.3.17 (Absolute piecewise elementarity). Let (X, P,J) be a Stokes analytic stratified
space and let x € X be a point. We say that:

(1) (X, P,J) is piecewise elementary at x if there exists a closed subanalytic subset Z containing
x such that (Z, P,Jz) is elementary;

(2) (X, P,J) is strongly piecewise elementary at x if there exists a closed subanalytic neigh-
borhood Z containing x such that (Z, P,Jz) is elementary;
We say that (X, P,J) is (strongly) piecewise elementary if it is (strongly) piecewise elementary at
every point.

Remark 11.3.18. We will see in the next section that piecewise elementarity implies local
elementarity: in other words, if one can find a closed subanalytic subset Z containing = such that
(Z,P,Jy) is elementary, then Z can be spread out to an elementary open neighborhood of .

Moving to the relative setting, we have:

Definition 11.3.19 (Relative piecewise elementarity). Let f: (X, P,J) — (Y, Q) be a family of
Stokes analytic stratified spaces and let x € X be a point. We say that:
(1) fis vertically piecewise elementary at x if the fiber (X ¢(4), P, J(s)) is piecewise elementary
at x;

(2) f is piecewise elementary at x if there exists a closed subanalytic subset Z containing
x and such that f|z: (Z,P,Jz) — (Y,Q) is an elementary family of Stokes analytic
stratified spaces;

(3) f is strongly piecewise elementary at x if there exists a closed subanalytic neighborhood
Z of x such that f|z: (Z,P,Jz) — (Y,Q) is an elementary family of Stokes analytic
stratified spaces.
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We say that f is (vertically, strongly) piecewise elementary if it is (vertically, strongly) piecewise
elementary at every point.

Remark 11.3.20. Saying that f: (X, P,J) — (Y, Q) is vertically piecewise elementary amounts
to say that for every y € Y the fiber (X,, P,J,) is piecewise elementary.

We conclude with a couple of easy facts concerning piecewise elementarity:

Lemma 11.3.21. Consider a morphism of families of Stokes analytic stratified spaces

(Y,Q.9) —— (X, PJ)
(11.3.22) lf’ lf
Y,Q) — (X, P
with cartesian horizontal arrows. Let € be a presentable co-category. Let y € Y and put x = g(y).

Consider the following conditions :
(1) The square of stratified spaces induced by (11.3.22) is a pull-back.

(2) The horizontal arrows are refinements.

Then, in either case [ is (strongly) piecewise elementary at y if f is (strongly) piecewise elementary
at x. In case (2), the converse holds.

Proof. Immediate from Lemma 11.3.12. O

Clearly, if f: (X, P,J) — (Y, Q) is strongly piecewise elementary it is also piecewise elementary.
We also have:

Corollary 11.3.23. Let f: (X, P,J) = (Y, Q) be a family of Stokes analytic stratified spaces. If
f is piecewise elementary at a point x € X, then it is vertically piecewise elementary at x.

Proof. Let Z be a closed subanalytic subset containing x such that (Z, P,Jz) is elementary. Set
y = f(z). Then Z, ~ X,, X x Z is a closed subanalytic subset of X, and Lemma 11.3.21 implies
that (Z,, P,Jz,) is elementary. O

11.4. Spreading out for Stokes analytic stratified spaces. The goal is to prove a spreading
out property for closed subanalytic subset of Stokes analytic stratified spaces that does not change
the category of Stokes functors. The proof combines all the functoriality results concerning Stokes
functors obtained so far, with the deep results obtained by Thom, Mather, Goresky and Verdier
on the local structure of analytic stratified spaces. We will also need terminology and results
from the theory of simplicial complexes, for which we refer the reader to Section 2.4.

Theorem 11.4.1 (Spreading out). Let (X, P,J) be a Stokes analytic stratified space. Let & be a
presentable stable co-category. Then any closed subanalytic subset Z C X admits a fundamental
system of open meighborhoods i: Z — U such that:

(1) U final at Z (see Definition 2.3.12).

(2) The induction 4: Fun(Jz, &) — Fun(Jy, &) preserves Stokes functors.

(8) The adjunction iy 4 4* induces an equivalence of co-categories between Stg, ¢ and Stg, .
(4) (Z,P,Jz) is elementary if and only if (U, P,Jy) is elementary.

(5) If Z is compact, the open set U can be chosen to be subanalytic.
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Proof. Observe that the claim (4) follows from (3) and the commutativity of the following square

)
Stjgz‘jt,g —_— Stjzfot78

lijz’! J{iJU,!

Stjz,g L) Stng .

As a consequence of Proposition 7.6.7 and Lemma 7.6.13, every open subset U C X satisfying
(1) and (2) automatically satisfies (3). We are thus left to find a fundamental system of open
neighborhoods of Z satisfying (1) and (2).

We first observe that to construct such open neighborhoods we can replace (X, P,J) by any
cartesian refinement. Indeed, let

r: (¥,Q,9) — (X, P,7J)
be a cartesian refinement in ExStrat and set
T=7ZxxY.

Let V be an open neighborhood of T inside Y. Since r: ¥ — X is a homeomorphism, U := (V) is
an open neighborhood of T" inside X. We obtain the following commutative diagram in ExStrat:

(T,Q) — (7, P)

| I

V,Q) - (U, P) .

Passing to the stratified homotopy types, Proposition 2.3.8 shows that the horizontal maps
becomes localizations, and hence final maps. Thus, [31, Proposition 4.1.1.3-(2)] implies that if V'
is final at T" the U is final at Z. Besides, Corollary 11.1.12 shows that both

(r|r)r: Fun(Jr, &) — Fun(Jz, &) and (r|7)r: Fun(JY, €) — Fun(J5*, €)
preserves the full subcategories of Stokes functors and that the induced morphisms
(7"|T)!: Sth,g — Stjz’g and (TT)!: Stj?‘:t’g — Stjszctﬁe

are equivalences of oo-categories, and similarly for r|y in place of r|p. It follows that if
jr: Fun(Jp, €) — Fun(Jy, €) preserves Stokes functors, then so does i;.

Using [53, Théoréme 2.2] we can refine the stratification (X, P) to a Whitney stratification
(X, Q) such that Z is union of strata of (X, Q). By [22, Theorem §3|, (X, Q) admits a locally finite
triangulation. Thus, using the notations from Section 2.4, we can replace (X, @) by the geometric
realization (|K|[, F') of a simplicial complex K = (V, F) and we can furthermore assume that
(Z,Q) corresponds to the geometric realization (|S|, Fis) a simplicial subcomplex S = (Vg, F) of
K. At the cost of replacing K by its barycentric subdivision, we can suppose that S is full in K.
Fix a real number 0 < ¢ < 1 and define

Us k= {w: V —10,1] | supp(w) N Vg # () and Z w(v) < 8} .

veEV Vg

Then {U§ x fo<e<1 is a fundamental system of open neighborhoods of |S| inside |K|. We claim
that each U§ f satisfies conditions (1) and (2). Notice that for ¢ < ¢’ the inclusion

(Us . F) C (Ug ., F)



HOMOTOPY THEORY OF STOKES STRUCTURES AND DERIVED MODULI 103

is a stratified homotopy equivalence. It is therefore enough to show that Ug x = U, é  satisfies
conditions (1) and (2). Since S is full in K, Lemma 2.4.3 shows that Ug x is final at |S], i.e.
property (1) holds. Concerning (2), observe first that via the equivalence

I(K|,F)~F

supplied by Theorem 2.4.1, II(|Us, k|, F') corresponds to the subposet Gg C F of faces having
non-empty intersection with S. Then the inclusion of posets

Fs‘—>GS

satisfies the assumptions of Corollary 7.8.10: indeed, since S is full in K we see that for every
o € G5 the intersection 0N S is a face of S and therefore provides a final object for (Fs),,. Thus,
denoting ig: |S| < U the canonical inclusion, we deduce from Corollary 7.8.10 that the induction
functor

is,: Fun(Jjg), €) = Fun(Jyg ., €)
preserves cocartesian functors. At this point, Lemma 8.2.4 guarantees that ig also preserves
Stokes functor, so property (2) is satisfied as well.

We are left to prove (5). Assume now that Z is compact. In particular, the set Gg is finite.
On the other hand, we have
Usk= |J lol.

oc€Gs
Furthermore, the triangulation can be constructed so that the interior of each simplex is subanalytic
[26, Theorem 2|. See also paragraph 10 and Remark p1585 of [55]. Hence (5) follows from the
fact that a finite union of subanalytic subsets is again subanalytic. O

Corollary 11.4.2. Let f: (X, P,J) — (Y, Q) be a vertically piecewise elementary family of Stokes
analytic stratified spaces. Then:

(1) (X, P,J) is locally elementary.

(2) If f: X =Y is proper, there exists a cover of X by subanalytic open subsets U such that
(U, P,Jy) is elementary.

Proof. Let x be a point of X and set y := f(x). Choose a closed subanalytic subset Z of X, such
that (Z, P,Jz) is elementary. Then Theorem 11.4.1-(4) implies the existence of an elementary
open neighborhood U of Z, so (1) follows. If furthermore f is proper, then X, is compact and
therefore the same goes for Z, so (2) follows from Theorem 11.4.1-(5). O

11.5. Level structures. Local elementarity is a fundamental concept in the theory of Stokes
analytic stratified spaces, but it is only rarely satisfied. Level structures provide the key technical
tool needed to bypass this difficulty: performing induction on the length of a level structure
allows to reduce the complexity of the Stokes analytic stratified space, eventually reducing to
the locally elementary case. Conceptually, one takes care of the induction step via the Stokes
detection criterion Proposition 10.3.5, developed in Part 2 and that uses the theory of graduation
in an essential way. We start importing these ideas in the geometric setting via the following;:

Definition 11.5.1. Let (X, P) be an exodromic stratified space. Let £ be a presentable stable
oo-category. Let p: T — J be a graduation morphism over IIo (X, P) (see Definition 9.1.4). The
graduation relative to p is the morphism

®‘Cp2 Si[g,g — Si[gwg

in Cons}léy P(X; PrL) corresponding to the exponential graduation functor expGr,, from Defini-
tion 9.2.1 under the exodromy equivalence.
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Observation 11.5.2. It follows from Corollary 9.3.7 that &t, induces a well defined morphism
Or,: Gty e — Bty ¢
in ConsP(X; CAT,,).
Definition 11.5.3. Let (X, P) — (Y, Q) be a family of exodromic stratified spaces and let
p:J—=7

be a morphism of Stokes fibrations over (X, P). Fix a full subcategory € C FStStrat. We say
that p is a simple C-level morphism relative to (Y, Q) if the following conditions hold:

(1) pis a level morphism in the sense of Definition 10.1.2;
(2) both J%¢* and J5¢* are pullback of Stokes structures (in sets) over (Y, Q);
(3) for every g € @, the family of Stokes stratified spaces
(Xq, Py, Ulx, Dpix,) = Yo
belongs to € (see Construction 9.1.1 for the meaning of the notation (J|x,)px,)-

We say that p is a C-level morphism relative to (Y, Q) if it can be factored as a finite composition

(11.5.4) J=gd P, gd 2L, P2 gl P, g0y

where each J* is a Stokes fibration over (X, P) and each py: J¥ — J¥~1 is a simple C-level
morphism relative to (Y, Q). When € = FStStrat, we simply say that p is a (simple) level
morphism relative to (Y, Q).

Remark 11.5.5. Assume that the stratification on Y is trivial. Then Condition (2) ensures that
if p: J — J is a simple level morphism, then it is also a level graduation morphism above each
stratum of Y.

Definition 11.5.6. In the situation of Definition 11.5.3, we refer to a factorization of p: J — J of
the form (11.5.4) as a C-level structure for p and we say that d is its length. When J = I (X, P),
we say that (11.5.4) is a C-level structure for J.

Definition 11.5.7. Let € C FStStrat be a full subcategory. We say that a family of Stokes
stratified spaces (X, P,J) — (Y, Q) admits a C-level structure if the morphism
p: I —= (X, P)

is a C-level morphism relative to (Y, Q). Similarly, we say that (X, P,J) — (Y, Q) locally admits
a C-level structure if Y can be covered by open subset U such that each (Xy, P,Jy) — (U, Q)
admits a C-level structure.

Example 11.5.8. Let (X, P,J) be a Stokes stratified space. Then the canonical morphism
J = (X, P) is a level morphism, so (X, P,J) always admits a level structure of length 1.

Example 11.5.9. Let € C FStStrat be the full subcategory spanned by locally elementary
families. Then a Stokes stratified space (X, P,J) admits a level structure of length 1 if and only if
the canonical morphism p: J — I1 (X, P) is a simple locally elementary level morphism. Since
in this case J, = J, this happens if and only if (X, P,J) is locally elementary.

As a consequence of Theorem 11.4.1, we obtain:

Corollary 11.5.10. Let f: (X, P,J) — (Y, Q) be a family of Stokes analytic stratified spaces.
Then:
(1) If f has a vertically piecewise elementary level structure then it has a locally elementary
level structure;
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(2) if f has a piecewise elementary level structure, then it has a vertically piecewise elementary
level structure;

(8) if f has a strongly piecewise elementary level structure, then it has a piecewise elementary
level structure.

Proof. (1) follows from Corollary 11.4.2, (2) follows from Corollary 11.3.23 and (3) is automatic
unraveling the definitions. O

In the classical theory of Stokes structures, level structures exist only after some suitable
ramified cover. The following definition axiomatizes this phenomenon.

Definition 11.5.11. A morphism in FStStrat

(X/aplvg) - (X5P7J)

J J

(Ylv Q/) - (Y’ Q)

is a finite Galois stratified cover if the upper arrow is cartesian in StStrat and if for ever q € @,
the horizontal arrows of the induced diagram

X('J—>Xq

are finite étale Galois covers.

Definition 11.5.12. Let € C FStStrat be a full subcategory. We say that a family of Stokes
stratified spaces (X, P,J) — (Y,Q) admits a ramified C-level structure if there exists a finite
Galois stratified cover as in Definition 11.5.11 such that (X', P’,J) — (Y',Q’) admits a C-level
structure. We say that (X, P,J) — (Y, Q) locally admits a ramified C-level structure if Y can be
covered by opens U such that each (Xy, Py,Jy) — (U, Q) admits a ramified C-level structure.

11.6. Hybrid descent for Stokes functors. As observed in Warning 11.3.5 that even when
they exist, elementary open subsets do not form a basis of the topology. For this reason, we need
to discuss a hybrid descent property for the co-category of Stokes functors that combines Gt on
elementary opens and §il on their further intersections. This is achieved via the following:

Construction 11.6.1. Let (X, P,J) be a Stokes stratified space and let £ be a presentable
oo-category. Let U = {U,} be a hypercover of X. We define the semi-simplicial diagram

StFill'e : AP — CAT
as the subfunctor of
Sily e 0o Uqy: AP — CAT,
defined by

th)g(Uo) ifn=0

AU ._
StFlljvg([n]) T {31[378(U7l) ifn>0.

Notice that it is well defined thanks to the commutativity of (11.1.4).
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Proposition 11.6.2. Let (X, P,J) be a Stokes stratified space and let € be a presentable co-
category. Let W= {U,4} be a hypercover of X. Then the canonical functor

. AU

s an equivalence of co-categories.

Proof. For every n > 0, the functors
Sty e (Upn) — Fily e (Uy)

are fully-faithful. Since &ty ¢ and Fily ¢ are hypersheaves, passing to the limit thus yields
fully-faithful functors

Stge < lim StFilyz([n]) < Fun®%(3,¢) .
[n]eAg? ’

By definition, an object of the middle term is a cocartesian functor F': J — € such that F|y, is a
Stokes functor. In particular, F' is punctually split at every point of X. Hence, F' is a Stokes
functor. This concludes the proof of Proposition 11.6.2. O

Remark 11.6.3. If U, is the hypercover induced by a finite cover Uy, ...,U, of X, then the

limit appearing in Proposition 11.6.2 can be performed over the finite subcategory Azpms of A%,

Under some suitable finiteness and stability conditions, the diagram StFil; ¢ takes value in
Pr“® (Definition 7.5.2):

Corollary 11.6.4. Let (X, P,J) be a Stokes stratified space in finite posets. Let & be a presentable
stable co-category. Let W = {Uq} be a hypercover of X such that (Ug, P,Jy,) is elementary.
Then the semi-simplicial diagram of Construction 11.6.1 lifts to a functor

StFilf'e: AP — PriF
In particular, the equivalence
Stg,e IAHOIg StFil%{e
supplied by Proposition 11.6.2 is an equivalence in Pr™, where the limit is computed in Pr".
Proof. Since Uy is elementary, the definition of StFilg{ ¢ yields:

Funcoca”(J{‘}g, &) ifn=0

U
Sty (Un) o= {Funcomom, &) ifn>0.

In both cases, StFily ¢ takes values in Pr" by Corollary 7.2.4. Let f: [n] — [m] be a morphism
in A° and let if: U, — U, be the associated morphism. When m > 0 the corresponding

transition functor for StFilgf ¢ is just
i Fun®°**(Jy, , &) — Fun®***(Jy,, &) ,
while for m = 0 Corollary 8.3.4-(1) identifies it with
i} 0 gy, 1o Fun® (3%, &) — Fun®*(Jy,, &) .

In both cases, Lemma 7.3.5 shows they are both left and right adjoints. To conclude the proof of
Corollary 11.6.4, use Proposition 11.6.2 and the fact that Pr' — Cat., commutes with limits. O
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12. STOKES STRUCTURES AS A SMOOTH NON-COMMUTATIVE SPACE
Let (X, P,J) be a Stokes stratified space and fix an animated ring k. We consider the oco-category

Sty = Sty Mod, -

We saw in Example 5.2.6 that in general Sty ;, does not inherit any of the good properties of Mody:
for instance, it is neither presentable nor stable. The goal of this section is to prove that on the
other hand Sty is well behaved when (X, P,J) admits a locally ramified piecewise elementary
level structure. This is a strong condition forcing a highly non-trivial interaction between the
geometry of X and J.

12.1. Stability. The goal of this section is to prove one of the key results of this work, namely:

Theorem 12.1.1. Let f: (X,P,J) — (Y,Q) be a family of Stokes stratified spaces in finite
posets. Assume that [ locally admits a ramified locally elementary level structure. Then for every
presentable stable co-category €, the co-category Sty e is presentable and stable.

Theorem 12.1.1 will follow from a more precise statement (see Corollary 12.1.4 below) exhibiting
Sty e as a localization of Fun(J, £). With this goal in mind, we start setting up the stage with a
couple of preliminaries lemmas.

Lemma 12.1.2. Let (X, P,J) be a locally elementary Stokes stratified space and let € be a
presentable co-category. Then:

(1) Sty is closed under colimits in Fun(J, £);

(2) if in addition the fibers of J are finite and € is stable, then Sty ¢ is closed under limits in
Fun(J,€&). In other words, (X, P,J) is stably bireflexive.

Proof. Thanks to Proposition 7.2.9 we see that Fun®"*(J, &) is closed under colimits in Fun(J, &).
Similarly, when the fibers of J are finite posets, Remark 17.2.4 and Proposition 7.2.14 imply that
Fun®*(J, €) is stable under limits in Fun(J, £). Let now F,: I — Fun(J, €) be a diagram such
that for every i € I, the functor F;: J — € is Stokes and set

Fqo:=1limkF;, Fo = colim F; ,
i€l i€l
where the limit and the colimit are computed in Fun(J, €). To check that F and F|. are Stokes,
we are left to check that they are pointwise split. This question is local on X and since (X, P,J)

is locally elementary, we can therefore assume that it is elementary to begin with. In this case,
the top horizontal arrow in the commutative triangle

Fun(J9%*, ) —————— Stg ¢
Fun(7, &)

is an equivalence. Thus, we deduce that Fj, is Stokes from the fact that ¢5) commutes with
colimits. Similarly, when the fibers of J are finite posets, we deduce that F is Stokes from
Proposition 17.2.3 and Remark 17.2.4. O

Theorem 12.1.3. Let f: (X, P,J) — (Y, Q) be a family of Stokes stratified spaces in finite posets
locally admitting a ramified locally elementary level structure. Then (X, P,J) is stably bireflexive.

Proof. Let & be a presentable stable co-category. Let Fo: I — Fun(J, £) be a diagram such that
for every i € I the functor F;: J — € is Stokes and set

Fqo:=1limkF;, F. = colim F; |
icl iel
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where the limit and the colimit are computed in Fun(J, €). By Proposition 7.2.9 and Proposi-
tion 7.2.14, the functors F4 and F,. are cocartesian. We are thus left to show that they are
punctually split. Hence, we can suppose that Y is a point and that (X, P,J) admits a ramified
locally elementary level structure. Since we are checking a punctual condition on X, we can
further suppose that (X, P,J) admits a locally elementary level structure. We argue by induction
on the length d of the locally elementary level structure. If d = 0, then I = II, (X, P) is a fibration
in sets, so the result follows from Proposition 8.4.1. Otherwise, our assumption guarantees the
existence of a level morphism p: J — J such that:

(1) J admits a locally elementary level structure of length < dj
(2) (X,P,J,) is locally elementary.

Notice that since level morphisms are surjective, the fibers of J are again finite posets, so the
inductive hypothesis applies to the Stokes stratified space (X, P,J). Consider the pullback square

Stlg SN Stg7g

T

Stjp,g SN Stgsct,g

supplied by Theorem 10.2.1. The Stokes detection criterion of Proposition 10.3.5 implies that
F4 is Stokes if and only if both Gr,(Fq) and pi(Fg) are Stokes, and similarly for Fi, in place of
F4. Propositions 9.1.12 and 9.1.15 guarantee that Gr, commutes with both limits and colimits.
Similarly, p1 commutes with colimits because it is a left adjoint; since the fibers of J are finite
posets Proposition 17.2.3 and Remark 17.2.4 imply that p; commutes with limits as well. Thus,
we are reduced to check that

Grp(Fgq) ~ lim Grp(F;) € Fun(J,, €) and pi(Fg) ~limp(F;) € Fun(g, €)

are Stokes functors, and similarly for the colimit in place of the limit and F. in place of
F4. Proposition 9.4.9 ensures that Gr,(F;) is Stokes for every i € I, while Corollary 8.3.4-(2)
guarantees that pi(F;) is Stokes for every ¢ € I. Thus, the induction hypothesis implies that
pi(Fq) and pi(F) are Stokes. On the other hand, since J,, is locally elementary, Lemma 12.1.2
implies that Gr,(Fq) and Gr,(F}.) are Stokes as well, and the conclusion follows. O

At this point, Theorem 12.1.1 follows from the following more precise statement:

Corollary 12.1.4. Let f: (X,P,J) — (Y,Q) be a family of Stokes stratified spaces in finite
posets locally admitting a ramified locally elementary level structure. Let € be a presentable stable
oo-category. Then Sty e is a localization of Fun(J, ), and in particular it is presentable and
stable.

Proof. Combine Lemma 8.4.6 with Theorem 12.1.3. O

Corollary 12.1.5. Let f: (X,P,J) — (Y,Q) be a family of Stokes stratified spaces in finite
posets locally admitting a ramified locally elementary level structure. Let € be a presentable stable
compactly generated co-category. Let {Ey}tacr e a set of compact generators for €. Then Sty ¢ is
presentable stable compactly generated by the {LStg e (eva1(Eu))}act,acs where the evy : {a} — T
are the canonical inclusions.

Proof. Combine Lemma 8.4.8 with Theorem 12.1.3. O

Thanks to the results of Section 8.7, we obtain the following:
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Corollary 12.1.6. Let f: (X, P,J) — (Y, Q) be a family of Stokes stratified spaces in finite posets
locally admitting a ramified locally elementary level structure. Let A be a Grothendieck abelian
category. Then Stg 4 is a Grothendieck abelian category.

Proof. Combine Corollary 8.7.14 with Theorem 12.1.3. (|

Remark 12.1.7. Thanks to Corollary 11.5.10, all the results stated so far hold for families of
Stokes analytic stratified spaces in finite posets f: (X, P,J) — (Y, Q) locally admitting a ramified
vertical piecewise elementary level structure.

The following lemma is an amplification of Corollary 12.1.4 in the analytic setting:

Proposition 12.1.8. Let f: (X, P,J) — (Y, Q) be a proper family of Stokes analytic stratified
spaces in finite posets locally admitting a ramified locally elementary level structure. Let € be a
presentable stable co-category. Then, the following hold:
(1) For every open subsets U C V, the functor f.(Sty e)(V) — f(Gtye)(U) is a left and
right adjoint.

(2) There exists a subanalytic refinement R — Q such that f.(Sty¢) € Consfl‘%yp(X; Prh).

(3) For every subanalytic refinement R — Q such that f.(Sty¢) € Cons}}}yp(X;PrL), the
hypersheaf f.(Stge) is an object of Cons}éyp(X; Priof).

Proof. Ttem (1) is an immediate consequence of Theorem 12.1.3 and Corollary 12.1.4. The
existence of an analytic refinement as in (2) is a consequence of Proposition 2.5.10. Then (3)
follows from (1) and Lemma 11.2.8. O

12.2. Stokes functors and tensor product. In this section, we analyze more thoroughly the
interaction between the category of Stokes functor and the tensor product in Pr¥.

Lemma 12.2.1. Let (X, P,J) be a locally elementary Stokes stratified space in finite posets. Then
(X, P,7J) is stably universal.

Proof. Note that (X, P,J) is stably bireflexive by Lemma 12.1.2. Let &, &’ be presentable stable
oo-categories. Since (X, P,J) is locally elementary, we can find a cover {U;} such that (U;, P, Jy,) is
elementary. Let U = {U,} be its Cech nerve. Recall from Construction 11.6.1 the semi-simplicial
diagram

StFilf's : A% — CAT, .

By Corollary 11.6.4, this functor takes values in PrY®. Therefore, we can tensor it with &/,
finding:

Stye ® & ~ (1A1m StFilge ) @ & By Cor. 11.6.4
~ lim (StFill's ®€’) By Lem. 7.5.5
~ lim StFill ¢ e By Cor. 7.5.7 & E.g. 8.2.3
o~ Stj76®8/ By Cor. 11.6.4
The conclusion follows. O

Proposition 12.2.2. Let (X, P,J) be a Stokes stratified space in finite posets admitting a locally
elementary level structure. Then (X, P,J) is stably universal.
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Proof. Note that (X, P,J) is bireflexive by Theorem 12.1.3. Let &, & be presentable stable oo-
categories. We proceed by induction on the length d of the locally elementary level structure. When
d=0,7 =T(X,P) and (X, P,J) is elementary, so the conclusion follows from Lemma 12.2.1.
Otherwise, our assumption guarantees the existence of a level morphism p: J — J such that:

(1) J admits a locally elementary level structure of length < dj

(2) (X, P,J,) is locally elementary.

Notice that since level morphisms are surjective, the fibers of J are again finite posets, so the
inductive hypothesis applies to the Stokes stratified space (X, P,d). Consider the following
commutative cube:

PR’

Stj’g ®E& Stgﬁ ® &
\ Gr®£\
Gr, ®€&’ Stlg@g/ & Stg,gj@‘g/
(12.2.3) . J
Stjp’g X 8/ L Stgsct7£ X 6, Gr
\ ) \
Stng@)gl Stgset,(g@g/ .

whose front face is a pull-back in virtue of Theorem 10.2.1. Combining Theorem 12.1.3, Corol-
lary 8.4.11 and Lemma 7.5.5 we deduce that the back face is a pullback in Pr™®. Lemma 12.2.1
shows that the bottom diagonal arrows are equivalences while the upper right diagonal arrow is
an equivalence by the inductive hypothesis. Hence, so is the top left diagonal arrow. (Il

Working in the analytic setting, we can formulate a stronger version of the above result. To
begin with, let us improve the construction of the comparison functor of Construction 8.6.3:

Construction 12.2.4. Let f: (X, P,J) — (Y, Q) be a family of Stokes analytic stratified spaces
in finite posets admitting a vertically piecewise elementary level structure. Fix stable presentable
oo-categories € and &'. For every open subset V' C Y, the induced family (Xvy, P,Jy) — (Y, Q)
admits again a vertically piecewise elementary level structure. Thus, Theorem 12.1.3 shows
that Stg,, ¢ and Stg, eges is closed under limits and colimits in Fun(Jy, &) and Fun(Jy, &€ ® &’),
respectively. The assumptions of Construction 8.6.3 are therefore satisfied, and they yield a
comparison map
Sty .e ® & — Sty .eoer -

Furthermore, Proposition 8.6.5 shows that it is fully faithful. Since this comparison map depends
functorially on V', we deduce the existence of a commutative diagram

[+(Gtye) ® & —— [f.(Ctyeger)
[(@ilye) @€ —— fi(Filyege)
in PSh(Y; Pr").

Lemma 12.2.5. Let f: (Y, P,J) — (X, P,J) be a cartesian finite Galois cover in StStrat where
(X, P) is conically refineable and where (Y, P,J) is stably universal. Then (X, P,J) is stably
universal and for every presentable stable co-category &, the canonical functor

Loc(Y'; Sp) ®roc(x;8p) Sta,e — Stg.e
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18 an equivalence.
Proof. Let Yo: AP — Jop,x be the Cech complex of f:Y — X and put
Jeo = HOO(Y.,P) XMoo (X,P) J.

Since f: Y — X is Galois, Y, is a finite coproduct of copies of Y over X. Hence, (Y, P) is
conically refineable for every [n] € A, and (Y,,, P,J,,) is stably universal for every [n] € A,. Then
(X, P,J) is stably universal in virtue of Proposition 8.6.7. Since the Y — X is a finite étale cover,
Lemma 19.2.9 implies that
o (Y, P) = o (X, P)
is a finite étale fibration in the sense of Definition 19.2.1. We deduce from Corollary 8.8.5 that
the canonical functor
LOC(Y; Sp) ®Loc(X;Sp) StJ,Sp — StHA,Sp

is an equivalence. Tensoring the above equivalence with € and using the stable universality thus
concludes the proof of Lemma 12.2.5. O

Theorem 12.2.6. Let f: (X, P,J) — (Y, Q) be a proper family of Stokes analytic stratified spaces
in finite posets locally admitting a ramified vertically piecewise elementary level structure. Let €
and &' be stable presentable co-categories. Then the canonical functor

(12.2.7) [+(Btye) ® & = fu(Btyeger)

is an equivalence. In particular, (X, P,J) is stably universal.

Proof. The second half follows from the first because f.(Sty¢) ® &' is by definition the tensor
product computed in PSh(Y; CAT.,). To prove the first half, observe that in fact both sides of
(12.2.7) are hyperconstructible hypersheaves, thanks to Proposition 12.1.8 and Lemma 11.2.6.
Hence, the equivalence can be checked at the level of stalks. Since f is proper, Propositions 2.5.10
and 11.1.5 allow to reduce ourselves to the case where Y is a point. That is, we are left to show that
(X, P,J) is stably universal. In that case, there exists a cartesian finite Galois cover (Y, P,J) —
(X, P,J) such that (Y, P,J) admits a vertically piecewise elementary level structure. Recall that
(X, P) is conically refineable in virtue of Remark 2.5.4. By Lemma 12.2.5, it is thus enough to
show that (Y, P, J) is stably universal. Hence, we can suppose that (X, P,J) admits a vertically
piecewise elementary level structure. In this case, Corollary 11.5.10 guarantees that (X, P,J)
admits a locally elementary level structure, so the conclusion follows from Proposition 12.2.2. O

12.3. Finite type property for Stokes structures. We proved Theorem 12.1.1 under two
key assumptions on the Stokes stratified space (X, P,J): the local existence of a ramified locally
elementary level structure and the fibers of J are finite posets. Under these same assumptions, we
also proved that Stg ¢ is compactly generated provided that € is. We now analyze the categorical
finiteness properties of Sty e: under some stricter geometrical assumptions on (X, P,J) and
working in the analytic setting we establish that it is of finite type and hence smooth in the
non-commutative sense (see e.g. [33, Definition 11.3.1.1]).

Definition 12.3.1. Let f: (M,X) — (N,Y) be a subanalytic morphism. We say that f
is strongly proper if it is proper and for every finite subanalytic stratifications X — P and
Y — @ such that f: (X, P) — (Y, Q) is a subanalytic stratified map, there exists a categorically
finite subanalytic refinement R — @ such that for every F € Cons}}yp(X ; CATo ), we have
f.(F) € Cons¥P(V; CAT,.).

Example 12.3.2. By Proposition 2.5.10 and Proposition 2.5.7, every proper subanalytic map
f:(M,X)— (N,Y) with Y compact is strongly proper.

The following lemma is our main source of strongly proper morphisms.
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Lemma 12.3.3. Let f: (M,X) — (N,Y) be a proper subanalytic morphism. Assume the
existence of a commutative diagram

(M, X) —— (M,X)

| l

(N,Y) —— (N.Y)

such that g is proper, Y is compact and the horizontal arrows are open immersions with closed
subanalytic complements. Then f: (M,X) — (N,Y) is strongly proper.

Proof. Let X — P and Y — @ be finite subanalytic stratifications such that f: (X, P) = (Y, Q)
is a subanalytic stratified map. Extend X — P to a subanalytic stratification X — P< by
sending X \ X to the initial object of P<¥. Extend Y — Q to a subanalytic stratification
Y — Q< by sending Y \ Y to the initial object of Q<. By Proposition 2.5.10 applied to the
proper map g: (M,X) — (N,Y), there is a finite subanalytic refinement S — Q< such that
for every F € Cons™P(X; CAT,,), we have g.(ji(F)) € Cons¥P(Y; CATo,). Let R C S be the
(finite) open subset of elements not mapped to the initial object of Q< by S — Q<. Then,
f(F) € Cons};%yp(Y; CAT.) with (Y, R) categorically finite by Proposition 2.5.7. O

From now on, we fix an animated commutative ring k£ and a compactly generated k-linear
stable co-category €.

Observation 12.3.4. For every Stokes stratified space (X, P,J), we see that Fun(J, £) is again
compactly generated and k-linear. When the fibers of J are finite, Proposition 7.2.14 implies that
Fun®(7, &) is a localization of Fun(J, &) and therefore inherits a k-linear structure. Finally,
when (X, P,J) admits a locally elementary level structure Corollary 12.1.4 implies that Sty e
inherits an k-linear structure as well.

Theorem 12.3.5. Let f: (X,P,J) — (Y,Q) be a strongly proper family of Stokes analytic
stratified spaces in finite posets locally admitting a ramified piecewise elementary level structure.
Let k be an animated ring and let € be a compactly generated k-linear stable co-category of finite
type (Definition 17.3.1). Then Sty ¢ is of finite type relative to k as well.

Remark 12.3.6. It is possible to formulate an analogous statement without analyticity assump-
tion assuming that f is strongly proper in the topological sense: for every finite exodromic
stratifications X — P and Y — @ such that (X,P) — (Y,Q) is a morphism of stratified
spaces, there exists a categorically finite exodromic refinement R — @ such that for every
Fe Cons?ayp(X; CATy), f+(F) belongs to Cons};%yp(Y; CAT,,). However, to ensure the existence
and the abundance of strongly proper maps, analyticity is extremely handy, as it enables to use
techniques of [23] that are not available in the purely topological setting.

Corollary 12.3.7. In the setting of Theorem 12.3.5,
Stg 1 == Sty Mod,
1s a smooth k-linear presentable stable co-category.

Proof. This simply follows because finite type k-linear categories are smooth over k in the
non-commutative sense, see e.g. [51, Proposition 2.14]. ]

Lemma 12.3.8. Let (X, P,J) be a compact piecewise elementary Stokes analytic stratified space
in finite posets. Let k be an animated ring and let € be a compactly generated k-linear stable
oo-category of finite type. If Stg e is of finite type relative to k.
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Proof. Thanks to Theorem 11.4.1, X admits a finite cover by relatively compact subanalytic
open subsets Uy, ..., U, such that (U;, P,Jy,) is elementary for every ¢ = 1,...,n. In particular,
each term of the associated hypercover U = {U,} is a relatively compact subanalytic open subset.
From Proposition 11.6.2 and Remark 11.6.3, we have a canonical equivalence

o~ 1 U
Stg.e ~ lg)n StFily ¢ |A%pn,s

. op
Since Agn,s

diagram

is a finite category, Lemma 17.3.3 reduces us to show that the transition maps in the

StFil', laor AT, [ — CATw

<n,s

are both left and right adjoints and that StFil%{ e([m]) is of finite type for every m < n. The
first point follows from Corollary 11.6.4, while the second one follows from Corollary 17.3.4 and
Proposition 2.5.7 stating that for every relatively compact open subanalytic subset U C X, the
stratified space (U, P) is categorically compact. O

Lemma 12.3.9. Let f: (Y, P,J) — (X, P,J) be a cartesian finite Galois cover in StStrat where
(X, P) is conically refineable with I (X) compact and where (Y, P,J) is stably universal. Let
Yo: AP — TJop,x be the Cech complex of f:Y — X and put

J. = HOO(Y.,P) XHoo(XJD) J.

Then (X, P,J) is stably universal and there exists an integer m > 1 such that for every & presentable
stable co-category, Stg e is a retract of

lim Sty ¢
[n] EAs,gm

in Prio®,

Proof. The Stokes stratified space (X, P,J) is stably universal in virtue of Lemma 12.2.5. Since
f:Y — X is Galois, Y, is a finite coproduct of copies of Y over X, so that (Y, P,J,) is stably
universal for every [n] € A,. Since the Y;, — X is a finite étale cover for every [n] € A,
Lemma 19.2.9 implies that

M (Yy, P) = (X, P)
is a finite étale fibration in the sense of Definition 19.2.1. Corollary 8.8.6 thus implies the existence
of an integer m > 1 such that there exists a retract

Stg.sp — lim Sty sp — Sty sp -

[NJ€EA <m
in Pr®®. Lemma 12.3.9 follows from Lemma 7.5.5 by tensoring the above retract with & O
We are now ready for:

Proof of Theorem 12.3.5. Since f is strongly proper, we can choose a categorically finite subana-
lytic refinement R — @ such that f.(Sty ¢) is R-hyperconstructible. Let F': IIo (Y, R) - CAT
be the functor corresponding to f.(Sty¢) via the exodromy equivalence (2.3.6). By Recollec-
tion 2.3.5, we have

Stlg ~ f*(6f378)(Y) ~ - h(ril;lR) F(y) .

Recall from Proposition 12.1.8 that f.(Sty ¢) belongs to Cons}lébyp(Y; Pr,%’R), and therefore that
F factors through Pr,];’R as well. By Lemma 7.5.5, the above limit can thus equally be computed
in Pr. Since (Y, R) is categorically finite, Lemma 17.3.3 reduces us to check that for each y € Y,
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F(y) is compactly generated and of finite type relative to k. By Proposition 2.5.6, we can choose
an open neighborhood U of y such that y is initial in I (U, R). Then

Fly) = (f«(Sty,e))y = (fo(Stye))(U) ,

so compact generation of F(y) follows from Corollary 12.1.5. To check that F(y) is of finite
type relative to k, we first observe that the base-change results Propositions 11.1.5 and 2.5.10
and Lemma 11.3.12 allow to reduce to the case where Y is a point and X is compact. In that
case, there exists a cartesian finite Galois cover (Y, P,J) — (X, P,J) such that (Y, P,J) admits
a piecewise elementary level structure. Recall that (X, P) is conically refineable in virtue of
Remark 2.5.4 and that II,(X) is finite by Proposition 2.5.7. Hence, Lemma 12.3.9 implies the
existence of an integer m > 1 such that Stg ¢ is a retract of

(12.3.10) lim Sty e
[(n€As <m '

in Pr*®, where Y, : AP — TJop,x is the Cech complex of f: Y — X and where
j. = HDO(Y.,P) XHoo(XJD) J.

Hence, it is enough to show that (14.2.7) is of finite type relative to k. Since Y — X is a finite
Galois cover, each Y,, is a finite coproduct of copies of Y. By Lemma 17.3.3, it is thus enough
to show that Sty ¢ is of finite type relative to k. Hence, we can suppose that (X, P,J) admits a
piecewise elementary level structure. We now argue by induction on the length d of the piecewise
elementary level structure of (X, P,J). When d = 0, J = II(X, P) is a fibration in sets, so
(X, P,J) is (globally) elementary and the conclusion follows from Lemma 12.3.8. Otherwise, we
can assume the existence of a level morphism p: J — J such that:

(1) J admits a piecewise elementary level structure of length < d;
(2) (X, P,J,) is piecewise elementary.

Notice that since level morphisms are surjective, the fibers of J are again finite posets, so the
inductive hypothesis applies to the Stokes stratified space (X, P,J). Consider the pullback square

Stj’g S NN Stg’g

[T

Stjp,g L) Stgset’g

supplied by Theorem 10.2.1. Both St; ¢ and Stgse: ¢ are of finite type thanks to Lemma 12.3.8,
while the inductive hypothesis guarantees that Sty ¢ are of finite type. Finally, Theorem 12.1.3
implies that the assumptions of Corollary 8.4.11 are satisfied, so that the above square is a
pullback in Pr®. Thus, it follows from Lemma 17.3.3 that Sty ¢ is of finite type. (]

13. GEOMETRICITY

We now turn to the main theorem of this paper, namely the construction of a derived Artin
stack parametrizing Stokes functors. Similarly to Theorems 12.1.1 and 12.3.5 we prove this result
in the analytic setting and assuming the existence of a locally elementary level structure. The
geometricity is essentially a consequence of Theorem 12.3.5, but we need to run more time the
level induction to provide an alternative description of the functor of points.
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13.1. Description of the moduli functor. We fix an animated commutative ring k. For
every animated commutative k-algebra A, we let Mod 4 denote the associated stable co-category
of A-modules and by Perf 4 the full subcategory of perfect A-modules (see e.g. [32, Definition
7.2.4.1]).

Recollection 13.1.1. When A is an ordinary commutative k-algebra, Mod,4 is the derived
oo-category of the abelian category of A-modules. In particular, its homotopy category coincides
with the ordinary derived category of A, seen as a triangulated category.

Fix now a Stokes stratified space (X, P,J).
Notation 13.1.2. Let € be a compactly generated stable oo-category. We set
Stg,ew = Stg,e Xpun(s,e) Fun(J,EY) .
When & = Mod 4, we write
Stg,4 == Sty Mod. and Stg, 4w = Stg Moda,w -

Let f: &€ — &’ be a functor of stable presentable co-categories. Via Proposition 8.6.1 we see
that f functorially induces a morphism

f: Stj’g — Stng/ .

When in addition both € and &’ are compactly generated and f preserves compact objects, this
further descends to a morphism

f: Stj,&w — Stj_’(g/?w .
This gives rise to a well defined functor

St : dAF}? — CAT
that sends the spectrum of an animated commutative k-algebra Spec(A) to Stg 4. Passing to
the maximal co-groupoid, we obtain a presheaf

Sthg: dAfpr — SpC
that sends Spec(A4) to

Sty 1 (Spec(A4)) = (Stg.4.,)~ € Spc .

When £ is clear out of the context, we write Sty instead of Sty ;.

Example 13.1.3. When 7 is the trivial fibration, Corollary 11.1.13 shows that Sty coincide with
the derived stack of perfect local systems.

With these notations, we can state the main theorem of this section as follows:

Theorem 13.1.4. Let f: (X,P,J) — (Y,Q) be a strongly proper family of Stokes analytic
stratified spaces in finite posets locally admitting a ramified piecewise elementary level structure.
Let k be an animated commutative ring. Then, Sty is locally geometric locally of finite presentation
over k. Moreover, for every animated commutative k-algebra A and every morphism

x: Spec(A) — Sty
classifying a Stokes functor F': J — Perf 4, there is a canonical equivalence
x*TStg = HomFun(J,ModA)(F7 F)[l] )

where Tgt, denotes the tangent complex of Sty and the right hand side denotes the Mod 4-enriched
Hom of Fun(J,Mod4).
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Remark 13.1.5. Theorem 13.1.4 implies in particular that Stq satisfies étale hyperdescent and
that it is infinitesimally cohesive and nilcomplete. Using the locally elementary level structure and
proceeding by induction on the length of this level structure, it is possible to verify these three
properties by hand, but they typically fail in absence of such a structure. See Theorem 14.2.2 for
a more general statement.

Remark 13.1.6. The cotangent complexes of Sty can be given a cohomological interpretation
at the cost of constructing a monoidal structure on Stokes functors. This is delicate since the
source cocartesian fibration for F' ® G is bigger than that of F' and G, which in turn forces the
base stratification to be finer. This specific issue will be addressed in a later work.

We will deduce Theorem 13.1.4 from Theorem 12.3.5 and of the work of Toén-Vaquié on the
moduli of objects of a stable k-linear co-category [51]. To do so, we need a brief digression on the
behavior of Stokes functors and the tensor product of presentable co-categories.

13.2. Stokes moduli functor as a moduli of objects. Throughout this section we fix an
animated commutative ring k.

Recollection 13.2.1. Let C be a compactly generated presentable stable k-linear category. Its
moduli of objects is the derived stack

Me: dAfF® — Spc
given by the rule
Me(Spec(A)) == Funj'((€¥)°P, Perf 4)=
where Funj'((€¥)°P, Perf(A)) denotes the fully subcategory of Fun((C¥)°P, Perf(A)) spanned by
exact k-linear functors. When € is of finite type relative to k in the sense of Definition 17.3.1,

[61, Theorem 0.2] states that Mg is a locally geometric derived stack which is furthermore locally
of finite presentation.

Let (X, P,J) be a stably bireflexive Stokes stratified space. Then Lemma 8.4.8 implies that
the oo-category Sty j is stable presentable and compactly generated. In particular, its moduli of
objects is well defined. We have:

Proposition 13.2.2. Let (X, P,J) be a stably universal Stokes stratified space. Then the derived
prestacks Sty and Msy, , are canonically equivalent.

Proof. Fix a derived affine Spec(A) € dAff; and consider the following chain of canonical
equivalences:

Funj! ((Stg 1)*)°P, Mod ) ~ Funj’ ((Stgx)“, Mod)™

=~ Funy (Stg 4, Mod )P By [1, §3.1]
~ Fun}:”(Stg?k, Mod4)

~ Sty 1 ®; Moda By [32, 4.8.1.7]
~ Stj7A

Let LSty ¢ : Fun(J,£) — Sty e be the left adjoint to the canonical inclusion Sty ¢ — Fun(J, ).
By Lemma 8.4.8, a system of compact generators of Stg nod, is given by {LStg e (evqe1(4))}aes,
where the ev,: {a} — J are the canonical inclusions. Then via the embedding

Funit ((Stlk)“’)OP,Perf(A)) — Funit ((Stg,k)“’)"p, ModA)
induced by Perf(A) < Mod 4, the above chain of equivalences exhibits
Funj’ ((Stg,x)“)°P, Perf(A))



HOMOTOPY THEORY OF STOKES STRUCTURES AND DERIVED MODULI 117

as the full-subcategory of Sty 4 spanned by Stokes functors F': J - Mod 4 such that
Homsgt, , (LStg e (eva,1(A)), F) € Perf(A)

for every a € J. Hence for every F' € Sty 4, we have

F € Mgy, , (Spec A) < Homsy, , (LStg e (eva,1(A)), ) € Perf(A) Va €
< Homsgg, ,(eva,1(A), F') € Perf(A) Va €7
& F(a) € Perf(A) Ya €7
< F € Sty ;(Spec(A4))
This concludes the proof of Proposition 13.2.2. (]

We are now ready for:

Proof of Theorem 13.1.4. By Corollary 12.1.5 and Proposition 13.2.2, the prestack Mgy, , and
Sty are canonically equivalent. By Theorem 12.3.5, the co-category Sty j is stable presentable
and of finite type relative to k. The conclusion thus follows from [51, Theorem 0.2]. g

13.3. The moduli of Stokes vector bundles. We fix once more an animated commutative
ring k. A k-point of Sty j is a Stokes functor F': J — Perfy. In particular, even when £ is a field
the stack Sty classifies J-Stokes structures on perfect complexes, rather than vector bundles.
Thus, when the Stokes stratified space is of dimension 1, Sty ;, provides an extension of [3]. We
are going to see how to extract from Stj, a more classical substack.

Let (X, P,J) be a Stokes stratified space. For every animated commutative k-algebra A,
consider the standard ¢-structure 7 = ((Moda)so, (Mod4)<o) on the stable derived oo-category
Mody. It is accessible and compatible with filtered colimits, and Fun(J, Mod 4) inherits an induced
t-structure defined objectwise and satisfying the same properties. Besides, Fun(J, Mod 4) has a
canonical A-linear structure, with underlying tensor product

(=) ®a (—): Mods ® Fun(J,Mod 4) — Fun(J,Mod,4) ,

that sends (M, F') to the functor M ® 4 F(—): I — Mod 4. Using Proposition 8.6.1, we deduce
that if F' is a Stokes functor, then the same goes for M ® 4 F. Following [15], we introduce the
following:

Definition 13.3.1. Let A be an animated commutative k-algebra and let F: J — Moda be a
filtered functor. We say that F' is flat relative to A (or A-flat) if for every M € Modi, the functor
M ®j, F: J — Mod 4 belongs to Fun(J, Mod 4)®.

Remark 13.3.2. Since Fun(J, Mod 4) ~ Fun(J, Mod$,), we sce that a filtered functor F is A-flat
if and only if it takes values in Mod.

Example 13.3.3. Assume that A is an discrete commutative algebra. If a Stokes functor
F:J— Mody is flat relative to A, then automatically F' € St;ﬁ 4- The vice-versa holds provided
that A is a field.

Sending Spec(A) € dAff}® to the full subgroupoid of Sty ;(Spec(A)) spanned by flat Stokes

functors defines a full sub-prestack St?f‘,f of Sty ;. The goal is to prove the following:

Theorem 13.3.4. Let k be an animated commutative algebra and let f: (X, P,J) — (Y,Q) be
a strongly proper family of Stokes analytic stratified spaces in finite posets admitting a ramified
piecewise elementary level structure. Then the morphism

Stg?kt — Stj_’k



118 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

is representable by open immersions. In particular, Stgl)"kt is a derived 1-Artin stack locally of
finite type.

We start discussing some preliminaries.

Lemma 13.3.5. Let (X, P,J) be a Stokes stratified space and let A be an animated commutative
k-algebra. Assume that o (X, P) has an initial object x. Then a Stokes functor F: J — Moda
is A-flat if and only if j5(F) is A-flat.
Proof. Notice that for every M € Mod 4, the canonical comparison map

M @4 j, (F) = j(M @4 F)
is an equivalence. Then the lemma follows directly from Corollary 8.7.17. (]

Notation 13.3.6. Let (X, P,J) be a Stokes stratified space. For every a € J, Proposition 6.5.2
shows that ev,: {a} — J induces a morphism of derived prestacks

evy: Sty — Perfy, .
Proposition 13.3.7. Let (X, P,J) be a compact Stokes stratified space. Then the map
St — Sty
is representable by open immersions.

Proof. Thanks to Proposition 2.5.6 and since X is compact we can find an open cover of X by
finitely many open subsets Uy, Us, ..., U, such that each II.(U;, P) has an initial object ;. Let

e: Stj’k — ﬁ H Perfk

i=1a€J,,

be the product of the evaluation maps of Notation 13.3.6. Notice that both products are finite,

so the map
IT II BGL = [ II Pertx

i=1a€d,, i=1a€d,,
is representable by open immersions (see e.g. [33, Proposition 6.1.4.5]). Besides, Lemma 13.3.5
implies that the square

S5 Sty x

J J
ﬁ H BGL —— ﬁ H Perf,,

i=1a€T,, i=1a€7,,

is a fiber product. The conclusion follows. O

This proves Theorem 13.3.4 when the base is reduced to a single point. To prove the general
case, we need a couple of extra preliminaries.

Lemma 13.3.8. Let (X, P,J) be a Stokes stratified space. Then the derived prestack Stgf‘kt 18
1-truncated.

Proof. We have to prove that for every discrete commutative k-algebra A, St?,akt(Spec(A)) isa
1-groupoid. Since Sty 4 is fully faithful inside Fun(J, A), using [31, Proposition 2.3.4.18] we see
that it is enough to show that for every pair of A-flat Stokes functors F,G: J — Mod4, the
mapping space Mapgy, (g moa ) (F G) is discrete. Since A is discrete, both F' and G belongs to
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Stg% 4, as already observed in Example 13.3.3. Thus, Corollary 8.7.12 implies that both F' and G
take values in the 1-category Modg. Then the conclusion follows from [31, Corollary 2.3.4.8]. O

Lemma 13.3.9. Let I be a finite co-category and let
fo: Fo — G,
be a natural transformation between diagrams I — dSty. Let

F =1lim#F; and G =1lmG;
iel i€l

be the limits computed in dSty. Assume that:
(1) for everyi € I, F; is geometric and locally of finite type and G; is locally geometric and
locally of finite type;
(2) for everyi €I, f;: F; — G; is representable by open immersions;

(8) G is locally geometric and locally of finite presentation.

Then F' is a geometric derived stack and the induced morphism f: F — G is an open immersion.

Proof. Tt follows from [52, Proposition 1.3.3.3 and Lemma 1.4.1.12| that geometric stacks locally
of finite type are closed under finite limits. Thus, F' is geometric and locally of finite type. We are
left to check that f is an open immersion. Since both F' and G are locally geometric and locally
of finite type, it follows that f is an open immersion if and only if it is étale and the diagonal

(SfSF%FXGF

is an equivalence. Besides, since f is automatically locally of finite presentation, [52, Corollary
2.2.5.6] shows that f is étale if and only if it is formally étale, i.e. the relative cotangent complex
L vanishes. Since limits commutes with limits, we see that J¢ is the limit of the diagonal maps

5f7‘,: Fi—)Fi XaG; Fi,

and since each f; is an open immersion, it automatically follows that each dy, is an equivalence.
Therefore, the same goes for f. Similarly, the property of being formally étale is clearly closed
under retracts. On the other hand, [52, Lemma 1.4.1.12] implies that formally étale maps are
closed under pullbacks and hence under finite limits. The conclusion follows. O

We are now ready for:

Proof of Theorem 13.3.4. Since f is strongly proper, we can choose a categorically finite subana-
lytic refinement R — @ such that f,.(Stg ) is R-hyperconstructible. Let F': IIo (Y, R) - CAT
be the functor corresponding to f.(Gtyy) via the exodromy equivalence. As we argued in
Theorem 12.3.5, we obtain a canonical equivalence

Sty ~ lim F,,

R enn(vir) Y

the limit being computed in Pr®. Besides, the base-change results of Propositions 11.1.5 and
2.5.10 and Lemma 11.3.12 provide a canonical identification Fy ~ Sty ;. Passing to the moduli
of objects and applying Proposition 13.2.2, we deduce that

Stj s lim Stj7 k -
s yGHOC(Y,R) Yo

Using Proposition 8.7.11, we deduce from here that the induced morphism

Sthy —  lim  St§*Y
’ Y€ (Y,R) v
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is an equivalence as well. Besides, Stgf}f and St?jfk are l-truncated for every y € Il (Y, R)

thanks to Lemma 13.3.8. Thus, Lemma 13.3.9 reduces us to the case where Y is reduced to a
single point. Since in this case X is compact, the conclusion follows from Proposition 13.3.7. O

14. PERMANENCE THEOREM

Theorems 12.1.1, 12.3.5 and 13.1.4 were all proven via the level induction. We now provide
an axiomatization of this technique, that takes the form of a meta-theorem that can be used to
prove general statements about Stokes structures.

14.1. The general setup. To maximize the range of applicability, we fix throughout this entire
section an oo-category of test objects C. Recall from Section 6.5 that we have an oco-functor

exp: CoCart x Pr" — PrFib" .
Composing with the evaluation
ev: G x Fun(G,PrL) — Prl |
we obtain a functor
exp oev: CoCart x € x Fun(C, Pr") — PrFib" .
By adjunction, it determines a functor
exp: CoCart x Fun(C, Pr") — Fun(€, PrFib") .
Given F € Fun(€, Pr"), we denote by
expy: CoCart — Fun(C, PrFib")
the resulting functor, and we refer to it as the exponential construction with coefficients in F.

Notice that Fun(C, CAT,) is compactly generated. Therefore, any exodromic stratified space
(X, P) gives rise to an equivalence

Cons P (X; Fun(€, CAT,,)) ~ Fun(Il (X, P), Fun(C, CAT,.)) ~ COCART_ (x,p)xe -

It is straightforward to adapt the definition of Consiljyp(X :Pr') given in [25, Definition 4.2.4] to
this more general setting. Then, the same argument given in [25, Proposition 4.2.5] yields an
equivalence

Consp®(X; Fun(C, Pr")) ~ Fun(Il (X, P), Fun(€, Pr")) ~ PrFibli_ x pyxe »

making the diagram

ConsY®(X; Fun(C, Pr")) ~ Fun(ITo (X, P), Fun(@, Pr"))

I'x « lim
Fun(€, Pr")
commutative.

Fix now a Stokes stratified space (X, P,J) and a coefficient functor : € — Pr“. The
exponential construction gives rise to

expy(J/Heo (X, P)) € PrFibIﬁm(X,P)xe :
Following Definition 5.1.2, we let
Fily 5 € Cons™?(X; Fun(C, Prh))
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be the Fun(€, Pr)-valued P-hyperconstructible hypersheaf associated to expg(J/I (X, P)).
We denote its global sections by
Fun®**(J, F) € Fun(€, Pr") ,

and we refer to them as the F-valued cocartesian functors on (X, P,J). The morphism iq: J5°* — J
gives rise to a transformation

T expy (T /T (X, P)) — expy (/T (X, P)) .
Applying Lemma 5.2.1 we obtain an object
EssIm(?!ij) € CoCART_(x,P)xC -
Following Definition 5.2.3, we let
Gty g € Cons};,yp(X; Fun(C; CAT))

be the Fun(C, CAT)-valued P-hyperconstructible hypersheaf associated to EssIm(?’fj). We
denote its global sections by
Stg.g € Fun(@, CAT) ,
and we refer to them as the F-valued Stokes functors on (X, P,J).
Example 14.1.1. When C is reduced to a single point, the given of F amounts to fix a presentable

oo-category €. In this case, Sty g = Sty ¢ coincides with the oo-category of €-valued Stokes
functors previously considered.

Example 14.1.2. Fix an animated commutative ring k and take € = dAff}*. Consider the
functor
QCoh: dAfF}? — CAT, ,

that sends Spec(A) to QCoh(Spec(A)) := Mod 4 (whose existence is guaranteed by [32, Theorem
4.5.3.1]). Then

StijCOhi dAfpr — (jATOO
is the categorical derived prestack sending Spec(A) to Sty 4.

14.2. The abstract permanence theorem. Before stating the permanence theorem, we need
to set the following:

Notation 14.2.1. Let C be an oco-category and let J: C — PrY. Given any other small
oo-category A, we let FA be the functor
FA. e — Prt
defined by
F4(c) == Fun(4, F(c)) .

Theorem 14.2.2. Let f: (X,P,J) — (Y,Q) be a strongly proper family of Stokes analytic
stratified spaces in finite posets locally admitting a ramified piecewise elementary level structure.
Let C be an oo-category and let D C Fun(@C, CAT,) be a subcategory stable under finite limits
and retracts. Let F: C — Prk. Assume that:

(1) either f is strongly proper;
(2) both F and FA" belong to D.
Then, Sty 5 € D.
We need several preliminaries. In what follows, we fix an oco-category of test objects.

Lemma 14.2.3. Let §: C — Priﬁt and let D C Fun(C, CAT,) be a subcategory closed under
finite limits and containing F and FA'. Then:
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(1) for every finite co-category A, F* € D;
(2) if in addition D is closed under retracts, then for every compact co-category A, T4 € D.

Proof. First notice that if I is a finite set, then
F~T]7.
I

Since D is closed under finite limits and F € D, it follows that F € D as well. Second, observe
that if we are given a pushout

in Cat.,, then one has

FA ~ FA g FB
in Fun(@,PrL). Thus, if F2, 52" and F4 belong to D, it follows that FA belong to D as well.
This immediately implies (1), and (2) follows from the fact that every compact oo-category is a
retract of a finite one. (I

Lemma 14.2.4. Let (X, P,J) be a Stokes stratified space in finite posets where (X, P) is cat-
egorically finite. Let F: C — PI‘; and let D C Fun(C, CAT,) be a subcategory stable under

finite limits and containing both F and F2'. Then, Fun®®*(J, F) belongs to D as well. If D is
furthermore closed under retracts, (X, P) can be taken to be categorically compact.

Proof. Since limits in Fun(C, PrL) are computed objectwise, applying Corollary 7.2.4 we find

Fun®®*(J,F) ~ lim %= .
z€ll (X, P)
Since J, is a finite category, Lemma 14.2.3 implies that F7= € D, and the conclusion follows from
our assumptions. (I

The following is a restatement of Lemma 12.3.8 with essentially the same proof (we leave to
the reader to adapt Construction 11.6.1 and Proposition 11.6.2 to the setting of a test oo-category
C):

Lemma 14.2.5. Let (X, P,J) be a compact piecewise elementary analytic Stokes stratified space

in finite posets. Let F: C — Prgt and let D C Fun(C, CAT,) be a subcategory stable under finite
limits and containing both F and FA' Then, Sty 5 € D.

Proof. Thanks to Theorem 11.4.1, X admits a finite cover by relatively compact subanalytic open
subsets Uy, ..., U, such that (U;, P,Jy,) is elementary for every i = 1,...,n. Let U = {U,} be
the associated hypercover of X. From Proposition 11.6.2 and Remark 11.6.3, we have a canonical
equivalence in Fun(€, CAT):
Stg,g ~ Al‘g’is StFll%{rj‘ |A%10n’5 .

Since AZ, | is a finite category, it is enough to check that StFily’ ¢ ([m]) belongs to D. Since each
(U;, P,Jy,) is elementary,

StFily 5([0]) ~ Fun®***(Jy,, F) ,
while for m > 0,

StFily 5 ([m]) ~ Fun®***(Jy, ,F)
by definition. Thus, the conclusion follows from Lemma 14.2.4. O

m?
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The following is the analogue of Lemma 12.3.9:

Lemma 14.2.6. Let f: (Y, P,J) — (X, P,J) be a cartesian finite Galois cover in StStrat where
(X, P) is conically refineable with I (X) compact and where (Y, P,J) is stably universal. Let
Yo: AP — TJop,x be the Cech complex of f:Y — X and put

j. = HOO(Y.,P) XHOQ(X,P) J.
Then there exists an integer m > 1 such that for every F: C — Prgt, Sty 5 is a retract of

lim Sty 5
[nJ€EA; <m '

in Fun(@, Pr®).

Proof. The Stokes stratified space (X, P,J) is stably universal in virtue of Lemma 12.2.5. Since
f:Y = X is Galois, Y, is a finite coproduct of copies of Y over X, so that (Y,,, P,J,) is stably
universal for every [n] € A,. Since the Y¥,, — X is a finite étale cover for every [n] € A,
Lemma 19.2.9 implies that

M (Yy, P) =» (X, P)
is a finite étale fibration in the sense of Definition 19.2.1. Corollary 8.8.6 thus implies the existence
of an integer m > 1 such that there exists a retract

Sty sp — lim Sty sp — Sty sp -
J,Sp (€A, <m In,Sp J,Sp

in Pr®®. Thus, we conclude from Lemma 7.5.5 by tensoring the above retract with 7. O
We are now ready for:

Proof of Theorem 14.2.2. Since f is strongly proper, we can choose a categorically compact
subanalytic refinement R — @) such that for every ¢ € €, f.(Sty 5(c)) is R-hyperconstructible.
Thus, f.(Sty 5) is itself R-hyperconstructible. Let F': II (Y, R) — Fun(€, CAT) be the functor
corresponding to f.(Gty ) via the exodromy equivalence (2.3.6). By Recollection 2.3.5, we have
Sty 5 =~ f. (Gt Y) ~ li F .
192 f(Bg) (V)= lim  F()
Since 11 (Y, R) is categorically compact and D is closed under finite limits and retracts, we are
reduced to show that F(y) € D for every y € Y. The base-change results Propositions 11.1.5 and
2.5.10 and Lemma 11.3.12 allow to reduce to the case where Y is a point and X is compact.

In this case, there exists a cartesian finite Galois cover (Y, P,J) — (X, P,J) such that (Y, P, J)
admits a piecewise elementary level structure. Recall that (X, P) is conically refineable in virtue
of Remark 2.5.4 and that I, (X) is finite by Proposition 2.5.7. Hence, Lemma 14.2.6 implies the
existence of an integer m > 1 such that Stj g is a retract of

14.2.7 li St
( ) [n]elArilygm InF

in Fun(C, Pr®), where Y,: A% — Jop, x is the Cech complex of f: Y — X and where
j. = HOO<Y.,P) XHDQ(X,P) j .

Since D is closed under finite limits and retracts, it is enough to show that for every integer n,
Stg,, .5 belongs to D. Since Y — X is a finite Galois cover, each Y, is a finite coproduct of copies
of Y. So it is enough to treat the case of Y. Equivalently, we can suppose that (X, P,J) admits a
piecewise elementary level structure.

We now argue by induction on the length d of the locally elementary level structure of (X, P,J).
When d = 0, I = I (X, P) is a fibration in sets, so (X, P,J) is (globally) elementary and the
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conclusion follows from Lemma 14.2.5 (or from Lemma 14.2.4). Otherwise, we can assume the
existence of a level morphism p: J — J such that:

(1) g admits a piecewise elementary level structure of length < d;

(2) (X, P,J,) is piecewise elementary.
Notice that since level morphisms are surjective, the fibers of J are again finite posets, so the
inductive hypothesis applies to the Stokes stratified space (X, P,J). Consider the pullback square

Stj,ff LN Stgyg

[

Stjp,f L) Stgset,g?

supplied by an objectwise application of Theorem 10.2.1. Both Stj, 5 and Stgse: 5 belong to D
thanks to Lemma 14.2.5, while the inductive hypothesis guarantees that Sty ¢ are of finite type.
Thus, the conclusion follows from the closure of D under finite limits. O

15. ELEMENTARITY AND POLYHEDRAL STOKES STRATIFIED SPACES

The goal of this section is to prove an elementarity criterion for a specific class of Stokes
stratified spaces that we now introduce.

15.1. Polyhedral Stokes stratified spaces.

Recollection 15.1.1. For n > 0, recall that a polyhedron of R™ is a non empty subset obtained
as the intersection of a finite number of closed half spaces.

In what follows, {—, 0, +} will denote the span poset where 0 is declared to be the initial object.
Let n > 0. For a non zero affine form ¢: R™ — R, we denote by H, the zero locus of ¢.

Definition 15.1.2. Let n > 0 and let C' C R" be a polyhedron. Let ® be a finite set of non
zero affine forms on R™. Let (R™, @) be the stratified space given by the continuous function
C — {—,0,+}® sending = € C to the function sending ¢ to the sign of () if z ¢ H,, and to 0
otherwise.

Remark 15.1.3. The stratified space (C, ®) is conical and the induced functor II.(C, ®) —
{—,0,+}% is an equivalence of co-categories.

Definition 15.1.4. A polyhedral Stokes stratified space is a Stokes stratified space in finite posets
of the form (C, ®,J) where (C,®) is as in Definition 15.1.2 and such that J%¢* — TI(C, ®) is
locally constant (Definition 19.1.4).

15.2. Elementarity criterion: statements and counter-examples. The main result of this
section is the following theorem whose statement is inspired from [36, Proposition 3.16].

Theorem 15.2.1. Let (C,®,79) be a polyhedral Stokes stratified space. Suppose that for every
distinct a,b € F(C), there exists ¢ € ® such that

(1) The Stokes locus of {a,b} is C N H, (Definition 4.2.2).
(2) C'\ Hy, admits exactly two connected components Cy and Cs.

(8) a <, b for every x € Cy and b <, a for every x € Cs.
Then (C,®,7) is elementary (Definition 11.3.10).

Remark 15.2.2. In the setting of Theorem 15.2.1, the order of J, is total for every x lying in
an open stratum of (C, ).
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Remark 15.2.3. Fully-faithfulness in Theorem 15.2.1 will not require any extra technology that
the one developed so far and will be proved in Proposition 15.5.1. On the other hand, essential
surjectivity will require more work and will be ultimately proved in Proposition 15.5.3.

Theorem 15.2.1 will be used via the following;:

Theorem 15.2.4. Let (C, P,J) be a Stokes analytic stratified space in finite posets where C C R™
is a polyhedron and J°° — Tl (C, P) is locally constant. Assume that for every distinct a,b €
J(C), there exists a non zero affine form p: R™ — R such that

(1) The Stokes locus of {a,b} is C' N H,.
(2) C'\ Hy, admits exactly two connected components Cy and Cs.

(8) a <z b for every x € Cy and b <, a for every x € Cs.
Then (C, P,J) is elementary.

Proof. Let @ be a finite set of non zero affine forms such that for every distinct a,b € #(C),
there is ¢ € ® satisfying (1),(2),(3) for a,b. By Lemma 11.3.12, the conclusion of Theorem 15.2.4
is insensitive to subanalytic refinements. Hence, at the cost of refining (C, P), we can suppose
that there exists a refinement (C, P) — (C, ®). By Proposition 2.3.8, the induced functor

I(C,P) = lI(C, ®)
exhibits I, (C, @) as the localization of I, (C, P) at the set of arrows sent to equivalences by
I (C, P) - P — ®. On the other hands, conditions (1) and (3) say that for every morphism
v:xz — y in [ (C, P) sent to an equivalence by II(C, P) — P — ®, the induced morphism
of posets J, — J, is an isomorphism. Hence, there is a cocartesian fibration in finite posets
J = T (C,®) and a cartesian morphism

(C,P,J) — (C,9,7) .

Hence, we are left to show that (C, ®,J) is elementary, which is a consequence of Theorem 15.2.1.
O

Polyhedral Stokes stratified spaces are rarely elementary, as the following Lemmas below show:

Lemma 15.2.5. Let (C,®,J) be a polyhedral Stokes stratified space of R. Let & be a presentable
stable co-category. Assume that ig: Styeer ¢ — Sty e is fully faithful. Then for every a,b € 7 (C)
distinct, the Stokes locus Cqp is not empty.

Proof. Assume the existence of a,b € #(C) distinct such that C,; is empty. We show that
19,11 Stgser ¢ — Sty ¢ is not fully faithful. Let i: § < J be the cocartesian subfibration defined
by a and b. By Corollary 9.5.3, it is enough to show that ig,: Stgsee ¢ — Stj e is not fully
faithful. Since C, 5 is empty, the cocartesian fibration J — Il (C, ®@) is locally constant. By
Proposition 2.3.8, we deduce the existence of a cartesian refinement

(C,9,7) = (C,*,X)

in PosFib. From Corollary 11.1.12, we have Sty e =~ Stx ¢. On the other hand, II.(C) is
contractible. Hence, if we pick x € C, we deduce Stg e >~ Stg, ¢ and Stgset ¢ ~ Stgsee ¢. Hence,
we are left to show that

iary: Fun({0,1}, &) — Fun(A', €)
is not fully faithful, which is obvious. ]
Lemma 15.2.6. Let (C,®,7) be a polyhedral Stokes stratified space of R. Let & be a presentable

stable co-category. Assume that ig): Stgser ¢ — Sty e is essentially surjective. Then for every
a,be J(C) distinct, the Stokes locus Cyp admits at most one point.
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Proof. Assume the existence of a,b € .#(C) distinct such that C, ; has at least two points. We
show that 4j1: Stgset ¢ — Sty e is not essentially surjective. Let i: § < J be the cocartesian
subfibration defined by a and b. By Corollary 9.5.3, it is enough to show that ig1: Stgset ¢ — Sty ¢
is not essentially surjective. Hence we are reduced to the case where .#(C) has exactly two
elements ¢ and b. Let n > 2 and put Cop = {21 < -+ <zp}. Put D =Cn{x < (x,—1 +z,)/2}
and consider the commutative square

Stjset & —_— Stjs;t78

Stge — Sty e -

Since D contains all Stokes points but the last one, one readily checks that the bottom arrow of the
above square is essentially surjective. Hence, to show that the left vertical arrow is not essentially
surjective, it is enough to show that the right vertical arrow is not essentially surjective. Arguing
by descending recursion on n, we can thus suppose that n = 2. In that case, J — Il (C, ®)
is locally constant away from x; and z5. Arguing as in the proof of Lemma 15.2.5, we can
thus suppose that 1 and zo are the only closed strata of (C,®). Put U := C N {x < z2} and
V =Cn{x > z1}. Then, x; is an initial object in II, (U, ®) and x5 is an initial object in
I (V,®). By Proposition 8.2.5, we deduce

Sty e ~ Stjmpg ~ Fun({O, 1}, &)

and

Stjv’g ~ Stj e~ FLHI({O7 1}7 8) .
Furthermore, since U NV is contractible, we have

StjUﬁV,S ~ Fun(AIE) .

EDE

Since Gty ¢ is a hypersheaf, we thus deduce the existence of a pull-back square
Sty e — Fun({0,1},¢€)
| o
Fun({0,1}, &) N Fun(A', €) .
We are thus left to show that the diagonal functor
(15.2.7) Fun({0,1}, €) — Fun({0, 1}, €) Xpun(ar,e) Fun({0,1}, &)

is not essentially surjective. This comes from the observation that any object (V,V] f) with
f1: Vo® Vi — Vo @ Vh not diagonal does not lie in the essential image of (15.2.7). This concludes
the proof of Lemma 15.2.6. O

Corollary 15.2.8. Let (C,®,J) be a polyhedral Stokes stratified space of R. If (C,®,7) is
elementary, then for every a,b € Z(C) distinct, the Stokes locus Cyp, is reduced to a point.

Proof. Combine Lemma 15.2.5 and Lemma 15.2.6. O

15.3. Distance on the set of open strata.

Definition 15.3.1. Let (C, ®) be a stratified polyhedron. For A, B C C, we say that A and B
are separated by ¢ € ® if they lie in distinct connected components of C'\ H,. We let ®(4,B) C ®
be the set of forms separating A and B and denote by d(A, B) its cardinality.
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Remark 15.3.2. If U, V, W are open strata of (C, ®), then
(U, V) C U W)URW,V) .
In particular, d induces a distance on the set of open strata of (C, ®).

Lemma 15.3.3. Let (C,®) be a stratified polyhedron and let U,V,W be open strata of (C,P).
Suppose that V and W are distinct and adjacent along a face lying in H, for some ¢ € ®. Then
(U, V) and ©(U,W) differ exactly by ».

Proof. Let 1 € ®(U,V). If ¢ does not appear in ®(U, W), then 1 separates V' and W. Hence,
VNW c H,NHy. Since V and W are assumed to be adjacent, V' N W has codimension 1.
Hence, so does H, N Hy. Thus ¢ = . O

Definition 15.3.4. Let (C,®) be a stratified polyhedron and let U be an open stratum. For
k=—1,put U<_; =U. For k > 0, put

ng = U V
V,d(U,V)<k

where the union runs over the open strata V' of (C, ®) satisfying d(U, V) < k.

Remark 15.3.5. Let V be an open stratum of (C, ®) mapping to f € {—,+}®. Then, V is the
set of points of C' lying above the closed subset S(V) :== ({—,0,+}%)<s. In particular U<y, is the
set of points of C' lying above the closed subset

Sk = |J sv).

V,d(U,V)<k

Lemma 15.3.6. Let (C,®) be a stratified polyhedron and let U,V be distinct open strata. Put
k:=d(U,V)—1. Let F be a face of V. Let ¢ € ® be the unique form such that F =V N H,,.
Then, F C U<y, if and only if ¢ separates U and V. In particular,

Vn ng = U vVn HAP .
ped(U,V)
Proof. Suppose that ¢ separates U and V. Hence, there is an open stratum W # V adjacent to
V along F. From Lemma 15.3.3, we have d(U,W) = k. Hence, FF C W C U<j. On the other
hand, suppose that F C U<y. By definition, there is an open stratum W with d(U, W) < k such
that F is a face of W. In particular, W # V. Thus, Lemma 15.3.3 ensures that ®(U, V) and
®(U, W) differ exactly by ¢. Since d(U,V) > d(U, W), we necessarily have ¢ € ®(U,V) and
Lemma 15.3.6 is proved. ([l

Lemma 15.3.7. Let (C,®) be a stratified polyhedron and let U,V be distinct open strata. Put
k:=d(U,V)—1. Then, VN U<k — V admits a deformation retract. In particular, V N U<y is
contractible.

Proof.i Fix x € U. At the cost of replacing some forms in ® by their opposite, we > can suppose
that V is the set of points x € C such that p(z) > 0 for every ¢ € ®. For y € V, define the
following degree k + 1 polynomial

Po(y):te [ (=t -z+t-y).
PEB(U,V)
Then, Py (y) has exactly k£ + 1 roots in (0, 1] counted with multiplicities. Let ¢ty (y) € (0, 1] be the
biggest root of Py (y) and put

pv(y) =1 —tv(y) z+tv(y) -y .



128 MAURO PORTA AND JEAN-BAPTISTE TEYSSIER

Since the coefficients of Py (y) depend continuously on y, so does ty(y). Hence, py varies
continuously in y. Let y € V. We want to show that [y,pyv(y)] C V. If y = py(y), there is
nothing to prove. Suppose that y # py (y) and pick z € (y,pv (y)). If ¢ separates U and V', the
non zero real numbers ¢(y) and ¢(z) have the same sign by construction. Hence ¢(z) > 0. If
¢ does not separate U and V, we have ¢(z) > 0. Since ¢(y) > 0, we deduce p(z) > 0. Hence,
(y,pv(y)) C V, so that [y, py(y)] C V. By Lemma 15.3.6, we deduce that py (y) € VN U<. Note
that if y € V' N U<k, then y lies on a face of V separating U and V by Lemma 15.3.6. Hence,
Py (y) vanishes at t = 1, so that py (y) = y. Thus, the continuous function [0,1] x V' — V defined
as

(u,y) = u-py(y) + (1 —u)-y

provides the sought-after deformation retract. O

Construction 15.3.8. Let (C, ®) be a stratified polyhedron and let U be an open strata. Let
k> 0and put S(U,k+1)° := S(U,k+1)\S(U, k). Observe that S(U, k+1)° is open in S(U, k+1).
Consider the following pushout of posets

S{U,k+1)° —— S(U,k+1)

| l

x —— P(U,k+1) .

Since S(U,k + 1)° is open in S(U, k + 1), the stratified space (Ug+1, P(U,k + 1)) is conically
stratified and admits U<gy1 \ U<y as open stratum.

Lemma 15.3.9. Let (C,®) be a stratified polyhedron and let U be an open stratum. Let k > 0.
Then, the induced functor

(15.3.10) Hoo(U<k, S(U, k) = Mo (U<pt1, P(U, k + 1))

s final.

Proof. To prove Lemma, 15.3.9, it is enough to prove that for x € U<y 1, the oo-category
X = Moo (U<, S(U, k) X11 o (Us s, P(Uk+1)) oo (Ukyr, P(U K+ 1)) /2

is weakly contractible. Since S(U, k) is closed in P(U, k + 1), the functor (15.3.10) is fully-faithful.
Hence, we can suppose that € U<g41 \ U<k In that case, let V' C U<j41 be an open stratum
at distance k + 1 from U such that z € V. By Remark 15.1.3, the co-category X is equivalent
to the full subcategory of Il (U<k, S(U, k)) spanned by points y at the source of some exit-
path v: y = = in o (U<gt1, P(U, k + 1)). In particular v((0,1]) C U<ky1 \ U<k. Note that
7((0,1]) € V. Indeed if this was not the case, there would exist an open stratum W # V adjacent
to V with d(U, W) = k + 1. This is impossible by Lemma 15.3.3. Hence y € V N U<;. On the
other hand, for y € V N U<y, the line joining y to = is a morphism in Il (U<g+1, P(U, k + 1)).
Hence, X is equivalent to the full subcategory of I (U<, S(U, k)) spanned by points y € VNU<,
that is

X ~ Moo (V N Usi, S(V) N S(U, K)) .
Hence,
EHV(X) ~ HOO(VO ng) o~ ok

where the last equivalence follows from Lemma 15.3.7. (]



HOMOTOPY THEORY OF STOKES STRUCTURES AND DERIVED MODULI 129

15.4. Splitting propagation.

Definition 15.4.1. Let (C, ®) be a stratified polyhedron and let U be an open stratum. Let
W(U) be the class of morphisms v:  — y in IIo(C, ®) such that for every ¢ € ® with « € H,,
one of the following condition is satisfied:

(1) We have y € H,.
(#4) The point y and U are not separated by H,,.

In particular, W (U) contains every equivalence of I (C, ®).
Here are some examples of arrows in the class W (U).

Lemma 15.4.2. Let (C,®) be a stratified polyhedron and let U be an open stratum. Let k > 0.
Then, every exit path of (U<k+1 \ U<k, ®) lies in W(U).

Proof. Let v: x — y be an exit path of (U<gy1 \ U<k, ®). Let V be a stratum at distance
k+1 from U with z € V. Let ¢ € ® with € H, and assume that y ¢ H,. Since z ¢ U<y,
Lemma 15.3.6 ensures that ¢ does not separate U and V. Since v: & — y lies in U<p41 we deduce
that ¢ does not separate y and U. (]

The class of maps from Definition 15.4.1 is useful because of the following

Lemma 15.4.3. Let (C,®) be a stratified polyhedron and let U be an open stratum. Let € be
a presentable oo-category. Let F: T (C, ®) — &€ be a functor inverting every arrow in W (U).
Then, the canonical morphism

lim F— lim Fly
M. (C,®) o (U,®)

s an equivalence.

Proof. To prove Lemma 15.4.3, it is enough to prove that

(15.4.4) F|U§,C — F‘nga

lim lim
Moo (U<k,S(UK)) Moo (U<k—1,5(U,k—1))

is an equivalence for every k > 0, where we used the notations of Construction 15.3.8. Assume
that & > 1. Since

(ngv S(U7 k)) - (Uﬁka P(U7 k))
is a refinement, we know by Proposition 2.3.8 that the functor
(15.4.5) I (U<k, S(U, k) = oo (U<, P(U, E))

exhibits the target as the localization of the source at the exit paths in U<y \ U<g—1. By
Lemma 15.4.2, the functor (15.4.5) is thus a localization functor at some arrows in W(U). Hence,
the functor

Flog,: Do (U<k, S(U k) — €

factors uniquely through Il (U<, P(U, k)). Since a localization functor is final, to prove that
(15.4.4) is an equivalence thus amounts to prove that the functor

Moo (U<k—1,S(U, k= 1)) = oo (U<, P(U K))
is final, which follows from Lemma 15.3.9. The case where k = 0 is treated similarly. O
The following lemma provides two examples of functors to which Lemma 15.4.3 applies :

Lemma 15.4.6. Let (C,®,J) be a polyhedral Stokes stratified space satisfying the conditions of
Theorem 15.2.1. Let U be an open stratum. Let a € #(C) minimal on U. Let € be a presentable
stable co-category. Let F': J — & be a Stokes functor. Then F., and F, invert arrows in W (U).
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Proof. Consider the fibre sequence
F.,—F,—Gr,F .

By Corollary 18.1.2, the functor Gr, F inverts every arrow of II,,(C, ®). Hence, we are left to
show that Fy invert arrows in W (U). Let v € W(U). At the cost of writing 7 as the composition
of a smaller path followed by an equivalence, we can suppose that  lies in an open subset V' such
that z is initial in I, (V, ®). From Proposition 8.2.5, we have F|y = ig/(V) where V: J5¢* — €.

Then, F,(v) reads as
B v D .

be s (C) be s (C)
b<gza b<,a

Let b € #(C) with b # a. To prove Lemma 15.4.6, we are left to show that b <, a if and only if
b <y a. The direct implication is obvious. We thus suppose that b <, a. Let ¢ € ® such that the
Stokes locus of {a, b} is CN H,,. Since a is minimal on U, the assumption (1) from Theorem 15.2.1
implies that ¢ separates y and U. If x € H,,, then the definition of W (U) yields y € H,, which
contradicts b <, a. Hence, x ¢ H,. In particular, b <, a or a <, b. Note that the inequality
a <4 b contradicts b <, a. Hence, b <, a and the proof of Lemma 15.4.6 is complete. O

Lemma 15.4.7. Let (C,®,7) be a polyhedral Stokes stratified space satisfying the conditions of
Theorem 15.2.1. Let U be an open stratum. Let a € Z(C) minimal element on U. Let & be a
presentable stable co-category. Let F': I — € be a Stokes functor. Then, the fiber sequence

(15.4.8) Feo— Fy,— Gr F
admits a splitting.

Proof. Since a is minimal on U, the restriction of F, to U is the zero functor. Hence, (15.4.8)
admits a canonical splitting on U. By Corollary 9.4.6, the functor Gr F': J5¢* — € is cocartesian.
By Corollary 18.1.2, we deduce that Gr, F': I (C, ®) — € inverts every arrows. Since

Env(Ilo (C, @) = Moo (C) =~ * ,
we deduce that Gr, F': I (C, ®) — € is a constant functor. Hence, it is enough to show that
Map(Gr, F, F) = Map(Gra Flu, Faolv)
is an equivalence This amounts to show that

lim F,— lim F,ly
. (C,®) o (U,®)

is an equivalence. By Lemma 15.4.3, we are thus left to show that F, inverts every arrow in
W(U). This in turn holds by Lemma 15.4.6. O

15.5. Proof of Theorem 15.2.1. The proof will be the consequence of the following propositions
below.

Proposition 15.5.1. Let (C,®,7) be a polyhedral Stokes stratified space satisfying the conditions
of Theorem 15.2.1. Let € be a presentable stable co-category. Then, the induction functor

Qg1 Stgser g — Sty g
1s fully faithful.
Proof. Let V,W: J%¢* — € be Stokes functors. We have to show that the canonical map
Map(V, W) — Mapg, , (i5,1(V), ig1(W)) =~ Map(V, igig (W))
is an equivalence. This is equivalent to show that for every a € #(C), the map
Map(Va, Wa) — Map(Va, (i3,1(W))a)
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is an equivalence. By Corollary 18.1.2, the cocartesian functor V,: Il (C, ®) — & inverts every
arrow in IT(C, ®). Since C is contractible, we deduce that V,: II.(C,®) — & is a constant
functor. Thus, we are left to show that for every a € .#(C), the map

15.5.2 lim W, —» [k i 1(W ),
( ) e n&l(%l,@(””( )

is an equivalence. At the cost of writing W: J5¢ — & as a finite direct sum over .#(C), we can
suppose the existence of b € .#(C) such that W, ~ 0 for a # b. In that case, let i,: J, — J be
the cocartesian fibration constant to b, so that W =~ 4% (W) with W;,: Il(C, ®) — € constant
to an object e € €. Thus, ig (W) ~ i 1(W3). In particular,

(ijv!(W))b ~ izib,!(Wb) ~ Wb .
Hence, we are left to prove that (15.5.2) is an equivalence for a € #(C) with a # b. Let p € ®
such that the Stokes locus of {a,b} is H,. Let C; and C5 be the two connected components of
C\ H, such that a <, b for every 2 € C; and b <, a for every & € C5. Then

(ig)y(W))a(CC) ~ (ib,g(Wb))a(a?) ~0 ifxeH,orzel,
~e¢ ifxeCy.

Hence both functors in (15.5.2) invert every exit-path in C1, in Cs and in H,. Consider the map

CVyp ! {_7 Oa +}¢) - {_a Oa +}
given by evaluation at ¢. By Proposition 2.3.8, the refinement

(07 (I)) - (07 {_7 07 +})
induces a functor
oo (C, @) — oo (C, {})
exhibiting the target as the localization of the source at the exit paths in C1, in (5 and in H.,.
Since localization functors are final, we are left to prove that (15.5.2) is an equivalence when
® = {p} and W =W =~ 3% (W}). In that case, Ilo(C, ®) — {—,0,+} is an equivalence. Thus,
any point x of H,, is initial in I1o(C, ®). Hence, the map (15.5.2) identifies canonically with
(ip (Ws))a(@) = (ig0(W))a(2) -

Since both terms are 0, Proposition 15.5.1 follows. ]

Proposition 15.5.3. Let (C, ®,7) be a polyhedral Stokes stratified space satisfying the conditions
of Theorem 15.2.1. Let € be a presentable stable co-category. Then, the induction functor

1g1: Stgset75 — Stgyg
18 essentially surjective.

Proof. The proof follows the method from [36, Proposition 3.16]. Let F: I — & be a Stokes
functor. By Corollary 9.4.10, it is enough to show that F' splits. We argue by recursion on the
cardinality of .7 (C). If #(C) has one element, there is nothing to prove. Suppose that .#(C') has
at least two elements. Then, there exist open strata U and V and a,b € .#(C) distinct such that
a is minimal on U and b is minimal on V. Let i,: J, < J (resp. iy: I, < J) be the cocartesian
fibration constant to a (resp. b) and let i: M < J be the full subcategory spanned by objects not
in J, nor J,. In particular, we have J5°* = J5¢t L1 33¢t || V', By Lemma 15.4.7, the fiber sequences

Feoy—F,—Gr,F and Fop— Fp— GrpF

admit some splittings. Let us choose some and let F\e:J — & and F\»:J — & be the
corresponding functors as constructed in Section 9.7. By Corollary 9.7.17, we have to show that
FVa and F\? split. We are going to show that F\7« splits as the argument is the same for F\%¢.
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Let i: J, UM — J be the subcategory spanned by the objects of J not in J,. Since F' is a Stokes
functor, Lemma 9.7.7 implies that F\’= is a Stokes functor as well. By Lemma 9.7.6, we have
(Gr F\a)(¢) >~ 0 for every ¢ not in J, UM. By Proposition 9.5.2, we deduce that F'\’a lies in the
essential image of 41: Stg,un.e — Sty e. By recursion assumption applied to (C, ®,J, UM), we
deduce that F\?= splits. This concludes the proof of Proposition 15.5.3. O

16. STOKES STRUCTURES AND FLAT BUNDLES
16.1. Real blow-up.

Definition 16.1.1. A strict normal crossing pair is the data of (X, D) where X is a complex
manifold and D is a strict normal crossing divisor in X.

Notation 16.1.2. Let (X, D) be a strict normal crossing pair and put U := X\ D. Let Dq,..., D,
be the irreducible components of D. For I C {1,...,1}, we put

D;=(\Di and Dj=(]Dr\D,.
i€l gy
We denote by i;: Dy — X and i9: Dy — X the canonical inclusions. We note (X, D) for
the stratification X — Fun({D1, ..., D;}, Al) induced by the irreducible components of D (see
Remark 2.2.5).

Remark 16.1.3. The canonical functor (X, D) — Fun({1,...,l}, Al) is an equivalence of
oo-categories.

Construction 16.1.4 ([44, §8.b]). Let (X, D) be a strict normal crossing pair. Let Dy,..., D,
be the irreducible components of D. For i = 1,...,l, let L(D;) be the line bundle over X
corresponding to the sheaf Ox (D;) and let SL(D;) be the associated circle bundle. Put

l

S'L(D) = P S'L(D;) .
i=1

Let U C X be an open polydisc with coordinates (z1,..., 2z,) and let z; = 0 be an equation of D;
in U. Let Xy € SYL(D)|y be the closure of the image of (z;/|zi|)1<i<i: U\ D — S*L(D). Then,
the X’U are independent of the choices made and thus glue as a closed subspace Xcs LL(D)
called the real-blow up of X along D. We denote by 7: X — X the induced proper morphism
and by j: X\ D — X the canonical open immersion. For I C {1,...,1} of cardinal 1 < k <, we
put Dy == 7~ 1(D;) and D := 7~1(D$) and observe that the restriction

7lpe: D§ — DS
is a S*-bundle.

Example 16.1.5. Let A C C! be a polydisc with coordinates (z1, ..., 2), let Y be a complex
manifold and put X = A x Y. Let D be the divisor defined by 2 -+ -z = 0. Then, S*L(D) =
A x (SH! x Y and

X ={(z,y,u) € S'L(D) such that z;, = |zx|ug, 1 <k <1} .
In particular,

X ~ (RZO X Sl)l X (Cn_l
and via the above identification, the inclusion X < S LL(D) reads

(T7U,y) — (Tlulv' .. 7Tlul7yau) .
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Remark 16.1.6. In the situation from Example 16.1.5, let 1 < k <[. Then, the map
2 /|zl: X\ Dy — St
extends as a map S*L(D) — S* given by (z,y,u) — uy.
Example 16.1.5 implies the following

Lemma 16.1.7. Let (X, D) be a strict normal crossing pair. Then, X is a closed subanalytic
subset of S'L(D) and m: X — X is a subanalytic map.

Lemma 16.1.8. Let (X, D) be a strict normal crossing pair such that X admits a smooth
compactification. Then, m: X — X is strongly proper (Definition 12.3.1).

Proof. Let X < Y be a smooth compactification of X. At the cost of applying resolution of
singularities, we can suppose that Z := Y \ X is a divisor such that E := Z + D is a strict normal
crossing divisor. In particular, there is a pull-back square

(S'L(D), X) —— (S'L(E),Y)

J |

X—>Y.

Then Lemma 16.1.8 follows from Lemma 12.3.3. O

Recollection 16.1.9 ([44, §8.c]). Let (X, D) be a strict normal crossing pair and put U := X \ D.
Let m: X — X be the real blow-up along D and let j: U < X be the canonical inclusion.
We denote by .A%Od C j«Op the sheaf of analytic functions with moderate growth along D.

By definition for every open subset V C X, a section of .A;Od on V is an analytic function
f:VNU — C such that for every open subset W C V with D defined by & = 0 in a neighbourhood
of (W), for every compact subset K C W, there exist Cx > 0 and Nk € N such that for every
z € KNU, we have

[f(2)] < Ck - |[h(z)| 7V .
The following lemma is obvious:

Lemma 16.1.10. In the setting of Recollection 16.1.9, let (5.0y)' C 7.0y be the subsheaf of
locally bounded functions. Then A;Od is a unitary sub (j.0y)P-algebra of j.Oy such that

A;"d“ C (j,Op)™ .

Recollection 16.1.11 ([44, Definition 9.2]). Let (X, D) be a strict normal crossing pair and put
U:=X\D. Let m: X — X be the real blow-up along D and let j: U < X be the canonical
inclusion. For f, g € j.0p, we write

f < gifandonlyife/™9 ¢ A;Od .
By Lemma 16.1.10, the relation < induces an order on (5.0r)/(j:Or)™®. From now on, we view
(7.:00)/(j+Ou)™® as an object of Sh™P (X, Poset).
Remark 16.1.12. Viewing 7*Ox (D) inside 7,0y, we have
™ O0x (D) N (j.0p) = 7*O0x .

Hence, 7" (O x (x¥D)/Ox) can be seen as a subsheaf of (j.0y)/(j.Oy)!. From now on, we view it
as an object of Sh™P (X, Poset).
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16.2. Sheaf of unramified irregular values.

Definition 16.2.1. Let X be a topological space. Let F € Sh™P (X, Cat..). We say that F is
locally generated if there is a cover by open subsets U C X such that for every z € U, the functor
F(U) — F, is essentially surjective. We say that F is globally generated if for every x € X, the
functor F(X) — F, is essentially surjective.

Local and global generation enjoy the following functoriality property:

Lemma 16.2.2. Let f: Y — X be a morphism of topological spaces. Let F € Shhyp(X, Cat,).
If F is locally (resp. globally) generated, then so is f*"P(JF).

Proof. We argue in the locally generated situation, the globally generated situation being similar.
Let y € Y and put = f(y). Let U C X be an open neighbourhood of z as in Definition 16.2.1.
Let V C Y be an open neighbourhood of y such that f(V) C U. For z € V, there is a factorization

FU) = (FMP@)V) = (F5P(F))z = Ty -
Since the composition is essentially surjective, so is the second functor. (Il

Recollection 16.2.3 ([37, Definition 2.4.2]). Let (X, D) be a strict normal crossing pair. A
sheaf of unramified irregular values is a locally generated subsheaf of finite sets .# C Ox(xD)/Ox
in the sense of Definition 16.2.1.

The goal of what follows is to show that a sheaf of unramified irregular values is automatically
constructible on (X, D). Before this, a couple of lemmas are needed.

Lemma 16.2.4. Let X be a complexr manifold. Let i: Y — X be a submanifold. Let & be a
quasi-coherent sheaf on X and consider the presheaf-theoretic restriction i~ *€. Then,

(1) the presheaf i~ 1€ is a sheaf.

(2) Assume furthermore that for every connected open subset U C X and every x € UNY,
the map E(U) — &, is injective. Then for every connected open subset U C'Y and every
x € U, the map (i~1&)(U) — &, is injective.

Proof. We first prove (2). Let s € (i71&€)(U) such that s, = 0. Then, there is an open subset
V C X containing U and e € &(V) such that s = [(V,e)] in (i71€)(U). At the cost of replacing V'
by a union of sufficiently small balls centred at points of U, we can suppose that V' is connected.
By assumption on € we have e = 0 so that s = 0. We now prove (1). Consider the sheaf-theoretic
restriction i*€. We have to show that the sheafification morphism i~'€ — i*& is an isomorphism
of presheaves. The question is local. Since sheafification commutes with colimits, it is enough to
treat the case where &€ = Ox. Hence, we can suppose that X C C" is a polydisc with coordinates
(21,...,2,) and Y defined by z; = - -+ = 2, = 0 for some 1 <1 < n. By (2), we know that i ~'Ox
is separated, so that i~'Ox — i*Ox is injective. We show the surjectivity. Let U C Y be an
open subset and let s € (i*Ox)(U). Then, s is an equivalence class of open cover U of U in Y,
and for every V € U the datum of a section sy = [(W, fir)] € (i"*Ox)(V) such that for every
V,V' € U, we have sy |vay: = sy7|vavr. At the cost of shrinking the W’s, we can suppose that
each W is a union of balls centred at points of V and Y N W = V. At the cost of passing to a
finer cover, we can suppose that each W is a ball and V =Y N W. In that case, for every such
W, W’, the intersection W N W' is either empty or connected containing a point of U. In the
latter case, the analytic functions fy and fy coincide on an open subset of W N W’. Since
W N W' is connected, they coincide on W N W' and thus glue as an analytic function f on the
union Q of the W’s. Then, the class [(£2, f)] € (i71Ox)(U) maps to s. O

Lemma 16.2.5. Let V C C™ be an open subset. Let y,z € V such that [y,z] C V. Then, there
is a polydisc 6 C 'V containing [y, z].
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Proof. At the cost of applying a suitable affine transformation, we can suppose that y = 0 and
z=(1,0,...,0). For n > 0, consider the polydisc

Ay = {x € C" such that |x; —1/2| < 1/2+ 1/k,|x;| < 1/k,i=2,...,n} .

If Ay, € V for every k > 0, one can construct a sequence of C" \ V' converging to a point of [y, z],
thus producing a point of [y, z] not in V. Contradiction. Hence, Ay, for k big enough does the
job. (I

Proposition 16.2.6. Let (X, D) be a strict normal crossing pair. Let & C Ox(xD)/Ox be a
sheaf of unramified irreqular values. Then, & € COHS}B’IJ(X, Set).

Proof. Let Dq,...,D; be the irreducible components of D. Let I C {1,...,l} be a subset. We
have to show that i7" (.#) is locally constant. The question is local. Hence, we can suppose
that X C C" is a polydisc with coordinates (21, ..., 2,) and D defined by 2; - -- z; = 0 for some
1<l<nwith I ={1,...,1}. Let # € D}. Let B C X be a polydisc centred at z. At the cost of
shrinking B, we can suppose that B N D7 is a polydisc as well. We have to show that at the cost
of shrinking B further, the restriction (i7".%)|pnps is a constant sheaf, which amounts to show
that

(16.2.7) (@>*.7)(BND3) = .9,

is bijective for every y € BN DJ. Since .# is locally generated, we can suppose that (16.2.7) is
surjective for every y € BN DY. Fix y € BN D9. We have to show that (16.2.7) is injective.
Consider the quasi-coherent sheaf € == Op(x(B N DY))/Op on B. To show that (16.2.7) is
injective, it is enough to show that

(16.2.8) (i7°&)(BN DY) — &,
is injective. By Lemma 16.2.4, this further amounts to show that

(16.2.9) (@) BNDS) — &,

.0,—1

is injective. Take s € (i €)(B N D7) and assume that s, = 0. Let z € BN Dj. We want
to show that s, = 0. Let us represent s by (V,t) where ¢t € (V) and BN Dy C V C B. By
Lemma 16.2.5, there is a polydisc A C V' containing [y, z]. Hence, t|a € E(A) is represented by a
meromorphic function f € (Ox(*D))(A) which is holomorphic in a neighbourhood of y. Thus, f
is holomorphic, so that s, = 0 and the proof of Proposition 16.2.6 is complete. ]

Remark 16.2.10. In the setting of Proposition 16.2.6, let us denote by ()Z', 5) the space X
endowed with the stratification induced by that of D on X. Then, Proposition 16.2.6 yields
(LSS Cons%yp(X7 Set).

Under constructibility assumption, local generation can sometimes be upgraded into global
generation, due to the following

Lemma 16.2.11. Let (M, X, P) be a subanalytic stratified space such that Ilo (X, P) admits an

initial object. Then, every locally generated constructible sheaf F € Cons};gyp(X7 Caty,) is globally
generated.

Proof. Let y € X. We want to show that F(X) — F, is essentially surjective. Let 2 € X initial
in Il (X, P) and let U C X be an open neighbourhood of  on which JF is globally generated. At
the cost of shrinking U, we can further suppose by Proposition 2.5.6 that « is initial in 1. (U, P).
Choose a morphism v :  — y in I, (X, P). At the cost of replacing y by a point of v distinct
from z and sufficiently close to x, we can suppose that y € U. Let F': I[I,(X, D) — Caty be
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the functor corresponding to F via the exodromy equivalence (2.3.6). By assumption, the second

arrow of

lim F— lim F — F(y)
Heo (X, P) Hee (U,P)

is essentially surjective, while the first one is an equivalence since x is initial in both IT. (X, P)
and II (U, P). Lemma 16.2.11 thus follows. O

Example 16.2.12. Let A C C! be a polydisc with coordinates (z1,...,2), let Y be a weakly
contractible complex manifold and put X = A x Y. Let D be the divisor defined by z; --- 2z; = 0.
Then 0 is initial in I (X, D).

Example 16.2.13. Let A C C! be a polydisc of radius 7 > 0 with coordinates (21, ...,2), let Y
be a weakly contractible complex manifold and put X = A x Y. Let D be the divisor defined
by z1-+-2; =0. Let 7: X — X be the real blow-up of X along D. Let Ir,...,I; C S! be strict
open intervals. Then, any point of [0,7)! x I} x --- x ; x Y C X above the origin is initial in

Moo ([0,7) x I x -+ x I; x Y, D) .

Corollary 16.2.14. Let Y be a weakly contractible complex manifold. Let A C C' be a polydisc
with coordinates (z1,...,2;1) and put X = A x Y. Let D be the divisor defined by z1 ---z = 0.
Let & C Ox(xD)/Ox be a sheaf of unramified irregular values. Then, & is globally generated.

Proof. Combine Proposition 16.2.6 with Lemma 16.2.11 applied to Example 16.2.12. O

Corollary 16.2.15. Let A C C! be a polydisc with coordinates (z1,...,2), let Y be a weakly
contractible complex manifold and put X = A xY. Let D be the divisor defined by zy -z = 0.
Let m: X — X be the real blow-up of X along D. Let & C Ox(xD)/Ox be a sheaf of unramified
wrregular values. Then, the canonical restriction map

I (X) = (x*7)(X)
18 bijective.
Proof. By Proposition 16.2.6, the sheaf .# is constructible on (X, D), so that 7*.# is constructible

on (X, D) (see Remark 16.2.10). Let F': IIo(X, D) — Set be the functor corresponding to .
via the exodromy equivalence (2.3.6). By Recollection 2.3.5, we have to show that

lm F— lim Fom
Moo (X,D) O (X,D)

is an equivalence. Since Y is weakly contractible, we can suppose that Y is a point. Since Set is
a 1-category, the functor F': IIo (X, D) — Set factors uniquely through the homotopy category
ho(Il (X, D)) as a functor G: ho(Il. (X, D)) — Set. Hence we are left to show that

lim G — lim Gom
ho(Ile (X, D)) ho (Moo (X, D))

is an equivalence. To do this, it is enough to show that
(16.2.16) ho(Ilo (X, D)) — ho(Ilso (X, D))
is final in the 1-categorical sense. If r > 0 denotes the radius of A, we have
X =1[0,7) x (84 .
Since ho commutes with finite products, we obtain
ho(Iloo (X, D)) ~ ho(Io([0,7)", D)) x ho(Ilo((S1))) .

Via this equivalence, the functor (16.2.16) identified with the projection on the first term. By [31,
4.1.1.13], we are thus left to show that ho(Il..((S')!)) is connected, which is obvious. O
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Corollary 16.2.15 implies immediately the following

Corollary 16.2.17. Let (X, D) be a strict normal crossing pair. Let & C Ox(xD)/Ox be a
sheaf of unramified irregular values. Let w: X — X be the real blow-up along D. Then the unit

transformation
BNy W s 4

18 an equivalence.
16.3. Good sheaf of unramified irregular values.

Definition 16.3.1. Let X C C" be a polydisc with coordinates (z,y) == (z1,..., 21, Y1, - - - Yn—1)-
Let D be the divisor defined by z;--- 2, = 0. Let a € Ox o(*D)/Ox o and consider the Laurent

expansion
m
E am(y)z™ .
mez!

We say that a admits an order if the set
{m € Z! with a,, # 0} U {0}
admits a smallest element, denoted by ord a.
Remark 16.3.2. The existence of an order does not depend on a choice of coordinates on X.

Recollection 16.3.3 (|37, Definition 2.1.2]). Let (X, D) be a strict normal crossing pair. Let
x€X. Asubset I C Ox ,(*D)/Ox 4 is good if

(1) every non zero a € I admits an order with aorq q invertible in Ox ,.
(2) For every distinct a,b € I,a — b admits an order with (a — b)oq(qa—p) invertible in Ox ..
(3) The set {ord(a — b),a,b € I'} C Z! is totally ordered.

Recollection 16.3.4 ([37, Definition 2.4.2]). Let (X, D) be a strict normal crossing pair. A good
sheaf of unramified irregular values is a sheaf of unramified irregular values such that for every
x € X, the set &, C Ox (*D)/Ox 5 is good in the sense of Recollection 16.3.3.

When restricted to good sheaves of irregular values, the order from Recollection 16.1.11 admits
a handy characterisation that we now describe.
Recollection 16.3.5 ([37, §3.1.2]). Let A C C! be a polydisc with coordinates (z1,...,2), let ¥
be a complex manifoldNand put X =AxY and U =X\ D. Let m: X — X be the real blow-up
along D and let x € X. Let a,b € (m71(Ox(xD)/Ox)), and let a and b be lifts of a and b to
Ox (*D) on some open subset V' C X. By Remark 16.1.6, the function

Re(a — b)[z~ @Y. v\ D 5 R
extends as a real analytic function
Fop:m ' (V)= R.
Then, the following are equivalent:
(1) a <z b in the sense of Recollection 16.1.11;

(2) a=bora#band F,(z) <0.

The goal of what follows is to show that for every good sheaf of unramified irregular values
7 C 7 (0x(xD)/Ox), there exists a finite subanalytic stratification X — P such that 7*.7 €
Cons};;yp()? ,Poset). Before that, a couple of intermediate steps are needed. To this end, we
introduce the following
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Definition 16.3.6. Let (M, X) be a subanaltyic stratified space. Let F € Shhyp(X, Poset).
Note that for z € X, the stalk
Fy = colim F(U)
zeU
is naturally endowed with an order <, by performing the above colimit in Poset instead of Set.
For an open subset U C X and for a,b € F(U), we put

Uu<p = {z € U such that a, <, b, in F,}
and
Ua=p = {z € U such that a, = b, in F,}
and
Uaxp = {2 € U such that a, and b, cannot be compared in F,} .

Remark 16.3.7. Let (M, X) be a subanaltyic stratified space. Let F € Shhyp(X,Poset).
For every open subset U C X and for every a,b € F(U), the set U, is open and U, and
Uaso = U\ (Ugcp U Ugsp U Uy—p) are locally closed.

Example 16.3.8. Let A C C! be a polydisc with coordinates (z1, ..., z), let Y be a complex
manifold and put X = AxY. Let D be the divisor defined by z1 ---2; = 0. Let & C Ox(xD)/0Ox
be a sheaf of unramified irregular values. Let : X — X be the real blow-up along D. Let
a,f € 7(X)and put a = 7 € (7*.£)(X) and b= 7* 8 € (7*.#)(X). Let A C {1,...,1} be the
set of indices 7 such that o — 8 has a pole along D;. By Recollection 16.3.5, we have

Xa:b - |_| ﬁ;
Ic{1,...,l}\A
and B _
Xowv= || Din{F.,<0}.
Ic{1,...,1}
INA#D
Furthermore,

Xa*b = 5(: \ (jza<b U jza>b U jza:b) .

In particular the three sets above are subanalytic in S'L(D).

Lemma 16.3.9. Let (M, X, P) be a subanaltyic stratified space where X is closed. Let F €
Sh™P(X, Poset). Let ? € {<,=,}. Assume that

(1) 55 € ConsyP (X, Set) ;
(2) F is locally generated (Definition 16.2.1) ;

(8) there exists a fundamental system of open neighbourhoods W C M such that for every
a,b e F(WNX), the set (W N X)a2, is subanalytic in W.

Then, for every open subset U C X subanalytic in M, for every a,b € F(U), the set Uysyp is locally
closed subanalytic in M.

Proof. Local closeness is automatic by Remark 16.3.7. Let z € M. We need to show that U, is
subanalytic in a neighbourhood of z in M. Since X is closed, we can suppose that z € X. At
the cost of replacing M by a sufficiently small open neighbourhood of = in M, we can suppose
by (2) that F is globally generated. At the cost of shrinking M further, we can suppose that
P is finite. Since U is a subanalytic subset of M, so are the U, = U N X, for p € P. On the
other hand, the set of connected components of a subanalytic subset is locally finite. Hence,
at the cost of replacing M by a smaller neighbourhood of x, we can suppose that the U, have
only a finite number of connected components Cy ;, ..., Cy,),p- By global generation, for p € P
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and 1 <14 < n(p), the sections a|c, ,,b|c, , extend to X as sections « p, 8;,p of F. At the cost
of replacing M by a smaller neighbourhood of z, we can suppose by (3) that the KXo, ,28;, ar€
subanalytic in M. On the other hand,

n(p)
Uarp = I—I Ua?bﬂU = |_| |_| i,p a|c Cip = |_| |_| Xai’p?gi,p ﬁCZ‘,p .

peP peEP i=1 peP i=1

Since a finite union and intersection of subanalytic subsets is again subanalytic, Lemma 16.3.9 is
thus proved. (I

Corollary 16.3.10. Let (X, D) be a strict normal crossing pair. Let .9 C Ox(xD)/Ox be
a good sheaf of unramified irregular values. Let m: X = X be the real blow-up along D and
consider 7.7 € Sh™P(X,Poset). For every open subset U C X subanalytic in S'L(D), for
every a,b € (m*.7)(U), the sets Uy<p,Ua—p,Uasp are locally closed subanalytic in S*L(D).

Proof. Let 7 € {<,=,+}. We prove that U, is locally closed subanalytic in M. We check
that the conditions of Lemma 16.3.9 are satisfied. First observe that X is closed in SYL(D).
Condition (1) is satisfied by Remark 16.2.10. Condition (2) is satisfied by Lemma 16.2.2. To
check (3), we can suppose that X C C" is a polydisc with D defined by z;--- 2, = 0. Let = € X.
We want to find a fundamental system of open neighbourhoods of z in S'L(D) satisfying (3).
By Proposition 2.5.6, it is enough to show that any open subset W C S1L(D) such that z is
initial in oo (W N X, 15) does the job. Indeed let W C S'L(D) be such an open subset and put
U:=WnX. Let a,b € (7*.#)(U). By Corollary 16.2.15, the canonical restriction map

I(X) = (7" 7)(X)

is bijective with .# and 7*.# globally generated in virtue of Corollary 16.2.14 and Lemma 16.2.2.
Hence there is o, 8 € #(X) such that a, = (7*a), and b, = (7*f),. Since x is initial in
IIo(W N X, D), we obtain a = (r*)|y and b = (7*3)|y. Thus, we have

Ua<b = Xﬂ'*OL?ﬂ'*B nw.

Hence, to show that U, is subanalytic in W, it is enough to show that )?W*O(?ﬂ* g is subanalytic
in S'L(D). This case follows from Example 16.3.8. O

Lemma 16.3.11. Let (M, X, P) be a subanalytic stratified space where P is finite. Let F €
Shhyp(X, Poset) such that F5¢v is P-hyperconstructible and takes values in finite sets. Assume
the existence of a finite cover of X by open subanalytic subsets U C X such that

(1) F|u is globally generated ;
(2) for every a,b € F(U), the sets Ugcp, Us—pp and Uy are locally closed subanalytic in M.
Then, there is a finite subanalytic refinement Q — P such that F € Consgyp(X, Poset).

Proof. Let U C X be an open subanalytic subset satisfying (1) and (2). For f: F(U) x F(U) —
{<,=,%,>} and p € P, put

Uf’p =Up ﬂ ﬂ Uaf(a,b)b .
(a,b)eF(U)?

Note that U, is a subanalytic subset of M since U and X,, are. Since F(U) is finite, item (2)

implies that Uy, is a locally closed subanalytic subset of M. By assumption, we have 7|y €

Loc™P(X,,Set). By (1), we deduce Flo,, € Loc™P(Uy ,,, Poset). Then, Lemma 16.3.11 follows
from Lemma 2.5.8. g
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Corollary 16.3.12. Let (X, D) be a strict normal crossing pair where X admits a smooth
compactification. Let & C Ox(xD)/Ox be a good sheaf of unramified irreqular values. Let
m: X = X be the real blow-up along D. Then, there exists a finite subanalytic stratification
X — P refining (X, D) such that 7.7 € Consgyp(f(,Poset).

Proof. By Remark 16.2.10, (7*.#)%" is hyperconstructible on ()N(, l~)) Let X — Y be a smooth
compactification of X. At the cost of applying resolution of singularities, we can suppose that
Z =Y \ X is a divisor such that E := Z 4+ D has strict normal crossings. Hence, X admits a
finite cover by open subanalytic subsets U ~ A"~ x (A*)* with coordinates (z,%) such that
D NU is defined by 27 ---2z; =0, where A C C is the unit disc. Let S;,S_ C A* be a cover by
open sectors. For e: {1,...,k} = {—,+}, put

U, = A"F x Se1) X 0 X Seqp)

and U, := 7~ 1(U.). Note that U, is a subanalytic subset of S*L(D) since U, C X is subanalytic.
To conclude, it is enough to show that U, satisfies the conditions (1) and (2) of Lemma 16.3.11.
By Lemma 16.2.11, the sheaf .|y is globally generated. By Lemma 16.2.2, we deduce that
(7*.7)|5 is globally generated. Let a,b € (7*.#)(U.) and ? € {<,=,*}. By Corollary 16.3.10,

Uc
the set Us 475 is subanalytic in S*L(D). By Remark 16.3.7, it is locally closed in S'L(D). Then,
Corollary 16.3.12 follows from Lemma 16.3.11. (I

16.4. Level structure.

Construction 16.4.1. The goal of what follows is to construct a local level structure for good
sheaves of unramified irregular values. Assume that X C C" is a polydisc with coordinates (z,y) =
(2155 21,Y1, - -+, Yn—1). Let D be the divisor defined by 21 ---2; =0. Let .# C Ox(xD)/Ox be
a good sheaf of unramified irregular values. Let m: X — X be the real-blow up along D and let
X — P be a finite subanalytic stratification adapted to .#. Let X — P be a finite subanalytic
stratification such that 7=1.# is P-constructible. By condition (3) from Recollection 16.3.3, the
set {a —b,a,b € I} is totally ordered with respect to the partial order on Z!. Hence, there exists
a sequence

(16.4.2) m(0) <m(l) <---<m(d) =0

in Z' such that for every k = 0,...,d — 1, the vectors m(k) and m(k + 1) differ only by 1 at

exactly one coordinate and every ord(a — b) for a,b € #(X) distinct appears in this sequence

(such a sequence is referred to as an auxiliary sequence in [37, §2.1.2]). Fix k =0,...,d and put
IF =Im(I — 0x(xD)/z"®0Ox) .

Then, .#* is a constructible sheaf in finite sets on (X, D). The goal of what follows is to endow
7% with a canonical structure of sheaves in finite posets. For a section a € .# we denote by
[a]k its image under .# — 7K.

Lemma 16.4.3. Let x € X. Let a,b € I r(z), such that a <, b and [a]x # [b]x. Then for every
a' b € gy with [a]x = [a']k and [b]x = [V']x, we have a’ <, V.
Proof. We can suppose that z = 0. By assumption a # b. Write
a—bi=f(y) 0+ 3" (a—b)m(y)2"
m>ord(a—b)

where f(0) # 0. Put z = (61,...,0;) € 7~ (0) and write ord(a — b) = (my,...,m;). Then, the
assumption a <, b means
%(f(o)emﬁl-‘rm-‘rmz@z) <0.
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Now let o',V € S () with [a]x = [a/]; and [b]x = [b']x. In particular [a — b] = [0’ — '], that is

d -t =a—b+2"4"Rg ge0x

= ()2 4 2R 4 N (@ = b)m(y) 2™
m>ord(a—b)

Since [a]y # [b]k, we have m(d — k) > ord(a — b). Hence ord(a — b) = ord(a’ — V') and

a —b = f(y)zord(a—b) + Z (a/ _ b/)m(y)zm

m>ord(a’—b")

Hence, we also have a’ <, b'. O

koon sk

T w(x

Corollary 16.4.4. Let x € X. Then, there is a unique order < ) such that

s a level morphism of posets in the sense of Definition 10.1.1.

Proof. The uniqueness is obvious since Z(,y — ff(z) is surjective. For o, 5 € fjf(z), put a <k B
if « = B or if a # B and there exists a,b € #(,) with a = [a]x and 8 = [b]x such that a <, b
and [a] # [b]g. Then, Corollary 16.4.4 follows from Lemma 16.4.3. O

We stay in the setting of Construction 16.4.1. For every open subset U C )?, we define a
partial order <;; on (7*.#*)(U) by

a <y b if and only if a <¥ b in Jf(m) for every x € U.
Then, 7*.#* € Cons p(f( ,Poset) and the canonical morphism
I — 7"
is a morphism of P-constructible sheaves in finite posets on X. Hence, the chain
Ox(*D)/O0x — Ox(*D)/z™ MOy — -+ = Ox(*D) /2™ DOy
induces a chain of constructible sheaves on (X, D)
I =915 77t 5. 5 70 =
which in turn induces a chain
g =gt gl 5 g0 =

of P-constructible sheaves in finite posets over )~(~ By Corollary 16.4.4, the corresponding chain
of cocartesian fibrations in finite posets on I (X, P)

(16.4.5) G gd Ly gd-l g0 _
is a level structure on (X, P,J) relative to (X, D) in the sense of Definition 11.5.3.

Remark 16.4.6. The level structure (16.4.5) depends on a choice of auxiliary sequence (16.4.2).
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16.5. Piecewise elementarity.
Lemma 16.5.1. Fiz X C C" be a polydisc with coordinates (z,y) = (21, -+, 21, Y1s- - Yn—1)-
Let D be the divisor defined by z1---z1 =0 and put I = {1,...,1l}. Let & C Ox(xD)/Ox be a

good sheaf of unramified irreqular values. Let w: X — X be the real-blow up along D. Let x € X
such that m(0) = 0. Let m € Z<o non zero. Then, there is a closed subanalytic neighbourhood

S C X7 of x mapping to a closed subanalytic neighbourhood B C D5 of 0 such that for every
y € B, the following holds ;

(1) the fibre S, = SN 7~Y(y) is homeomorphic to a closed cube in R!,

(2) Via the homeomorphism from (1), for every a,b € % defined on B with ord(a — b) = m,

the Stokes locus (Sy)ap is a hyperplane whose complement has exactly two components
C1 and Cs such that a <, b for every x € Cy and b <, a for every x € Cs.

Proof. We have X’}’ = (81! x C"! and we see (S')! as the quotient R!. Put m = (my,...,m;).
Let A C R be a finite set. For a € A, the locus of points § € (') satisfying

cos(a +mqb; + - +myb;) =0
is the image under the canonical projection R! — (S*)! of the set of affine hyperplanes H (o, k) C
R! k € Z defined by
a+miby + - +mb =7/2+ kr .

Let # € R! mapping to x. Note that for every a € A and k € Z, the hyperplanes H(a, k) and
H(a,k + 1) are parallel and distant by 7 /|/m||. Hence, for every sufficiently generic choice of
point z close enough to 7, the closed cube C(z, A) C R! centred at z with edges of length m/||m||
and with two faces parallel to the above hyperplanes satisfies

(a) for every o € A, there is a unique k, € Z such that C(z, A) meets H (e, kq).

(b) C(z,A)\ H(w, ko) has exactly two connected components.
Since p: Rl — (S')! is a diffeomorphism in a neighbourhood of C(z, A), its image p(C(x, A)) is a
closed subanalytic subset of (S')!. For a,b € .# defined in a neighbourhood of 0, write

a=bi= fap(y)2 T+ " (a=b)mi(y)2™
m/>m
Choose some argument a4 € R for f,5(0) and put
A = {agp,a,b € & defined in a neighbourhood of 0 with ord(a — b) = m} .
Fix € > 0 small enough and put
S :=p(C(z,4)) x B(0,¢) C X7

where B(0,e) C C"~! is the ball of radius e centred at 0. Note that (1) is satisfied for every
y € B(0,¢). Since the conditions (a) and () are satisfied for C'(z, A), observe that S satisfies (2)
for y = 0. Since the conditions (a) and (b) are open in the choice of A, we deduce the existence
of € > 0 such that (2) holds for every y € B(0,¢). This concludes the proof of Lemma 16.5.1. O

Proposition 16.5.2. Fiz X C C" be a polydisc with coordinates (z,y) = (21, 21, Y1y - - s Yn—1)-
Let D be the divisor defined by z1 -z = 0. Let & C Ox(xD)/Ox be a good sheaf of unramified
wrregular values. Let m: X — X be the real-blow up along D and let X >Phea finite subanalytic
stratification adapted to . Let m(0) < m(1) < --- < m(d) = 0 be an auzxiliary sequence as in
(16.4.2). Then, the level structure (16.4.5) is strongly piecewise elementary (Definition 11.5.3).
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Proof. Let k=1,...,d, note p: J¥ — J*~1. Consider the pullback square
ypk N fk
(16.5.3) Jﬂ Jp
jkfl,set jkfl

Denote by Dy, ..., D; the components of D and fix I C {1,...,l}. Then, we have to show that

()~(}’, P, ng?o) is piecewise elementary at every point € X in the sense of Definition 11.3.19.
I

Since this is a local question on D9, we can suppose that 7(z) = 0 and that .#°" is the constant
sheaf on D9. That is, we can suppose that I = {1,...,l}. We want to apply Theorem 15.2.4. For

this, we need to compute the Stokes loci of the sections of #F on X¢ = (S')! x Dg. Since &/
is the constant sheaf on D7, so is . kiset — fpk’set. Hence, the map

jset(D?)%jpk’set(D?)

is surjective. Let a,b € #5°(D}) such that their images [a], [b]x € F*°*(D3) are distinct. In
particular, we have

(16.5.4) ord(a — b) < m(k) .
Thus,

lalg—1 = [b]r—1 ©a—be 2m(k=1)@9
< ord(a —b) > m(k —1)
& ord(a —b) =m(k 1) By (16.5.4)

In particular,

ord(a —b) # m(k — 1) & [ali1 # [blis

< the Stokes locus of [a]k,[b]; viewed as sections of ﬂ*ﬂpk is X¢.

Thus, by Lemma 16.5.1, there is a closed subanalytic neighbourhood S C )Z'}’ of  mapping to a
closed subanalytic neighbourhood B C D% of 0 such that for every y € B, the following holds ;

(1) the fibre S, = SN 7~ !(y) is homeomorphic to a closed cube in R,

(2) via the homeomorphism from (1), for every a,b € .# defined on B, the Stokes locus
(Sy)a,p is either S, or a hyperplane whose complement has exactly two components C;
and C5 such that a <, b for every x € C; and b <, a for every x € Cs.

By Theorem 15.2.4, the Stokes stratified space (S, P, J’;|Sy) is elementary for every y € DY,
which concludes the proof of Proposition 16.5.2. O

Corollary 16.5.5. Let (X, D) be a normal crossing pair where X admits a smooth compacti-
fication. Let & C Ox(xD)/Ox be a good sheaf of unramified irregular values. Let m: X — X
be the real-blow up along D and let X = Pbea finite subanalytic stratification such that
™ e ConsP()?,Poset). Let ()Z', P,7) be the associated Stokes analytic stratified space. Then,
T ()Z', P,J) — (Y, Q) is a strongly proper family of Stokes analytic stratified spaces in finite posets
locally admitting a piecewise elementary level structure.

Proof. Combine Lemma 16.1.8 with Proposition 16.5.2. (]
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16.6. Sheaf of (ramified) irregular values. The goal of this subsection is to enhance Sec-
tion 16.2 to the ramified setting. Since this requires to work directly on X, we start by transporting
the notion of sheaf of unramified irregular values from X to X.

Lemma 16.6.1. Let (X, D) be a strict normal crossing pair. Let m: X — X be the real blow-up
along D. Let % C *(Ox(*D)/Ox) be a sheaf. Then, the following are equivalent:
(1) There is a sheaf of unramified irregqular values ¢ C Ox(xD)/Ox such that I ~ 7% ¢ .

(2) the direct image 7..% C Ox(xD)/Ox is a sheaf of unramified irreqular values and the
counit transformation w*mw, ¥ — & is an equivalence.

Proof. Immediate from Corollary 16.2.17. O

Definition 16.6.2. If the equivalent conditions of Lemma 16.6.10 are satisfied, we say that
S C 1 (0x(xD)/0x) is a sheaf of unramified irregular values. If furthermore m,.# is a good
sheaf of unramified irregular values, we say that .# is a good sheaf of unramified irregular values.

Remark 16.6.3. By design, Lemma 16.6.1 and Corollary 16.2.17 imply that (7*, 7.) induce a

bijection between (good) sheaves of irregular values on X and (good) sheaves of irregular values
on X.

Construction 16.6.4 ([44, 9.c]). Let X C C" be a polydisc with coordinates (z1,...,z,).
Let D be the divisor defined by z1---2z = 0 and put U := X \ D. Let =: X — X be the
real blow-up along D. Let j: U — X be the canonical inclusion. Define p: Xqg - X by
(21y--ey2n) = (24,28 2141, ..., 2n) for d > 1 and consider the (not cartesian for d > 1)
commutative square

Xy X
[ |
X, 25 X
of real blow-up along D. The unit transformation Oy — p, Oy, yields an inclusion
J+Ou <= J«p: Oy, -
On the other hand, the unit transformation 750 x, (D) < j4 Oy, yields
pxm30x,(*D) = pijaOuv, = jupsOu, -
Put
IV = 5.0p N pm;0x,(xD) C j.Op .
As in Remark 16.1.12, we have
IV (j0u)" = j.0u N pum;Ox, -

We put
IV = IVa/(IVa N (5. 00)") C (jO00)/ (5. 00)" .

For an arbitrary strict normal crossing pair (X, D), the &%, d > 1 are defined locally and glue
into subshseaves

I Ya(X, D) € (j.00)/(5.00)"
for d > 1. By Recollection 16.1.11, we view .#¥4(X, D) as an object of Shhyp(X, Poset).
Example 16.6.5. In the setting of Construction 16.6.4, we have

I N (X, D) =n"(0x(xD)/0x)
in virtue of Remark 16.1.12.
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Construction 16.6.4 suggests to introduce the following

Definition 16.6.6. Let (X, D) be a strict normal crossing pair. Let d > 1 be an integer. A
d-Kummer cover of (X, D) is an holomorphic map p: X — X such that there is a cover of X by
open subsets U with p(U) C U such that p|y reads as

(16.6.7) (21, zn) = (28, .. 28 21,y 2n)
for some choice of local coordinates (z1, ..., z2,) with D defined by 21 --- 2 = 0.

Remark 16.6.8. Following [44], in the setting of Definition 16.6.6, we will denote the source of
p by X, instead of X.

Lemma 16.6.9 ([44, Lemma 9.6]). Let (X, D) be a strict normal crossing pair. Let m: X — X

be the real blow-up along D. Let j: U < X be the canonical inclusion. Let d > 1 be an integer
and let p: Xq — X be a d-Kummer cover of (X, D). Then, via the inclusion

Z)*j*p*oUd = Fﬁ*]*oUd — j*oUd 9

we have
p (I V4o(X, D)) = m3(Ox,(xD)/O0x,)

in Sh"P (X4, Poset).

Lemma 16.6.10. Let (X, D) be a strict normal crossing pair. Let d > 1 be an integer and let
I C IY¥4(X,D) be a sheaf. Then, the following are equivalent:

(1) For every x € X, there exist local coordinates (z1,...,zn) centred at x with D defined by
z1...21 = 0 such that for the map p given by (16.6.7), the pullback p*.# is a sheaf of
unramified irregular values in the sense of Definition 16.6.2.

(2) For every open subset U C X and every d-Kummer cover p: Uy — U, the pullback p*.%
is a sheaf of unramified irregular values in the sense of Definition 16.6.2.

Proof. Left to the reader. (I

Definition 16.6.11. If the equivalent conditions of Lemma 16.6.10 are satisfied, we say that
J C IY4(X,D) is a sheaf of irreqular values. If furthermore the p*.# are good sheaves of
unramified irregular values, we say that .# is a good sheaf of irregular values.

Lemma 16.6.12. Let f: (N,Y,Q) — (M, X, P) be a morphism of analytic stratified spaces such
that the induced morphism f:Y — X is open surjective. Let F € Cons};,yp(X, Caty,). Then, F is
locally generated if and only if f*(F) is locally generated.

Proof. The direct implication follows from Lemma 16.2.2. Assume that f*(F) is locally generated.
To show that F is locally generated, it is enough to show in virtue of Proposition 2.5.6 that
every open subset U C X such that I, (U, P) admits an initial object = contains an open
neighbourhood of x on which F is globally generated. By surjectivity, choose ' € Y above z.
Since f*(F) is locally generated, we can choose an open subset V/ C Y containing 2’ on which
f*(9) is globally generated. By Lemma 16.2.2, we can suppose that V' C f=*(U). At the cost of
shrinking V"’ further, we can suppose by Proposition 2.5.6 that ’ is initial in IIo(V’, Q). Put
V = f(V') C U. Note that V is an open neighbourhood of = by openness of f: Y — X. To
conclude, we are left to show that F|y is globally generated. Let y € V and let us show that
F(V) — F, is essentially surjective. Choose y’ € V' above y. Then, by design of U and V' there
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is a commutative diagram

Fy

1
)
s

*
~~
3
S~—
Qd\

The conclusion thus follows. O

Proposition 16.6.13. Let (X, D) be a strict normal crossing pair. Let & C I ¥4(X, D) be a
sheaf of irreqular values for some d > 1. Then, the following hold:

(1) 75 is hyperconstructible on (X, D);
(2) F is locally generated;
If furthermore & is good, then

(8) for every open subset U C X subanalytic in SLL(D), for every a,b € #(U), the sets
Ua<t,Ua=p,Uaxp are locally closed subanalytic in SL(D);

If furthermore X admits a smooth compactification, then

(4) there exists a finite subanalytic stratification X P refining ()2'75) such that & €
ConsyP(X, Poset).

Proof. Ttem (1) follows from the fact that local hyperconstancy can be check locally for the
étale topology. Item (2) is a local question. Hence, we can assume the existence of a surjective
d-Kummer cover p: X4 — X of (X, D) of the form (16.6.7) such that p*.# is a sheaf of unramified
irregular values. In particular p~'.# is locally generated. Observe that p is open and surjective.
Then, (2) follows from Lemma 16.6.12. Let us prove (3). We are going to apply Lemma 16.3.9.
Conditions (1) and (2) from Lemma 16.3.9 are satisfied. To show that Lemma 16.3.9-(3) is
satisfied, we can suppose the existence of a surjective Kummer cover p: Xy — X such that p*.#
is a sheaf of unramified irregular values. Let W C S1L(D) be an open subanalyticsubset. Let
? € {<,=,+} and let a,b € #(W N X). We want to show that (W N X ), is a subanalytic
subset of W. Since W and X are subanalytic in S1L(D), so is W N X. Hence p*(W N X) C X4
is subanalytic as well. By Corollary 16.3.10 applied to p~ 1., we know that (p*(W N )N()),r*argﬁ*b
is subanalytic. On the other hand, we have

(W N jz)a?b = ﬁ((ﬁ*(W N X))Tr*a?‘n’*b)

Since the image of a subanalytic subset by a proper map is again subanalytic, we conclude that
(W N X) a2 is subanalytic and (3) is proved. We know prove (4). Let X < Y be a smooth
compactification of X. At the cost of applying resolution of singularities, we can suppose that
Z =Y \ X is a divisor such that E := Z + D has strict normal crossings. Hence, X admits a
finite cover by open subanalytic subsets U ~ A"F x (A*)* with coordinates (z,y) such that
ANU is defined by 27 ---2z; =0, where A C C is the unit disc. Let Sy,S_ C A* be a cover by
open sectors. For e: {1,...,k} = {—,+}, put

U.=A""F xS qyx xS CU
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Let (I.,I_) C S! be a cover by strict open intervals. For e: {1,...,k} — {—,+} and
n:{1,...,1} = {—,+}, put

Ve = [0,1) x Ly, X -+ x Iy % A=k o Se(1y X =+ X Seq) C ~Y(U.)
Note that V., is a subanalytic subset of S'L(D). To prove (4), it is enough to show that the

Ve satisfy the conditions of Lemma 16.3.11. This follows from the above points (1) (2) (3) and
Lemma 16.2.11 applied to Example 16.2.13. (I

Proposition 16.6.14. Let (X, D) be a normal crossing pair where X admits a smooth com-
pactification. Let m: X — X be the real-blow up along D. Let .9 C IY¥4(X, D) be a good sheaf
of irregular values for some d > 1. Let X > Pbea finite subanalytic stratification such that
BANS ConsP()?,Poset). Let ()N(,P, J) be the associated Stokes analytic stratified space. Then,
T ()N(, P,7) — (Y, Q) is a strongly proper family of Stokes analytic stratified spaces in finite posets
locally admitting a ramified piecewise elementary level structure in the sense of Definition 11.5.12.
Proof. Immediate from Corollary 16.5.5. O

Proposition 16.6.14 unlock all the results proved in Section 12 and Section 13. In particular,
we have the following

Theorem 16.6.15. In the setting of Proposition 16.6.14, let k be an animated commutative ring.
Then, Sty is locally geometric of finite presentation. Moreover, for every animated commutative
k-algebra A and every morphism
x: Spec(A) — Sty

classifying a Stokes functor F': J — Perf 4, there is a canonical equivalence

I*Tstg = HomFun(J,ModA)(F7 F)[l] )
where Tsy, denotes the tangent complex of Sty and the right hand side denotes the Mod 4-enriched
Hom of Fun(J, Mod 4).

Proof. Combine Corollary 16.5.5 with Theorem 13.1.4. ]
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Part 4. Categorical complements

This fourth part is to be understood as an appendix, collecting auxiliary results needed in
the main body, mostly of categorical flavor. At the same time, we use in a couple of points
the language of the specialization equivalence that has been developed in Section 6 to obtain
important structural results for cocartesian fibrations, that are interesting in their own right. See
in particular Theorem 17.1.2, Theorem 18.2.1 and Corollary 20.2.8.

17. COMPACTNESS RESULTS FOR 00-CATEGORIES

17.1. Compactness in the unstable setting. Inspired by the usual terminology in non-
commutative geometry (see e.g. [33, Chapter 11]), we introduce:
Definition 17.1.1. We say that an co-category C is

(1) compact if it is a compact object in Cate;
(2) proper if for every ¢, ¢’ € €, the mapping space Mape(c, ') is a compact object in Spc.
The first goal of this section is to prove the following:

Theorem 17.1.2. Let X be an co-category and let A — X be a cocartesian fibration. Assume
that X is compact and that for every x € X, the fiber A, is compact in Cato,. Then A is compact
in Cats, as well.

Remark 17.1.3. See [10, Remark 6.5.4] for an analogous statement for finite oo-categories
instead of compact ones.

The proof will use the specialization equivalence. Before giving it, we need a couple of
preliminaries.
Lemma 17.1.4.
(1) Compact objects in Cato, are closed under finite products.

(2) An oco-category X € Caty, is compact if and only if for every filtered diagram Cq: I —
Cat., with colimit C, the canonical map

(17.1.5) colim Fun(X, €;) — Fun(X, ©)
7
is an equivalence in Cat.

Proof. First we prove (1). Fix therefore two compact co-categories X and Y. We can suppose
that X and Y are retract of finite co-categories X’ and that Y’, respectively. Then X x Y is a
retract of X’ x Y, which in turn is a retract of X’ x Y. It is therefore sufficient to prove that the
latter is again a finite co-category. This latter statement follows immediately from the fact that
the products A™ x A™ are again finite.

We now prove point (2). Since * is compact, we see that the stated condition implies the
compactness of X by applying Mapg,, (¥, —) to (17.1.5). As for the converse, since Cat is
compactly generated by the standard simplexes and since — x X 4 Fun(X, —), it is in fact enough
to prove that for every [n] € A, the canonical map

colim Mapg,e (A" x X, C;) = Mapgag (A" x X, €)

is an equivalence. Since point (1) guarantees that A™ x X is again compact, the conclusion
follows. .

Lemma 17.1.6. Let X be an oco-category. Then:
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(1) the forgetful functor
Ux: Carty — Catoo/x

commutes with filtered colimits;

(2) if X is compact in Cato,, then the functor
Y Catoo/x — Catyo
commutes with filtered colimits.

Proof. Notice that Uy is by definition faithful. Thus, to prove (1) it is enough to prove that for
any filtered diagram C,: I — Carty, the following two statements hold:

i) the colimit p: € — X of Uy (C,): I — Cat.,/ is a cartesian fibration;
(i) /

(ii) for every other cartesian fibration ¢: D — X equipped with a cone fo: C¢ — D in Carty,
the induced functor f: € — D preserves cartesian edges.

For (i), it is enough to apply the definition. First, since the horns A} and the simplexes A™
are compact in Cat.,, we see that inner fibrations are stable under filtered colimits. Second,
write A;: €; — € for the canonical maps. Since the diagram was filtered, we see that every object
¢ € C is of the form \;(¢;) for some ¢ € I and some ¢; € C;. Let a:  — p(c) be a morphism in X.
Since p(c) ~ p(A;(c;)) =~ pi(c;) and since p; is a cartesian fibration, we can find a p;-cartesian lift
Bi: di — ¢; of a inside C;. Set d := \;(d;) and 8 := \;(8;). We claim that S is a p-cartesian lift of
. To see this, for every (j,u: i — j) € I;;, write A, : C; — C; for the induced functor. Consider
then the following commutative square:

colim C; v —— colim (€, o x X
(Ju)€l;y 3/ X (Bs) (j,u)EIi/( 3/ Auldi) 2 X/p(e) /04)

J l

6/5 e/d XX p(e) x/a )

where the colimits are computed in Cat,. Since A\, preserves cartesian edges, we see that the
top horizontal map is an equivalence. It is therefore enough to prove that the vertical arrows are
equivalence. Since the colimit is filtered, it commutes with fiber products, and therefore we are
reduced to check that the canonical functors

Solim Cinugy = s and o colim €y, = €/

are equivalences. We deal with the one on the left, as the other follows by a similar argument.
Since Cat,, is compactly generated by the standard simplexes, it is enough to prove that for
every A", the canonical map

colim Mapca (A", Cj/x,(8:)) = Mapgae, (A", C/p)
(Jou)€lyy

is an equivalence. Unraveling the definition of the comma category and using the identification
A" % Al ~ A"2 we see that this map is canonically identified with the upper left diagonal map
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in the following commutative cube:

Mapg(An+2, C) Map(A™*2, )
lim M (a2 e, lim Map(A™*?, €; Mo
(ﬁg)gg/ ap)\u(ﬁl)( _]) (ﬁg)lenzt/ ap( J) eVni1,nt2
eViptl,nt2
/ * B Map(Al,e)
% coim Map(A! €,
(jvu)eli/

Notice that the front and the back squares are pullback by definition. It is therefore sufficient
to check that the other diagonal maps are equivalences, and this follows directly from the fact
that both A”"2 and A! are compact in Cat,. This proves at the same time that p: € — X is a
cartesian fibration, and that p-cartesian edges are exactly the morphisms of the form X;(8;) for
some p;-cartesian edge ; inside €;. In particular, (ii) follows immediately.

We now prove (2). Notice that Xy is right adjoint to the functor — x X: Cat,, — Cat/x.
It is therefore enough to verify that — x X commutes with compact objects. Recall from [25,
Lemma A.3.10] that an object in Cat., x is compact if and only if it is compact in Cat,
after forgetting the structural map to X. Since X itself is compact, the conclusion follows from
Lemma 17.1.4-(1). O

We are now ready for:

Proof of Theorem 17.1.2. Fix a filtered diagram E4: I — Cat,, with colimit €. In virtue of
Lemma 17.1.4-(2), we have to prove that the canonical map

colIim Fun(A, &;) — Fun(A, &)

is an equivalence. Write T 4 for the straightening of A and recall from Notation 6.2.4 that we
write €4 for the cartesian fibration classifying the functor

Fun(Y4(—),&): X°? — Cat -
We similarly define the cartesian fibrations Ef}c. Consider the canonical map
collim Sfc — A

in Carty. To see that this map is an equivalence, it is enough to test that for each x € X, the
induced map between the fibers at = is an equivalence. However, at the level of fibers at x, this
map is canonically identified with

collim Fun(A,, &;) — Fun(A,, &) .
Since A, is compact by assumption, we see Lemma 17.1.4-(2) guarantees that this map is indeed
an equivalence.
We can now apply Lemma 17.1.6-(1) to deduce that the canonical map

colIim Sf}C — e
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is an equivalence also when the colimit is computed in Cat., x. At this point, the conclusion
follows from the identifications

Fun(A, &;) ~ Zx(Ef}c) and Fun(A, &) ~ By (EX) |
and Lemma 17.1.6-(2). O
17.2. Compact and proper (co)limits. One of the most fundamental results in category

theory is the commutation of filtered colimits with finite limits in Set and in Spc. In fact, the
finiteness condition can be relaxed, using various combinations of compactness and properness.

Lemma 17.2.1. Let € be a stable complete and cocomplete oco-category. Let € be a compact
oco-category. Then:

(1) the functor colime: Fun(C, &) — & commutes with limits.

(2) the functor lime: Fun(C, &) — & commutes with colimits.

Proof. The two statements are dual to each other. It is therefore enough to prove the second.
Because € is stable, it is enough to prove that lime commutes with filtered colimits, for which we
refer to [41, Lemma 6.7.4]. O

Lemma 17.2.2. Let f: A — B be a functor between oco-categories. Let b € B. Assume that
A is compact and that for every b’ € B, the mapping space Mapg (b, V') is compact. Then both
A x5 By, and A x5 B, are compact.

Proof. Replacing A and B by A°P and B°P respectively we see that it is enough to argue that
A x5 By, is compact. For this, observe first that since B,, — B is a cocartesian fibration, the
pullback A x5 By, — A is a cocartesian fibration as well. Since A is compact, we are left from
Theorem 17.1.2 to show that the fibers of A x5 B;,, — A are compact, which holds by assumption
on the mapping spaces of B. O

Proposition 17.2.3. Let X be an co-category and let p: A — B be a morphism of cocartesian
fibrations over X. Assume that for every x € X, the co-category A, is compact and B, is proper.
Let € be a complete, cocomplete and stable co-category. Then the functor

pr: Fun(A, €) — Fun(B, €)
commutes with limits.

Proof. From Corollary 6.1.6, it is enough to treat the case where X is a point. In that case for
every F': A — € and every b € B, we have by definition of left Kan extension

(pr(F))(b) =~ Acgiig/bFIAxBB/h

From Lemma 17.2.2, the co-category A xg B, is compact. Thus, Proposition 17.2.3 follows from
Lemma 17.2.1 applied to € = A x5 B y. O

Remark 17.2.4. The assumption on B is always satisfied when the fibers of B are posets.

17.3. Stability properties for smooth and proper stable co-categories. Fix an animated
ring k. Recall that Mod;, € CAlg(Pr™*) (see e.g. |7, Proposition 2.4]). We set

Pr;” == Modyeq, (Pr™®)  and  Prf = Modyoq, (Pr") .

Given C € Pr]];"”7 we write
Home: C°P x € — Mody,
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for the canonical enrichment over Mody. Recall also that € is dualizable in Pr,I;, with dual €Y
given by Ind((€¥)°P) and write

coeve: Mod, — €V @ @

for the coevaluation map in Pr,I;. Recall the following definitions:

W

Definition 17.3.1. A compactly generated k-linear stable co-category € € Pr,I; is said to be:

(1) of finite type if it is a compact object in PrlI;’w;
(2) proper if for every compact objects x,y € C¥, Home(x,y) belongs to Perf(k);

(3) smooth if coeve preserves compact objects.

Remark 17.3.2. Let C € Pr,I;’“’. If € is of finite type, then it is smooth. On the other hand, if
C is smooth and proper, then it is of finite type.

Lemma 17.3.3. Let C: A — PI‘,I;’R be a diagram such that C, is compactly generated for every
a€ A. Set

C:=lim C, ,
acA

the limit being computed in Pr™. Then € is compactly generated. Furthermore, if Cq is of finite
type for every a € C and A is a compact co-category, then C is of finite type as well.

Proof. Since the limit is computed in Pr}, [32, Corollary 3.4.3.6] and [31, Proposition 5.5.3.13]
show that it can alternatively be computed in CAT,. Since all the transition morphisms are
in Pr as well, [31, Theorem 5.5.3.18] guarantees that the limit can be also computed in Prt.
Using the equivalence Prit ~ (PrL)Op7 we conclude that passing to left adjoints we can write
@G ~ colim €, ,
a€ A°p

the colimit being computed in Pr™. Notice that the transition maps in this colimit diagram, being
left adjoints to colimit-preserving functors, automatically preserve compact objects. Thus, [32,
Lemma 5.3.2.9] shows that this colimit can be computed in Pr™*. It follows that € is compactly
generated. Besides, [32, Corollary 3.4.4.6] implies that this colimit can also be computed in Pr,{j’w,
so the second half of the statement follows from the fact that compact objects are closed under
finite colimits and retracts. (]

Corollary 17.3.4. Let p: A — X be a presentable cocartesian fibration with compact and proper
fibers in the sense of Definition 17.1.1. Assume that X is compact. Let k be an animated
ring and let & be a compactly generated k-linear stable co-category of finite type. Then, so is
Funcocart (.A, 8)

Proof. Let T4: X — Pr" be the straightening of p: A — X and consider the diagram
Fun(Y4(—),&): X — Pr"

where Fun, denotes the functoriality given by left Kan extensions. From [31, 3.3.3.2|, there is a
canonical equivalence

Fun® (A, &) ~ li&n Fun(Txa(-), &)

By Proposition 17.2.3, the transition functors of the above diagram are left and right adjoints.
Furthermore, Fun|(A,, &) is of finite type for every x € X. Then, Corollary 17.3.4 follows from
Lemma 17.3.3. (]
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18. STABILITY OF LOCALIZATIONS UNDER COCARTESIAN PULLBACK

In [27, Proposition 2.1.4], Hinich proved that the pullback of a localization functor via a
cocartesian fibration is again a localization functor. The theory surrounding the specialization
equivalence and cocartesian functors developed so far allows for a model-independent proof, which
we now give.

18.1. Preliminaries.

Lemma 18.1.1. Let p: B — Y be a cocartesian fibration and let € be a presentable co-category.
Let v: x — y be a morphism in Y. Let F' € Fun(B,, ) and G € Fun(B,, &), and let a: F — G
be a morphism in expg (B/Y). The following statements are equivalent:

(1) for every p-cocartesian lift ¢: a — b of v in B, the induced morphism (see Notation 7.1.9)
a(¢): F(a) — G(b)
is an equivalence in &;
(2) « is a pe-cartesian morphism in expe (B/Y).
In addition, « is an equivalence in expge (B/Y) if and only if v is an equivalence and condition

(1) holds.

Proof. Since pe: expe (B/Y) — Y is a cartesian fibration, a morphism «: F' — G in expg (B/Y)
is an equivalence if and only if it is pe-cartesian and its image in Y is an equivalence. So the
second half of the statement follows automatically from the equivalence between statements (1)
and (2). Choose a factorization of « as

F—%“ ,q
N
G/
where o7 is pg-cartesian. Then as observed in Notation 7.1.9, any p-cocartesian lift ¢: a — b of ~y
induces via a1 an equivalence
ar1(p): G'(a) =~ G(b) .
It follows that condition (1) is equivalent to ask that for every a € B, the morphism

ap(a): F(a) = G'(a)

is an equivalence in €. In turn, this condition is equivalent to ask that aq is an equivalence in
expe (B/Y), and hence to condition (2). O

For later use, let us store the following consequence of Lemma 18.1.1

Corollary 18.1.2. Let p: A — X be a locally constant cocartesian fibration (see Definition 19.1.4).
Let & be a presentable co-category and let F': A — &€ be a cocartesian functor. Let o: X — A be a
cocartesian section. Then, o*(F): X — & inverts every arrow of X.

Proof. Since p: A — X is locally constant, the same goes for the associated exponential fibration
pe: expe (A/X) — X. Fix a morphism v: x — y in X, so that o(v): o(x) — o(y) is a p-cocartesian
lift of v in A. Choose a specialization morphism

(spF)a > G -5 (spF),

for F relative to 7. Then Proposition 19.1.8 guarantees that [ is pe-cartesian in expg (A/X).
Thus, the result follows combining Lemma 18.1.1 and Corollary 7.1.10. (]
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18.2. Hinich’s theorem. We are now ready for:

Theorem 18.2.1 (Hinich). Let
AL B
P
X —— Y
be a pullback square in Cat,, where p is a cocartesian fibration. Assume that f exhibits Y as a

localization of X at a collection of morphisms W. Then u is a localization functor as well, and
exhibits B as localization of A at the collection W4 of cocartesian lifts of the arrows of W.

Proof. We apply the criterion given in [11, Proposition 7.1.11]. To begin with, observe that if
© € W4 then @ is g-cocartesian and therefore u(yp) is p-cocartesian and lies over f(q(y)) which is
an equivalence in X since ¢(p) € W. Thus u(p) must be an equivalence as well, i.e. u inverts the
arrows in Wy.

Next, u is essentially surjective: indeed, if b € B is an element, we can find z € X and an
equivalence f(z) ~ p(b), because f is essentially surjective. But then b defines an element in
B t(») and since the given square is a pullback, we have B, ~ A;. Thus, we can write b ~ u(a)
for some a € A.

Since a functor g: € — D is a localization if and only if foP: €°P — D°P is a localization (see
[11, Proposition 7.1.7]), to complete the proof it is enough to prove that

u*: Fun(B,Spc) — Fun(A, Spc)

is fully faithful and the essential image consists of those functors F': A — Spc that invert the
arrows in W,4. We will more generally prove that this is the case for any presentable co-category
& in place of Spc. Proposition 6.1.2-(1) allows to rewrite u* as

X(E"): Fun/y(Y,expe (B/Y)) — Fun/x(x,expg(fl/y)) .
In virtue of Proposition 3.2.6-(1), we can rewrite
Fun (X, expe (A/Y)) =~ Fun y (X, expe (B/Y)) ,
and under this identification ¥ (€*) simply becomes
(18.2.2) 5 Funy(Y,expe (B/Y)) — Fun,y (X, expe (B/Y)) .

Consider now the following commutative cube:

/ * e
Funy (Y, expe (B/Y)) ————— Fun(Y, expe (B/Y)) r*
(18.2.3) *
« f !
f % Fun(X,Y)

/ _—

Fun,y (X, expe (B/Y)) —————— Fun(X, expe (B/Y))

The bottom and the top squares are pullbacks by definition. Since f is a localization, the functor

£ Fun(Y,Y) — Fun(X,Y)
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is fully faithful, which implies that the back square is a pullback as well. Thus, the front square is
a pullback as well, and therefore the full faithfulness of (18.2.2) follows from the full faithfulness
of

F*: Fun(y, expe (B/Y)) — Fun(X, expe (B/Y)) |
which holds because f is a localization.

Since the front square is a pullback, we also deduce that a section s € Fun y(X,expg (A/Y))
lies in the essential image of f* if and only if it inverts all arrows in W. Via the specialization
equivalence of Proposition 3.3.3, we deduce that a functor F' € Fun(B, &) lies in the essential
image of u* if and only if €% o (sp F'): X — expe (B/Y) inverts all arrows in W. Fix y: z — y in
W. By assumption f(7) is an equivalence in Y, so Lemma 18.1.1 shows that £* o (sp F') inverts ~y
if and only if

(Su(sp F))w : (Su(sp F))m — (Eu(sp F))y
is pe-cartesian in expg (B/Y). Since pe: expe(B/Y) — Y is a cartesian fibration, it is actually
enough to check that the above morphism is locally cartesian. Therefore, we can replace B — Y

by By — A and since By = Ay, Lemma 18.1.1 further shows that it is enough to check
that for every g-cocartesian lift ¢: a — a’ of v in A, the morphism

(sp )5 () (sp Fa(a) = (sp F)y(a’)
is an equivalence in €. However, Corollary 7.1.10 provides a canonical identification of this
morphism with F'(¢). In other words, €% o (sp F') inverts « if and only if F' inverts all g-cocartesian
lifts of 4. The conclusion follows. (]

19. LOCALLY CONSTANT AND FINITE ETALE FIBRATIONS

We collect in this section some material on cocartesian fibrations that generalize the idea of
local constancy and finite covering in topology.

19.1. Local constancy. We start with the following definition:
Definition 19.1.1. Let X be an co-category and let € be a presentable co-category. We write
Loc(X; €) := Fun(Env(X), &) .

Example 19.1.2. Let (X, P) be an exodromic stratified space. Then Proposition 2.3.8 implies
that Env(Ilo (X, P)) =~ T (X). Therefore, Loc(Il (X, P); €) correspond via the exodromy
equivalence exactly to €-valued hyperconstructible hypersheaves on X.

Notation 19.1.3. Let X be an co-category and let Ay : X — Env(X) be the canonical localization
morphism. Then for every presentable co-category &, the functor

y: Loc(X; &) — Fun(X, &)

is fully faithful. Given L € Loc(X; &) we will often consider it implicitly as a functor L: X — &
with the property of inverting every arrow in X.

Definition 19.1.4. We say that a functor p: A — X of oco-categories is locally constant fibration
if it is a cocartesian fibration and its straightening T: X — CAT, belongs to Loc(X; CAT).

The following simply follows unraveling the definitions:
Lemma 19.1.5. Locally constant fibrations are stable under pullback.

It is possible to give a more intrinsic formulation of locally constant cocartesian fibrations as
follows.
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Recollection 19.1.6. Let p: A — A! be a cartesian and cocartesian fibration and let
frA S At g

be the induced adjunction. Write n: idg4, — go f and e: fog — id4, for the unit and the counit
of this adjunction. It follows from [31, Proposition 5.2.2.8] that for every morphism ¢: a — b in
A lying over 0 — 1 in Al, there is a commutative diagram in A

9(f(a)) —— [(a)

(19.1.7)

where:

(1) a and €p o B are p-cartesian;

(2) B and a o ny are p-cocartesian.
Proposition 19.1.8. Let p: A — X be a cocartesian fibration and let T: X — CAT be its
straightening. For every morphism ~v: x — y in X, the following statements are equivalent:

(1) py: Ay, — Al (see Notation 7.1.4) is a cartesian fibration and an arrow in A. is
cocartesian if and only it is cartesian;

(2) YT(v): Y(x) = Y(y) is an equivalence in CATy;

In particular, p is locally constant if and only if condition (1) holds for every morphism v in X.

Proof. Assume first that (1) holds. Since p, is both Cartesian and coCartesian the functor ®(v)
admits a right adjoint R(v): Y(y) — Y(z). Then Recollection 19.1.6 implies that in diagram
(19.1.7) both v and « o 7, are p-cartesian lifts of v, so the universal property of p-cartesian edges
implies that 7, must be an equivalence. The dual argument shows that ¢; is an equivalence as
well. It follows that Y(v) is an equivalence.

Suppose conversely that ®(v) is an equivalence. Then it admits a right adjoint, which in
turn implies that p, is a cartesian fibration. Then in Recollection 19.1.6 both 1 and ¢ are
equivalences. It immediately follows that the cocartesian lift a — f(a) is also cocartesian, and
that the cocartesian lift g(b) — b is also cartesian, whence the conclusion. O

19.2. Finite étale fibrations. We now introduce the following abstract formulation of the
notion of finite covering in topology:

Definition 19.2.1. We say that a cocartesian fibration between co-categories f: Y — X is a
finite étale fibration if:

(1) it is locally constant;
(2) it is a cartesian fibration;
(3) the fibers of f are finite sets.
Lemma 19.2.2. Finite étale fibrations are closed under pullback.

Finite étale fibrations satisfy another important stability property, that we are going to explain
now.
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Construction 19.2.3. Let f: X — Y be a functor of small co-categories. Recall from Recollec-
tion 6.2.1 the adjunction
f¢: CoCarty = CoCarty: f* .

Evaluating the unit of this adjunction on a cocartesian fibration p: A — X, we obtain the following
commutative square:

A A pee()
(19.2.4) » .
b

When f is a localization, f*: CoCarty — CoCartx is fully faithful. In this case, the counit
(X)) ~ fE(f*(Y)) — Y is an equivalence. Therefore, in this case, the structural map
q: ff°(A) — Y is canonically identified with f°(p).

Lemma 19.2.5. Assume that f exhibits Y as the localization of X at a class of morphisms W.

Let T 4: X — Cat, be the straightening of p: A — X. Then, the following are equivalent:
(1) the square (19.2.4) is a pullback;

(2) the functor Y 4: X — Cato, maps W to equivalences;

(3) For every v € W, the pullback p,: A, — Al (see Notation 7.1.4) is a cartesian fibration
and an arrow in A, is cocartesian if and only it is cartesian.

Proof. The equivalence between (1) and (2) follows from the universal property of the localization.
The equivalence between (2) and (3) follows from Proposition 19.1.8. O

Corollary 19.2.6. Let p: A — X be a cocartesian fibration between oo-categories. Let f: X — Y
be a functor exhibiting Y as the localization of X at a class of morphisms W. Then, the following
are equivalent:

(1) p: A — X is a finite étale fibration;
(2) the square (19.2.4) is a pullback and f°(p): f°(A) =Y is a finite étale fibration.
If these conditions are satisfied, the functor fa: A — ff°(A) exhibits f°°(A) as the localization

of A at every morphism above W .

Proof. That (2) implies (1) follows from the preservation of finite étale fibrations under pullback
from Lemma 19.2.2. Assume that (1) holds. Let A\y: Y — Env(Y) ~ Env(X) be the localization
at every morphism. Since p: A — X is locally constant, Lemma 19.2.5-(2) is satisfied both for
(p, W) and (f°(p), Mor(Y)). Hence, there is a commutative diagram

A —— fI9(A) — AK(A)

Jp Jffc(p) l/\'if,!(P)

x—L sy N Env(X)

whose squares are pullback squares. By Lemma 19.2.2, we are thus left to show that
(19.2.7) AX () AE (A) — Env(X)

is a finite étale fibration. Since the outer square is a pullback, the fibres of (19.2.7) are finite
sets. Local constancy is obvious since Env(X) is an co-groupoid. Note that (19.2.7) is an inner
fibration as it is cocartesian. To show that it is cartesian, it is enough to show [31, Proposition
2.4.1.5] that A (A) is an oco-groupoid. To do this, it is enough to show that A — A§|(A) exhibits
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A (A) as the localization of A at every morphism. Hence, we are left to show more generally
that A — fE¢(A) exhibits f°(A) as the localization of A at every morphism above a morphism
of W. By Theorem 18.2.1, it is enough to show that every morphism in A is p-cocartesian. This
follows immediately from the fact that the fibers of p: A — X are discrete. O

Corollary 19.2.8. Let f: X =Y be a localization functor. Then the adjunction
f¢: CoCarty = CoCarty: f*
restricts to an equivalence between the co-subcategories spanned by finite étale fibrations.

Proof. If p: A — X is a finite étale fibration, then so is f(p): f*°(A) — Y in virtue Corol-
lary 19.2.6 and the unit of f° 4 f* applied to p: A — X is an equivalence. If p: B — Y is a finite
étale fibration, then so is f*(p): f*(A) — X by Lemma 19.2.2. Since f: X — Y is a localization,
the counit of fi 4 f* applied to p: B — Y is automatically an equivalence. (I

The link with topological covering maps is expressed by the following:

Lemma 19.2.9. Let (X, P) be a stratified space and let f: Y — X be a continuous morphism.
Assume that:

(1) f:Y — X is a finite covering map;
(2) (X, P) is conically refineable (Definition 2.3.10);
Then (Y, P) is conically refineable and the induced map
(Y, P) = (X, P)
s a finite €tale fibration.

Proof. Let R — P be a refinement such that (X, R) is conical with locally weakly contractible
strata. Since f is a local homeomorphism, (Y, R) is also conical with locally weakly contractible
strata. Therefore, there is a commutative diagram

Mo (X, R) — TLo(X, P)

in Cat.,. Assume that the left arrow is a finite étale fibration. By Corollary 19.2.6 we deduce
the existence of a pullback square of finite étale fibrations

oo (Y, R) —— r* (Il (Y, R))

Lo

Moo(X,R) ——— (X, P)

such that the top arrow exhibits r (Il (Y, R)) as the localization of Il (Y, R) at every arrow above
an equivalence of P. By Proposition 2.3.8, we deduce the existence of a canonical equivalence

(Moo (Y, P)) = oo (Y, P) .

Hence, I (Y, P) — Il (X, P) is a finite étale fibration. Thus, we are left to prove Lemma 19.2.9
in the case where (X, P) is conically stratified. In that case, so is (Y, P). Therefore, we have the
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following pullback square of simplicial sets

Sing(Y) —— Sing(Y)

l |

Singp(X) —— Sing(X) .

Since f is a covering map, it is in particular a Serre fibration. Therefore, Sing(Y) — Sing(X) is a
Kan fibration. It follows that the above square is a homotopy pullback, and therefore that

J |

Heo (X, P) —— o (X)

is a pullback in Cat,,. By Lemma 19.2.2, we are left to prove Lemma 19.2.9 when P = x
is the trivial stratification. We know that Sing(Y) — Sing(X) is a Kan fibration, so that
Mo (Y) = o (X) is both a left and a right fibration. Since the base is an co-groupoid, it follows
that it is locally constant in the sense of Definition 19.1.4. Besides, for z € X we have a pullback

Sing(Y;) —— Sing(Y)

| l

{r} — Sing(X)

of simplicial sets. Since the right vertical map is a Kan fibration, we deduce that it is a homotopy
pullback, i.e. that

Since f is a finite covering map, Y, is discrete, whence the conclusion. O

20. CATEGORICAL ACTIONS

We collect some material on co-categorical actions that is needed throughout the text.

20.1. Generalities. We refer to [32, §4.8.1] for the theory of tensor products of presentable
oo-categories, that endows Pr' with a symmetric monoidal structure Pr™®. Fix an object
E® ¢ CAlg(PrL’®). We refer to €® as a presentably symmetric monoidal co-category. In
particular, we have an underlying tensor product

®e:EXEE

commuting with colimits in both variables and a tensor unit Iz € €. We refer to an object in
PrIg = Mod¢e (PrL’®) as an oo-categorical module over €®. Ignoring homotopy coherences, such
an object can informally be described as an oco-category D equipped with an external tensor
product

R:EXD—=D
that commutes with colimits in both variables and that satisfies the usual module relations.
In particular, I¢ ® (—): D — D comes with an identification with idp. Similarly, a morphism
f: D — D’ of co-categorical E¥-modules can informally be described as a functor f equipped
with homotopy coherent identifications

f(E®D)~E® f(D),
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for £ € € and D € D. Finally, [32, Theorem 4.5.2.1| supplies Pr§ with an induced symmetric
monoidal structure Prlg’®. In particular, given two oco-categorical €¥-modules D and D', we can
form the relative tensor product

D®e D' € Pry® .

Recollection 20.1.1. It follows from [32, Corollary 3.4.1.7] that a symmetric monoidal functor
f@: E® — D® allows to see D® as a oo-categorical module over €®. The underlying tensor
product is then informally defined as

E®D:=f(E)®p D .
Similarly, if

8®
re 9®
D® /’l® \D/®

is a commutative triangle in CAlg(Pr™®), then h: D — D’ inherits the structure of a &-linear
functor.

Recollection 20.1.2. Let €% be a presentably symmetric monoidal oo-category. It follows from
[32, Remark 2.1.3.4] that for every (small) co-category A, Fun(A, €) inherits a symmetric monoidal
structure, that we denote Fun(A, £)®. Informally speaking, given two functors F,G: A — &,
their tensor product is defined by the rule
(F®G)(a) = F(a) ®¢ G(a) .
Similarly, if f: B — A is a functor of co-categories, then
f*: Fun(A, €) — Fun(B, &)

inherits a canonical symmetric monoidal structure.

Lemma 20.1.3. Let €2 be a presentably symmetric monoidal co-category and let f: A — B be
a cocartesian fibration. Reviewing Fun(B, &) as a Fun(A, &)®-module via Recollections 20.1.1 and
20.1.2, the left Kan extension functor

fi: Fun(B,€&) — Fun(A, &)
is Fun(A, &)®-linear.
Proof. Tt follows from [33, Proposition 2.5.5.1] that f; is an oplax symmetric monoidal functor when
we see both Fun(B, €) and Fun(A, €) as symmetric monoidal co-categories. Using [32, Corollary
3.4.1.5], we reduce ourselves to check that for every F' € Fun(A, &) and every G € Fun(B, &), the
canonical map

HF(F)®G) = Fo fi(G)
is an equivalence. Since the tensor product of & commutes with colimits in both variables, this
follows from the formula for left Kan extensions provided by the dual of [41, Lemma 3.1.1]. O

20.2. Universal monadicity for finite étale fibrations. To motivate the results of this
section, consider the following:

Construction 20.2.1. Fix a presentably symmetric monoidal co-category £® and let
B A

bl

y——X
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be a pullback square in Cat,,. Via Recollection 20.1.2, we obtain a commutative square

Fun(X, €)% BEARR Fun(Y, €)%

Jp* Jf’*
Fun(A, €)% AN Fun(B,¢) .
Combining [32, Theorem 4.5.2.1 and Proposition 3.2.4.7], we obtain a canonical comparison map
(20.2.2) p: Fun(Y, €) @pun(x,e) Fun(A, &) — Fun(B, &) .

Warning 20.2.3. When X = «, the comparison map (20.2.2) is an equivalence. If both f and p
are cocartesian fibrations, one can easily prove that inside ModTrivX(gég)(PrFibID“C’@) there is a
canonical equivalence

expe (4/X) @vivy (e) expe (A/X) =~ expg (B/X) .
However, the global section functor
St Modiyiy ey (PrFiby®) — Modpyn(x ¢ (Pr™®)
is only lax monoidal. Because of this, the functor (20.2.2) is typically not an equivalence.

The goal of this section is to show that the situation gets considerably better if f is assumed
to be a finite étale fibration and &€ to be stable. We start introducing some terminology:

Definition 20.2.4. Let f: € — D and ¢g: D — € be functors between oco-categories. We say
that f and g are biadjoints if the adjunctions f 4 g and g - f hold.

Lemma 20.2.5. Let f: Y — X be a finite étale fibration and let € be stable presentable oo-category.
Then the functors

fi: Fun(Y, &) — Fun(X, &) and £ Fun(X, &) — Fun(Y, &)
are biadjoints.

Proof. Fix a functor F: Y — &. Since f: Y — X is a cocartesian fibration, the dual of [41,
Lemma 3.1.1] provides for every x € X a natural equivalence

fi(F)(x) =~ colim F, .
YyEY L
Since f is a finite étale fibration, Y, := Y x« {«} is a finite set. Thus, since & is stable, we deduce
AE) )~ P F, .
y€EY

Since f is a cartesian fibration as well, [41, Lemma 3.1.1] yields

fo(F)(z) ~ lim F, ~ P F, .

y€Ye vel.
Thus, fi and f. canonically agree, whence the conclusion. O

Lemma 20.2.6. Let f: Y — X be a finite étale fibration and let € be stable presentable co-category.
Then the composition

idpun(y,ey = 7o fi~ f*o fu = idpuny.e)

s an equivalence. In particular, fi is conservative.
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Proof. Write « for the given composition. It is enough to prove that for every « € X, j¥(«) is an
equivalence in Fun(Y,, €). Using Corollary 6.1.6 (applied with A =Y, B =X and Y = {z}), we
can therefore reduce ourselves to the case where X consists of a single point.

In this case, Y is just a set. Unraveling the definitions, we see that the unit of f, 4 f* evaluated
on F': Y — € sends y € Y to the canonical inclusion

iy: Fly) > @ Fu),
Y €Y )
while the counit of f* - f, evaluated on F sends y € Y to the canonical projection
my: @ Fy = Fy,
Y'€Y5 ()

whence the conclusion. O

The following is the main result concerning finite étale fibrations:

Proposition 20.2.7 (Universal monadicity for finite étale fibrations). Let f: Y — X be a finite
étale fibration and let € be a stable presentable co-category. For every categorical Fun(X, €)-module
D, the induced functor

f! ®D: Fun(ld, 8) ®Fun(x,8) D—-D

is monadic.

Proof. Using Lemma 20.1.3, we see that both f*: Fun(X, &) — Fun(Y, &) and fi: Fun(Y,&) —
Fun(X, &) are Fun(X, €)-linear. Besides, they are biadjoints to each other thanks to Lemma 20.2.5.
Therefore, we obtain well defined functors

fi®D: Fun(Y, €) @punx,e)y D =D and  ff@D: D — Fun(Y, &) @pun(x,e) D,
that are still biadjoints to each other. Besides, Lemma 20.2.6 implies that the composition
id— (i®eD)o(f*®D)—id

is an equivalence, so it follows that f; ® idp is conservative. Therefore, it is monadic thanks to
Lurie-Barr-Beck’s theorem [32, Theorem 4.7.3.5]. O

Corollary 20.2.8. In the situation of Construction 20.2.1, assume that f: Y — X is a finite
étale fibration. Then the comparison functor

p: Fun(Y, €) @pun(x,e) Fun(A, €) — Fun(B, €)
18 an equivalence.

Proof. Notice that u: B — A is a finite étale fibration thanks to Lemma 19.2.2. Consider the
following commutative triangle:

Fun(Y, €) @pun(x,e) Fun(A, €) —  Fun(B,8)
fv®Furm /
Fun(A, €)

Using Proposition 20.2.7, we see that both diagonal morphisms are monadic. To conclude that
the horizontal arrow is an equivalence, it is enough by [32, Corollary 4.7.3.16] to check that the
Beck-Chevalley transformation

o(f*®Fun(A,&)) — u
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is an equivalence. Since wy is conservative, it is enough to prove that the induced transformation
(fio fF)@Fun(A, &) ~ (fi ® Fun(A, &)) o (f* ® Fun(A, €)) = w o u™

is an equivalence. Fix a functor F': A — & and an object a € A. Set x := p(a) and write I for
the tensor unit of Fun(A, &) (that is, the constant functor associated to the tensor unit Ig of &).
Evaluating the source of the above transformation at F' and at a yields

(fif* (1) ® F)(a) ~ ( D 1) ® F(a)
YyEY .

while

(wu*(F))(a) ~ @5 F(a) .
beB,
Since the square in Construction 20.2.1 is a pullback, B, ~ Y,,,) =~ Y., whence the conclusion. [

21. ADDITIONAL PROPERTIES OF COCARTESIAN FIBRATIONS

Finally, we collect some auxiliary results on cocartesian fibrations that are occasionally needed
throughout the text.

21.1. Global vs. local full faithfulness. The following results provides a categorical local-to-
global principle to test fully faithfulness:

Proposition 21.1.1. Let X be an oo-category and let f: A — B be a morphism in PrFibI;C.
Then:

(1) f is fully faithful if and only if for every x € X the induced functor fo: Ay — By is fully
faithful;

(2) if f is fully faithful, then the same goes for
Yo (f): Fun/x (X, A) — Fun/x (X, B) .

Proof. First we prove (1). Write p: A — X and ¢: B — X for the structural maps. Fix a,a’ € A
and set z := p(a) and 2’ := p(a’). The morphism f induces a canonical commutative triangle

Map 4 (a,a’) = Mapg (f(a), f(a'))

\ /

Mapqy (z, z")

in Spc. Thus, we see that w is an equivalence if and only if for every v:  — 2’ the fiber w, is
an equivalence. Let a — a, be a cocartesian lift of v inside A. Since f preserves cocartesian
edges, we see that f(a) — f(ay) is cocartesian in B. Thus, [31, Proposition 2.4.4.2] and the above
commutative triangle supply a canonical identification of w, with the map

Mapflz/ (a’Va a/) — MapBI/ (f(a’y)7 f(a/))
induced by f,r: Ay — By Thus, if f, is fully faithful, we deduce that w is an equivalence. As
for the converse, it suffices to observe that with the above notations, the square

Map, , (ay,a') —— Mapg , (f(ay), f(a'))

J l

Map 4 (a,a’) —=— Mapg(f(a), f(a'))

is a pullback. Thus, when vy = id,, we see that the full faithfulness of f implies the full faithfulness
of fo.
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We now prove (2). Consider the following commutative diagram

Fun/y (X, A) —— Fun(X,A) —— Fun(X, X)

| J H

Fun/x (X, B) —— Fun(X,B) —— Fun(X,X) ,

whose rows are fibers sequences at idy € Fun(X,X). Since fully faithful functors are stable
under pullbacks, it suffices to prove that the middle vertical functor is fully faithful. This follows
immediately from the assumption and from [20, Proposition 5.1] (see also Lemma 5.2 in loc.
cit.). O

Corollary 21.1.2. Let Cu: I — Pr" be a filtered diagram. Let

€ = colim C;
iel

be its colimit computed in PrY and denote 1;: C; — C for the canonical maps. If all the transition
maps in Co are fully faithful, the same goes for each ;.

Proof. Fix an index i € I. Up to replacing I by I;,, we can suppose without loss of generality
that 4 is the initial object of I. Thus, we obtain a transformation C; — C,, where C; is seen as a
constant diagram. Passing to the cocartesian unstraightenings, we obtain a morphism

f: € xI— Uny(C)

of cocartesian fibrations over I. Our assumption implies that this functor is fully faithful fiberwise,
and therefore Proposition 21.1.1 guarantees that f is itself fully faithful. Notice now that C; x I
and Uny(C,) are also cartesian fibrations over I and that
. t . t
C; ~ jleulrolp €; ~ Funf7™ (1, €; x I) and C o~ j1€15101p €; ~ Funf7" (1, Un;(Cs)) -

Moreover, under these equivalences, ¢ induces the functor ¢;: €; — €. We claim that ¢ preserves
cartesian edges. Assuming this statement, we see that f induces the following commutative
diagram:

l jw)

C——> Fun/I(I,Unl((?.)) ,

whose horizontal arrows are fully faithful. Since X;(f) is fully faithful by Proposition 21.1.1, we
conclude that ¢; is fully faithful as well.

We are left to prove the claim. Let j — ¢ be a morphism in I and let f;,: C; — €, be the
induced functor. It fits in the following commutative triangle

e;
N
e, —2 e,

where f; and f; are the functors induced by 7 — j and i — ¢, respectively. Write g;, g, and g; ¢
for their right adjoints. Unraveling the definitions, we have to check that the Beck-Chevalley
transformation

fi = gje0 fe
is an equivalence. However, f; =~ f; s o f;, and the unit ide;, — g;¢0 f; ¢ is an equivalence because
f;,0 is fully faithful by assumption. Thus, the conclusion follows. O
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21.2. Inducing left adjointability from the base. The following lemma provides a general
mechanism to deduce left adjointability involving cocartesian fibrations from the case of trivial
fibrations. It plays an important role in the proof of the spreading out Theorem 11.4.1 for Stokes
analytic stratified spaces.

Lemma 21.2.1. Consider the commutative cube

D—C

N N

B—m A
P

\

whose vertical faces are pull-back diagmms. Assume that the vertical arrows are cocartesian
fibrations. Let a € C and set x == p(a) € Z. Assume that the functor

T Xz 2/ = }x Xyi(a)

1s cofinal. Then, the functor

D Xe G/a — B XAA/j(a)

s cofinal.

Proof. Since the vertical faces of the above cube are pull-back, the following square

D Xe (‘Z/a — B XAA/j(a)

J J

T X2 2)p —— 4 xx Xyi(a)

is a pull-back. From [31, 2.4.3.2], its vertical arrows are cocartesian fibrations. Since cocartesian
fibrations are smooth [31, 4.1.2.15] and since the pull-back along a smooth map preserves cofinality

31,

(1]

2]
(3]

(4]
[5]

(6]
[7]
(8]

(9]
[10]

4.1.2.10], Lemma 21.2.1 thus follows. O
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