SEMI-CONTINUITY FOR CONDUCTOR DIVISORS OF ETALE SHEAVES
HAOYU HU AND JEAN-BAPTISTE TEYSSIER

ABSTRACT. In this article, we prove a semi-continuity property for both conductor
divisors and logarithmic conductor divisors for étale sheaves on higher relative dimen-
sions in a geometric situation. It generalizes a semi-continuity result for conductors of
étale sheaves on relative curves to higher relative dimensions, and it can be considered
as a higher dimensional {-adic analogy of André’s result on the semi-continuity of
Poincaré-Katz ranks of meromorphic connections on smooth relative curves.
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1. Introduction

1.1. Let S be an excellent noetherian scheme, f : X — S a separated and smooth
morphism of relative dimension 1, D a closed subset of X which is finite and flat over
S, U the complement of D in X and j : U — X the canonical injection. Let { be a prime
number invertible in S and A a finite field of characteristic {. Let 3 be a locally constant
and constructible sheaf of A-modules on U of constant rank. For any point s € S, we
denote by 5 — S an algebraic geometric point above s and by X5 and Dj the fibers of
f:X —= Sand flp : D — S at 5, respectively. For each point x € D5, we define

(1.1.1) dte(§:Flx;) = swi(jiFlx, ) + rank(F),

where swy (j1F|x, ) denotes the classical Swan conductor of the sheaf j JF|x, at x which
is an integer number [17, 19.3]. The sum

(1.1.2) > dt(§iFIx,)

XEDg

does not depend on the choice of 5 above s. It defines a function ¢ : S — Z. The
tollowing property of ¢ is due to Deligne and Laumon:
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Theorem 1.2 ([14, 2.1.1]). We take the notation and assumptions of 1.1. Then,
(1) The function @ : S — Z is constructible and lower semi-continuous on S.

(2) If @ : S — Z is locally constant, then f : X — S is universally locally acyclic with
respect to j,F.

1.3. Let K be a complete discrete valuation field, O its integer ring and F the residue
field of Ox. We assume that the characteristic of Fis p > 0. Let K be a separable closure
of K and we denote by Gy the Galois group of K/K. Abbes and Saito defined two
decreasing filtrations Gy (r € Q>1) and G SK,log (s € Q>p) of G, called the ramification
filtration and the logarithmic ramification filtration, respectively ([1, 2]). For any

T € Q>p, we have G{Zﬁl e GLH C G{Qog. If the residue field F is perfect, then

GSKH = Gy log’ for any s € Q>, and the logarithmic ramification filtration coincides
with the classical upper numbering filtration [1, 3.7].

1.4. Let { be a prime number different from p and A a finite field of characteristic
{. Let M be a finitely generated A-module on which the wild inertia subgroup of Gx
acts through a finite quotient. We have two decompositions of M relative to the two
filtrations above

— _ (s)
M= @ M" and M= P M,
T€Q21 SGQEO

which are called the slope decomposition and the logarithmic slope decomposition of M. We
have the following two invariants

. . . . (s)
(1.4.1) dtyM = Z] r-dims M and swyM = ZO r-dimp Mlog’
T> s>

called the total dimension and the Swan conductor of M, respectively. They generalize
the classical Swan conductor and the classical total dimension. In this article, we focus
on the following two invariants

(142) k(M) =max{r e QM £0} and lcx(M) = max{s € Q| Ml(g)g # 0},

which are called the conductor and the logarithmic conductor of M. By Abbes and Saito’s
ramification theory, we have

If the residue field F is perfect, we have
dtg(M) = swg(M) +dimpy M, and cx(M) =1Icx(M) +1,

and the swg (M) (resp. Ick(M)) is the classical Swan conductor (resp. the largest upper
numbering slope) of M.
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1.5. Let k be a field of characteristic p > 0. Let Y be a smooth k-scheme, E a reduced
effective Cartier divisor on Y, {E;}ic1 the set of irreducible components of E, W the
complement of E in Y and h : W — Y the canonical injection. We assume that
each E; is generically smooth over Spec(k). We choose an algebraic closure & of «.
We denote by &; the generic point of an irreducible component of Eizx = Ei X« &,
by &; a geometric point above &;, by 1; the generic point of the strict localization
Y (z,) by Ki the function field of Y; ¢ ) and by K; a separable closure of K;. Let A
be a finite field of characteristic { ({ # p) and G a locally constant and constructible
sheaf of A-modules on U. The restriction Gl,, corresponds to a finitely generated
A-module with a continuous Gal(K;/K;)-action. Since the Gal(g/«)-action on the set
of irreducible components of E; ¢ is transitive, four ramification invariants dt, (G, ),
sw, (Sln;), ek, (Sly;) and lck, (Gly;) do not depend on the choice of & nor on the choice
of the irreducible component of E; z. We usually denote by dtg, (hG) (resp. swg, (i 5),
cg; (h1§) and Icg, (h1G)) instead of dty, (Gly;) (resp. sw, (Sly;), ck; (S, ) and lck, (Sly; )

We define the total dimension divisor of h;G on X by the Cartier divisor ([15, Definition
3.5])

(15.1) DTy(h§) = ) dtk,(Sln,) - Es.
i€l
We define the Swan divisor of ;G on X by the Cartier divisor

(15.2) SWy(hG) = Y swi,(Sh,) - Ei.

i€l
We define the conductor divisor of /G on X by the Cartier divisor with rational coeffi-
cients

(15.3) Cy(g) =) ok (Sh,) - Ei.

i€l
We define the logarithmic conductor divisor of yG on X by the Cartier divisor with
rational coefficients

(1.5.4) LCy(u§) = ) _lek, (S, - Ex.
i€l

1.6. Assume that f : X — S has relative dimension > 1, and D is a Cartier divisor on
X relative to S. For each algebraic geometric point 5 of S, the ramification of (j;F)|x, at
the generic points of Ds defines four divisors supported on D5 (cf. subsection (1.5)).
The lower semi-continuity for both total dimensions divisors and Swan divisors has
been proved in a geometric situation ([9, Theorem 4.3], [10, Theorem 1.11]). They gen-
eralized Deligne and Laumon’s result (Theorem 1.2 (1)) to higher relative dimensions
in a geometric situation.

The D-modules theory shares similarities with the {-adic cohomology theory. Mo-
tivated by Deligne and Laumon’s result, Malgrange conjectured that irregularities
of meromorphic connections on complex relative curves is lower semi-continuous.
André proved this conjecture ([3, Corollaire 7.1.2]), as well as the lower semi-continuity
for Poincaré-Katz ranks of meromorphic connections in the same geometric setting
([3, Corollaire 6.1.3]). In [11, Theorem 7.2], a semi-continuity result was proved for
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conductors of étale sheaves on relative curves of positive characteristic, which can be
considered as an {-adic analogue of André’s semi-continuity result for Poincaré-Katz
ranks. This article is devoted to proving the semi-continuity of conductor divisors
and logarithmic conductor divisors for étale sheaves in a geometric situation, that
generalizes loc. cit. to higher relative dimensions.

1.7. Let k be a perfect field of characteristic p > 0, S an irreducible k-scheme of finite
type, f : X — S a separated and smooth k-morphism of finite type, D an effective
Cartier divisor of X relative to S ([6, IV, 21.15.2]), U the complement of D in X and
j : U — X the canonical injection. We assume that D is the sum of effective Cartier
divisors {Dj}ic1 of X relative to S, where each D; is irreducible and each restriction
morphism f|p, : D; — S is smooth. For each s € S, we denote by ps : X; — X the base
change of s — S by f: X — S. We denote by 1 the generic point of S.

Let J a locally constant and constructible sheaf of A-modules on U. We define the
generic conductor divisor of j;F on X and denote by GC¢(j;J) the unique Cartier divisor
with rational coefficients of X supported on D such that p; (GC¢(j,F)) = Cx, (1 Flx,, )-
We define the generic logarithmic conductor divisor of ;F on X and denote by GLC¢(j,F)
the unique Cartier divisor with rational coefficients of X supported on D such that
P (GLCt(j1F)) = LCx,, (j1Fx,,)- The main result of the article is the following:

Theorem 1.8. We take the notation and assumptions of 1.7. Then,
(i) there exists an open dense subset V of S such that, for any point s € V, we have

ps (GCt(5:F)) = Cx, (1 F)Ix,)
and, for any point t € S —V, we have
Pt (GCt(5:1F)) = Cx, ((G:F)Ix,)-
(ii) there exists an open dense subset W of S such that for any point s € W, we have
ps (GLCt(j1F) + D) = LCx, (1 FIx,) + (Ds)red
and, for any point t € S —W, we have
pt (GLCt(j1F) + D) = LCx, (1 F)Ix,) + (Dt)red-

Remark 1.9. The proof of Theorem 1.8 follows similar strategies as [9, Theorem 4.3]
and [10, Theorem 1.11]. Theorem 1.8 and Corollary 5.8 are the crucial ingredients in
[8] to get estimates for the Betti numbers of perverse sheaves with bounded rank and
wild ramification in families rather than on a fixed variety.

Acknowledgement. Both authors would like to thank A. Abbes and Y. Cao for stim-
ulating discussions and valuable comments. H. H. is supported by the National
Natural Science Foundation of China (Grants No. 12471012) and the Natural Science
Foundation of Jiangsu Province (Grant No. BK20231539).

2. Notation

2.1. In this article, let k be a field of characteristic p > 0. We fix a prime number ¢{
which is different from p, and a finite field A of characteristic {. All k-schemes are
assumed to be separated and of finite type over Spec(k) and all morphisms between
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k-schemes are assumed to be k-morphisms. All sheaves of A-modules on k-schemes
are assumed to be étale sheaves.

2.2. Let X be a Noetherian scheme and CDiv(X) the Z-modules of Cartier divisors on
X. A Cartier divisor with rational coefficients on X denotes an element in CDiv(X) ®z Q.
We say that E; is bigger than E; and we write E; > E; for two element E,E; €
CDiv(X) ®z Q, if there exists an positive integer r such that r(E; — E;) is an effective
Cartier divisor on X.

2.3. Letf:X — S beamorphism of schemes, s a point of S, and § — S a geometric
point above s. We denote by X; (resp. X;s) the fiber X xs s (resp. X X 5). Assume that
f : X — S is flat and of finite presentation. Let D be a Cartier divisor on X relative
to S ([6,1V, 21.15.2]). Let 7t : S’ — S be a morphism of k-schemes, X’ = X x5 S’ and
n' : X! — X the base change of 7 : S’ — S. We denote by n’*D the pull-back of D,
which is a Cartier divisor on X’ relative to S’ [6, IV, 21.15.9]. When S’ is s or §, we
simply denote by Ds (resp. Ds) the Cartier divisor D xgs s on X; (resp. D X5 5 on Xs).
An effective Cartier divisor E on X relative to S is identical to a closed immersion
i: E — X transversally regular relative to S and of codimension 1 ([6, IV,19.2.2 and
21.15.3.3]). The fiber E; (resp. Es) is an effective Cartier divisor on X; (resp. Xs).

Let{D;}ic1 be a set of effective Cartier divisors of X relative to S. A linear combination
Q = ) i miDi with vy € Q is called a Cartier divisor of X relative to S with rational
coefficients supported on D = Y ;.; D;. We denote by n’*Q the linear combination
Y ic1 Ti(m*Dy), which is a Cartier divisor of X' relative to S’ with rational coefficients.
When S’ is s or 3, the fiber Qs = ) ;[ 1iDis (resp. Qs = > ;;TiDis) is an Cartier
divisor on X; (resp. X5) with rational coefficients.

2.4. Letxbe a closed point of a k-scheme X. For any irreducible closed subscheme Z
of X containing x, we denote by my(Z) the multiplicity of Z at x.

2.5. Let X be a smooth k-scheme. We denote by TX the tangent bundle of X and by
T*X the cotangent bundle of X. By a closed conical subset of T*X, we mean a reduced
closed subscheme of T*X invariant under the canonical Gy,-action on T*X. For any
point x of X, we put T, X = TX Xx x and T5;X = T*X xx x.

3. Preliminaries in geometry

Proposition 3.1 (cf. [6, I, Chapitre 0, 15.1.16]). Let A — B be a local homomorphism of
noetherian local rings, « the residue field of A, b an element of the maximal ideal of B and
b € B xa k the residue class of b. Then, the following conditions are equivalent:

(1) The quotient B/bB is flat over A and b is a non-zero divisor of B;
(2) B is flat over A and b is a non-zero divisor of B ®a K.
It is deduced by the equivalence of (b) and (c) of [6, I, Chaptire 0, 15.1.16].

Proposition 3.2 ([6, IV, 18.12.1]). Let S and D be schemes, f : D — S a separated morphism
locally of finite type, x a point of D and s = f(x). We assume that x is an isolated point of
£=1(s). Then, there exists an étale morphism S’ — 'S, a point x' of D' = D xS’ above x
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and a Zariski open and closed neighborhood V' of x in D' such that V' is finite over S’ and
1 (' (x")) N V! = {x'}, where f' : D’ — S’ denotes the base change of f : D — S.

Proposition 3.3 ([9, Proposition 5.3]). Let k be a field with infinitely many elements, X a
connected smooth k-scheme of dimension n > 2, D an effective Cartier divisor on X which
is smooth at a k-rational point x € D and S C T;X a closed conical subset of dimension 1.
Then, we can find a smooth k-curve C and an immersion h : C — X such that C intersects D
transversally at x and that ker(dh) NS = {0}, where dh : T;X — T} C is the canonical map.

Proposition 3.4. Let S be an irreducible separated scheme over an algebraically closed field
K of finite type and s € S a closed point such that S is regular at s. Let Z C AZ be a closed
subscheme containing s x O, where O denotes the origin of A} (n > 1). Then, there exist an
open dense subscheme V of S and an immersion o : V. — A such that s x O € o(V),V ¢ Z
and that the composition of o : V. — AY and 7 : AY — S is the canonical injection.

Proof. We denote by 1 the generic point of S. Let y be a non-zero element of the
maximal ideal mg s of Og ;. For A = (A1,A2,...,Aq) € k™, we define a homomorphism
of Os s-algebras

(3.4.1) gr: Osslx1, ..., xn] = Oss, xi— My.

We can find an open dense subset V of S such that, for any A € k™, the homomorphism
ga gives rise to a k-morphism h, : V — AZ. The composition of each hy : V — AY and
m: A3 — S is the canonical injection V — §, and h)(s) = s x O. The image h>\( ) C
Ay of the generic pointn € V is the closed point x) = (Ay, ..., Any) € AL (k(n)).
Note that « is algebraically closed. Thus the set of closed pomts {xa | A€k C
A (k(n)) is dense in Aj. Since Z # Ay, the intersection Z () A} is a closed subscheme
of A“ which does not contam the generic point of Af. Hence, there exists A € k" such
that XA & Z. The associated immersion h) : V — AZY satisfies the conditions of the
proposition. U

Proposition 3.5 (cf. [6, III, 9.5.3]). Let S be an irreducible noetherian scheme, g: D — Sa
morphism of finite type, {Di}ic the set of irreducible components of D. We assume that, for
each i € 1, the restriction flp, : Dy — S is surjective. Then there exists an open dense subset
V C S such that, for every point v € V and for any indices i,j € 1 (i # j), the fibers D;,, and
D;, do not have common irreducible components.

Proposition 3.6 (cf. [6, III, 9.7.7]). Let S and D be integral k-schemes and f : D — S a
smooth k-morphism. Then there exists an irreducible k-scheme W and an étalemaph : W — S
such that,

(1) Each connected component of D xs W is irreducible;

(2) Every connected component of D xs W has geometrically irreducible fibers over W.

4. Complements in ramification theory

Lemma 4.1. Let K be a complete discrete valuation field of characteristic p > 0, O its integer
ring and F the residue field of Ox. Let K be a separable closure of K and we denote by Gy the
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Galois group of K/K. Let M be a non-zero finitely generated A-modules with a continuous
Gyg-action. Then, there exist integers 0 < 11,12 < rkaM such that

1 1
k(M) € —Z and lcx(M) € —Z.
T T2

Proof. Let M = @, M) (resp. M = Ds>o0 Ml(gjg) be the slope decomposition (resp.
logarithmic slope decomposition) of M . Each M(") are finite generated A-modules

with continous Gg-actions. By the Hasse-Arf theorem for Abbes-Saito’s ramification
tiltrations ([18, Theorem 3.4.3]), [15, Proposition 3.10]), we obtain that

dty (MKMDY — o (M) - rk o (M(CK(Mn) )

swi(M M) = 1o (M) - rkn (Mjge™))

are integers. Put r1 = rkx (M(CK(M))) and r; = rkp (MI%CgK(M])). We have

1 1
k(M) € —Z and Icx(M) € —Z.
T T2

U

Proposition 4.2 ([1, Proposition 3.15 (3)]). Let K be a complete discrete valuation field, Ox
its integer ring and F the residue field of Ox. We assume that the characteristic of Fis p > 0.
Let K’ be a finite separable extension of K contained in X of ramification index e. We denote by
Gy the Galois group of K over K’ and Glr(’,log (r € Q>) the logarithmic ramification filtration

of Gy Then, for any v € Qxo, we have Gy |, e C G{qog, If X' is tamely ramified over K, the

inclusion is an equality.

Lemma 4.3. Let X be a smooth k-scheme, D a reduced Cartier divisor of X, U the complement of
D in Xandj: U — X the canonical injection. Let F be a locally constant and constructible étale
sheaf of A-modules on . Let k' be an algebraic extension of k, and g : Xir = X x, k/ — X
the canonical projection. We have

(4.3.1) 9" (Cx(3:1F)) = Cx,,(g"11F) and g*(LCx(7iF)) =LCx,, (91 F).

This lemma is a direct consequence from the definition of (logarithmic) conductor
divisors.
Lemma 4.4. We take the notation and assumptions in subsection 1.7.

(i) Let S’ be an irreducible smooth k-scheme of finite type and 7t : S" — S a dominant and
generically finite k-morphism. We denote by ' : X' — S’ (resp. by i’ : X' — X) the
base change of f : X — S (resp. m: S’ — S). We have

(4.4.1) " (GCt(jiF)) = GCp (3, F) and n"*(GLC(j;F)) = GLCy (7%, F).
(i) Let k be an algebraic closure of k, S an irreducible component of S @y kand 7w: S — S

the composition of S — S @y kand S @y k — S. We denote by f : X — S (resp. by
7t: X — X) the base change of f : X — S (resp. w: S — S). We have

(4.4.2) 7 (GCt(§,F)) = GCo(5,F) and 7 (GLC;(3,F)) = GLCH(j,F).
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(iii) Let g : X" — X be an étale morphism such that X, = X' xsm # @. Then, we have
(4.4.3) 9" (GCt(71F)) = GCsy(j1TIx/) and g*(GLC(j;F)) = GLC4(§:FIx/).

Lemma 4.4 (i) and (ii) follow from the definition of the (logarithmic) conductor
divisor and Lemma 4.3. Lemma 4.4(iii) follows from the fact that g,, : X, — X, is étale
and the (logarithmic) conductor divisor is an étale local invariant.

Proposition 4.5. We take the notation and assumptions in subsection 1.7. To prove Theorem
1.8, it is sufficient to consider the case where X is algebraically closed and S is a connected and
smooth k-scheme.

Proof. Let k' be an algebraic extension of k, let S’ be an irreducible separable k’-scheme
of finite type and let 0 : S — S be a k-morphism satisfying
(1) 8 : S — S is surjective, and, for any open dense subset V/ C S’, the image
0(V’) contains an open dense subset of S;

(2) For each i € I, all connected components D/ = D; xg S’ are smooth over S’.
We denote by ' : X’ — S’ and 6’ : X’ — X the base changesof f: X — Sand0:S’ — S.
Let s’ be a point of S" and s = 6(s") € S. We denote by p/, : X!, = X’ xgr s’ — X' the
canonical injection and by t : X/, — X the canonical projection.

Assume that Theorem 1.8(i) is valid for the morphism f’ : X’ — S’ and the sheaf
0/%j,F. Then, there exists an open dense subset V' C S’ such that

e forany s’ € V/, we have p/;(GCy(0"),F)) = Cxs, (p[10"5:F);
e forany s’ € ' — V', we have p/;(GC (0"§,F)) > Cxs (p70"5,F).

Let V be an open dense subset of S contained in 6(V’). Then, for any point s € V and
for a point s’ € V/ above s € V such that k(s’) /k(s) is algebraic, we have

(4.5.1) 105 (GCe(51F)) = pgr 0™ (GC(jiF)) = pgr (GCy/(6™5,F))
= CX;,(p;’,‘B'*iszr) = Cx, (trp531F) = 13 (Cx, (0551 F)),

where the second equality follows from Lemma 4.4 and the fifth equality follows
from Lemma 4.3. Since X is a smooth k(s)-scheme and X;, = X ®y(s) k(s'), the
equality (4.5.1) of two Cartier divisors with rational coefficients on X/, implies that
P (GCt(711F)) = pi(GC¢(j1F)). Similarly, for any s € S —V and for a point s’ € S’
above s € S — V such that k(s’) /k(s) is algebraic, we have

(4.5.2) 105 (GCr(3uF)) = pgr 0" (GCe(j1F)) = pgr (GCp (85, F))
> Cx;/(pg’l‘el*iszr) = Cx, (trp531F) = 13 (Cx, (0551 F)),

which implies p{(GC¢(j;F)) > p;(GC¢(j;F)). Hence, Theorem 1.8(i) is valid for the
morphism f : X — S and the sheaf j|J.

Let {Sa}1<x<m be an open affine cover of S. Note that, to prove Theorem 1.8(i), it is
sufficient to verify it for the morphisms fy : X X5 Sy — Sy and the sheaves (j;F)[xx s,
for each 1 < o < m. Hence, we firstly reduced to the case that S is an irreducible
and affine k-scheme of finite type. Using the argument in the previous parapraph, we
secondly replace S by S,.q, and thirdly reduced to the case that S is an irreducible and
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smooth k-scheme by de Jong’s alteration [12, 4.1]. Let k be an algebraic closure of k, S’
an irreducible component. Finally, we can replace S by S’ and reduce Theorem 1.8(i)
to the case where S is connected and smooth over an algebraically closed field.

The argument above is also valid for the logarithmic version. O

4.6. Let X be a smooth k-scheme and C a closed conical subset in T*X. Let f: Y — X
be a morphism of smooth k-schemes and § — Y a geometric point above a pointy of Y.
We say that f: Y — Xis C-transversal at y if ker(dfy) N(C xxy) C {0} C T;‘@ X, where
dfy: Tiy) X — TyYis the canonical map. We say that f: Y — Xis C-transversal if it is
C-transversal at every point of Y. If f: Y — X is C-transversal, we define f°C to be the
scheme theoretic image of Y xx C in T*Y by the canonical map df: Y xx T*X — T*Y.
Notice that df: Y xx C — °C is finite and that f°C is also a closed conical subset of
T*Y ([4, Lemma 1.2]). Let g: X — Z be a morphism of smooth k-schemes, x a point
of X, and X — X a geometric point above x. We say that g: X — Z is C-transversal
at x if dg;] (C xxXx) C{0} C T;(X)Z, where dgx: TZ(%)Z — T%X is the canonical map.
We say that g: X — Z is C-transversal if it is C-transversal at every point of X. Let
(g,f): Z «— Y — XDbe a pair of morphisms of smooth k-schemes. We say that (g, f) is
C-transversal if f: Y — X is C-transversal and g: Y — Z is f°C-transversal.

4.7. Let X be a smooth k-scheme and X an object of D?(X, A). We say that X is
micro-supported on a closed conical subset C of T*X if, for any C-transversal pair of
morphisms (g, f): Z < Y — X of smooth k-schemes, the morphism g: Y — Z is locally
acyclic with respect to f*X. If there exists a smallest closed conical subset of T*X on
which X is micro-supported, we call it the singular support of X and denote it by SS(X).
We often endow SS(XK) a reduced induced closed subscheme structure.

Theorem 4.8 ([4, Theorem 1.3]). Let X be a smooth k-scheme and K an object of DY (X, A).
The singular support SS(X) exists. Moreover, each irreducible component of SS(X) ha
dimension dimy X if X is equidimensional.

4.9. In the following of this section, we assume that k is perfect.

Theorem 4.10 (cf. [15, 11]). Let X be a smooth k-scheme, D a reduced Cartier divisor of X,
U the complement of D in X and j: U — X the canonical injection. Let F be a locally constant
and constructible étale sheaf of A-modules on U. Let f: Y — X be a morphism of smooth
k-schemes. We assume that *D = D Xx Y is a Cartier divisor of Y.

(1) Then, we have ([11, Theorem 1.5])
f(Cx(51F)) > Cy(f5,F).

(2) Assume that Y is a smooth k-curve, that f: Y — X is an immersion such that D
is smooth at the closed point x = Y (D and that the ramification of F at x is non-
degenerate. If f: Y — X is SS(j,F)-transversal at x, then ([15, Proposition 3.8,
Corollary 3.9])

f*(Cx(51F)) = Cy (), F).

Theorem 4.11 ([11, Theorem 1.6]). Let X be a smooth k-scheme, D a divisor with simple
normal crossings of X, U the complement of D in X and j: U — X the canonical injection. Let
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J be a locally constant and constructible étale sheaf of A-modules on U. Let f: Y — X be a
morphism of smooth k-schemes. We assume that f*D = D xx Y is a Cartier divisor of Y.

(1) Then, we have
(4.11.1) f*(LCx(:F)) = LCy(f7),9).
(2) We further assume that D is irreducible. Let Z(X, D) be the set of triples (S,h: S —

X,x) where h: S — X is an immersion from a smooth k-curve S to X such that
x = S\ D is a closed point of X. Then, we have

. ley (h),F)
4.11.2 lc F)= sup —————.
( ) p(j1F) I(X/PD) (D)

5. Proof of the main theorem

5.1. In this section, we aim to proving Theorem 1.8. We adapt a strategy similar
to proofs of [9, Theorem 4.3] and [10, Theorem 1.11]. We take the notation and
assumptions of subsection 1.7. We further assume that k is algebraically closed and
S is a connected and smooth k-scheme from Proposition 5.2 to subsection 5.7, by
Proposition 4.5.

Proposition 5.2. For each closed point s € S, we have
(5.2.1) ps (GCt(5:1F)) = Cx, (11 TF1x,)-

Proof. We fix a closed point s € S. This is a local statement for the Zariski topology
of X. After shrinking X, we may assume that X is affine and irreducible, that (Ds)eq
has a unique irreducible component and that, for each i € I, Dy C D;. Notice that, for
each i € I, we have (D;)s — (Ds)req- We put n = dimy X — dimy S.

Whenn = 1,ie., f: X = Sis a smooth relative curve, the inequality (5.2.1) is due
to [11, Theorem 7.2]. We consider the case where n > 2 in the following. Let z € D
be a closed point such that (Ds)eq is smooth at z and that the ramification of (j;F)|x,
along (Ds)eq is non-degenerate at z. After replacing X by an open neighborhood of
z, we can find a smooth k-curve C and a closed immersion t : C — X, such that the
curve C intersects (Ds) g transversally at z and that the immersion t : C — X, is
SS(j1Fx, )-transversal at z (Proposition 3.3). By Theorem 4.10(2), we have

(5.2.2) Cz(1Flc) = cpy)eq (1F)Ix,)-

Choose a regular system of parameters ty, - - - , t, of Ox, ,, such that (ta, - - -, t,) is the
kernel of (f : Ox,. — Oc, and that (t;) is the kernel of Ox,. — Op,)_, .- For each
2 <r <mn,choose a lifting t, € Ox, of t; € Ox_,. We define an Os ;-homomorphism
gz : OS,s My, -+, Tal — OX,Z bY

gz : OS,S [TZI e /TTL] — OX,Z/ TT‘ =t

After replacing X by a Zariski neighborhood of z, the map g, induces an S-morphism
g: X— Ag‘_l . It satisfies the following conditions after shrinking further X

(i) it is smooth and of relative dimension 1;
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(ii) the restriction g|p : D — AE_] is quasi-finite and flat and, for each i € [, the
restriction glp, : Dy — A’S‘q is étale ([6, I, Chapitre 0, 15.1.16]);

(iii) the curve C is the pre-image g~'(s x O), where s x O denotes the product of
s € S and the origin O € A’]:_1

Notice that z is an isolated point of C(\D. By [6, IV, 18.12.1], we have a connected
étale neighborhood vy : W — A2_1 of s x O € Ag‘_] such that

(1) the pre-image w = v (sx0)isa point;
(2) the fiber product Dy = D x AL W is a disjoint union of two schemes Eyy
and Hyy such that the canonical maps By — W is finite and flat, and z" =
9\7\) (w) N Ew is a single point which is the pre-image of z € D in Dy, where
gw : Xw = X X pn-1 W — W is the base change of g : X — AE_] byy: W —
S
—1 .
A
(3) foreachi € I, the fiber product Dy ; = D; X AP Wis a disjoint union of Eyy ; =
Dw i Ew and Hw; = Dw i [ Hw, such that Eyy; = W is an isomorphism.
Put Pw = Uszi/ier) Ew,i N Ew . Since z' € Py, Pw C Ew has codimension 1 and
Eyw — W is finite and flat, the image gy (Pw/) is a codimensional 1 closed subset of W
containing w. Sincey : W — Ag‘_1 is étale, the closure Z = y(gw/(Pw)) contains s x O
and has codimension 1in qu . By Proposition 3.4, we have an open dense subscheme
V of S and a morphism o: V — qu such that the compositionof 0: V — Ag‘q and

T /ATS‘*1 — S is the canonical injection, that S ¢ Z and that o(s) = s x O. Since S

is irreducible, 0~ '(Z) C V is a closed subset of S which does not contain the generic
point. Since s x O € y(W), the fiber product W x AM o V is non-empty. Let T be

the connected component of W x AN o V containing w. Let n be the generic point

of S and 1] an algebraic geometric point above 1 that factors through T. We have the
following commutative diagram:

D Eyw E
| o]
X Xy Y

3 —— ] L1

gll l h D

A 1

\/

We put Ei5 = Ewi xwn. Since Ew; — W is an isomorphism for each i € I, and
n ¢ o '(Z), we obtain that each E;j is isomorphic to 7 and that E5 = [[ic; Ein-
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Applying [11, Theorem 7.2] to the sheaf (j,F)|y and the relative curve h: Y — T, we get
(5.2.3) D e ((1F)vy) = (1 F)le)-

iel
Applying Theorem 4.10 to the morphism r : Y — X = X X7 and the sheaf (j,F)Ix;,
we obtain that, for each i € I,

(5.2.4) Dy, ((1F)x,) = ce - (G:F)lvy)-

Combining (5.2.2), (5.2.3), (5.2.4), we obtain that

(5.2.5) > e, (:F)x,) > ey, :Fx,)
icl

By the assumptions that each f|p, : D; — S is smooth and that Ds is irreducible, we
see that ) ;g D, , ((1F)Ix,, ) is the coefficient of p¢(GC¢(j,F)) and c(p ) (11 FIx,) is the
coefficient of Cx_((j1F)lx, ). Hence, we get the inequality (5.2.1). O

Remark 5.3. The proof of Proposition 5.2 is a mimic of [9, Proposition 8.2]. However,
the section o0: V — A‘g_] is chosen to be the zero section of 7t : Ag_] — S in the proof
of loc. cit.. In proof of Proposition 5.2, we fix the flaw.

Proposition 5.4. There exists an open dense subset V' C S such that, for any point t € V, we
have

Pt (GCt(j1F)) < Cx, ((1F)Ix,)-

Proof. This is a Zariski local problem at the generic point of S. We may assume that,
for each point s € S and any indices i, t € I (i # u), the fibers D; s and D, s have distinct
irreducible components (Proposition 3.5). Hence the proposition can be reduced to
the case where D is irreducible. By proposition 3.6, there exists a connected smooth
k-scheme S’ and an étale map vy : S’ — S such that D’ = D x5 S’ is the disjoint
union of its irreducible components and that every irreducible component of D’ has
geometrically irreducible fibers at each point of S’. By Lemma 4.3, Lemma 4.4(i) and
the fact thaty : S’ — S is an open mapping, we can reduce to the case where S is a
connected, affine and smooth k-scheme and D; is geometrically irreducible for any
s € S. We are left to show that there exists an open neighborhood V' C S of n such that,
for any t € V, we have

(5.4.1) o, ((1F)Ix,) < ep (G:1F)Ix,)-

Let T be a connected and smooth k-scheme and 3 : T — S a flat and generically
finite morphism. Notice that, to verify the proposition, it is enough to verify it after
base-changing by 3 : T — S.

We put n = dimy X — dimy S. When n = 1, the proposition is due to [11, Theorem
7.2]. We consider the case where n > 2 in the following. Let j — S be an algebraic
geometric point above 1, Z € Dy a closed point such that Dy is smooth at zZ and that
the ramification of ¥y, along Dy is non-degenerate at z. Since S can be replaced by a
flat and generically finite cover T as above, we may assume that z can be descended
to a k(n)-rational point z € D,,. Since the function field k(n) of S has infinitely many
elements, after shrinking X, we can find a smooth k(n)-curve C and a closed immersion
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t : C = X, such that the curve C intersects D,, transversally at z and that the base
change 17 : Gy — Xgof 1: C — Xy is S5(jiFx,, )-transversal at z (proposition 3.3). By
Theorem 4.10(2), we have

(5.4.2) o, ((1F)x,) = ez((:F)ley)-

Choose a regular system of parameters t;, - - -, tn of Ox, . such that (tp,- -+, tn) is
the kernel of Ox, . — Oc, and that (t;) is the kernel of Ox, — Op.. We define a
k(n)-morphism gy, : k(n)[Tp, - - - Tnl — 0x,,,2 by

On : k(ﬂ)[Tz, T Tn] — OX,Z, Ti — 1.

After shrinking X by a Zariski neighborhood of z again, the map g, induces an S-
morphism g : X — ATSI*I which satisfies the following conditions

(i) it is smooth and of relative dimension 1;
(ii) the restriction g|p : D — Ag_l is étale;

(iii) the curve C is the pre-image g~ '(m x O), wheren x O denotes the fiber product
ofn € S and the origin O € Al

Leto:S — Ag‘_1 be the zero-section of the canonical projection 7 : AE_] — S. We
denote by h : Y — S the base change of g : X — A} ' by 6: S — AL and we put
E =Y xxD. Since hlg : E — S is étale, there exists a connected étale neighborhood
v : S’ — S of the geometric pointf] — S such that E’ = E x5 S’ is a disjoint union of E{
and Ej where E/ is isomorphic to S” and E{ contains the pre-image of z € E,. We have
the following commutative diagram

(5.4.3) Ee—FE
l | |

Y Y

o po [

A“ ! o S S’/

For any geometric point ' — §', we put Y;, = Y’ xs/ ¥/, put B, = Ej x5/ ¥/, put
Xp = X xgt/ and put Dy = D xgt'. Notice that h' : Y/ — S’ is a smooth relative
curve and that h/|g, : Ef — S’ is isomorphic. By [11, Theorem 7.2], we can find an

open dense subset V'’ of S’ such that, for any algebraic geometric point t' — V', we
have

(5.44) (1P ey) =cer (T,

Applying Theorem 4.10(1) to the immersion Y{’, — X¢ and the sheaf (j,F) IX? for any

algebraic geometric pointt’ — V’, we obtain

(545 ey (GFlyy,) = (CD?((j!ﬁr”XW)IY{JE;j, =cp, ((:F)x,,) = o ((1F)Ix,)
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where t € S denotes the image oft' — $’in S, and we putX; = X xstand Dy =D xgt.
Combining (5.4.2), (5.4.4) and (5.4.5), we obtain

(5.4.6) cp, (1 F)Ix,) < ep ((1F)Ix,)
for any point t in the open dense subset V = y(V’) of S. We finish the proof of the
proposition. O

Proposition 5.5. For each closed point s € S, we have
(5.5.1) ps (GLCt(j1F) + D) = LCx, ((1F)Ix,) + (Ds)red-

Proof. We fix a closed point s € S. This is a local statement for the Zariski topology of
X. After shrinking X, we may assume that X is affine and irreducible, that (Ds)eq # @
is irreducible and that Dy C D; for each i € 1. Notice that, for each i € I, we have
(Di)s — (Ds)red'

We put n = dimy X —dimy S. Whenn =1, i.e, f: X — § is a smooth relative curve,
the inequality (5.5.1) is due to [11, Theorem 7.2]. We focus on the case where n > 2.
After replacing X by an open and affine neighborhood of the generic point of X, we
may assume that an element g; of I'(X, Ox) defines D. Let 3 be an integer co-prime to
P,

X' = Spec(Ox[T1/ (TP — 1))

a tame cover of X of degree  ramified along Dy, ' : X" — X the canonical projection,
f’: X" — S the composition of ' : X’ — Xand f: X — S. For any s € S, we denote
by p{ : X, — X' the canonical injection, h/ : X{ — X, the base change of h/ : X’ — X
by ps : Xs — X. Notice that f' : X’ — S is a smooth morphism. We denote by D’ the
Cartier divisor (D xx X');eq on X/, by Dy the smooth divisor (T) = (D7 xx X');eq 0N
X’ and by D/ the Cartier divisor D; xx X’ for i € I\{1}. Wehave D’ = } ;.; D/ and
B~ (D})s = (D)) for i € I\{1}.

Applying [10, Proposition 6.3] to the sheaf p;*h/*j,F on X/ ramified along the divisor
(D1)s, we can find a closed point z’ of (D{)s with the image zin (D), an immersion
t: C = X{ from a smooth k-curve C satisfying

(i) the curve C and the smooth divisor (D])s meet transversally at z" in X/;
(ii) the immersion t: C — X[ is SS(ps*h'*j,F)-transversal at z’;

(iii) the composition of ¢ : C — X} and h{ : X — X; is also an immersion.
Applying Theorem 4.10 to t : C — X/ and the sheaf p/*h"*j,F, we get

(5.5.2) e ((1F)c) = cipr), (PSR 5:F).
Applying Propstion 4.2, we get
(5.5.3) lepy), (p1F) = B - leqoy ), (P53 T).

Combining (5.5.2) and (5.5.3), we have
(554) Cz’((jl?NC) = C(D{)S (p;*h/*ﬁ?) > 1C(D1’)s (pé*h/*j!?) = [.)) : 1C(D1 )S(p:]lgj)

Choose a regular system of parameters ty, - - -, t,, of Ox: 21, such that (t,---,tn) is
the kernel of (* : Ox: .7 — Oc . and that (1) is the kernel of Ox/ ,» — O(D{ ),,z/- For each
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2 <1 < n,choose alifting t; € Ox/,» of t; € Oxz,.r. We define an Og ;-homomorphism
lbz/ : Og/s [Tz, SR ,Tn] — OX’,Z’ by

ll)Z . OS,S [TZI e /TTL] — OX’,z’/ TT‘ = tT~

After replacing X’ by a Zariski neighborhood of z’, the map 1,/ induces an S-morphism
P: X = Ag_1 . It satisfies the following conditions after shrinking further X’

(i) it is smooth and of relative dimension 1;

(ii) the restriction glp : D — ATS“] is quasi-finite and flat and, for each i € I\{1},
the restriction Y|y, : D! — A’sF] is quasi-finite and Y|D{ :D{ — ATS“] is étale
([6, I, Chapitre 0, 15.1.16]);

(iii) the curve C is the pre-image P~ !(s x O), where s x O denotes the product of
s € S and the origin O € AE_1.

Notice that z is an isolated point of CND’ C X’. By [6, IV, 18.12.1], we have a
connected étale neighborhood v : W — Ag‘_] of s x O € A2_1 such that

(1) the pre-image w =y~ (s x O) is a point;

(2) the fiber product Dy, = D’ x a1 Wisa disjoint union of two schemes Ey,,
and Hy, such that the canonical maps E{,, — W is finite and flat, and x" =
1|)\7V] (w) N Ew is a single point which is the pre-image of z’ € D’ in Dy, where
Yw @ Xy, = X/ X anT W — W is the base change of  : X' — AE_] by
y:W— AT

(3) for each i € T\{1}, the fiber product Dy, ; = D{ x A W is a disjoint union of
By i = Dy NEy and Hyy, ; = Dy, ; N Hyy such that By, ; — Wis finite and flat
over W, and the fiber product Dy, ; = D} X ,n—1 Wis a disjoint union of E{;, ; =

7 S 7
Dy ; N Eyy and Hy, ; = Dy, 4 (N Hy, such that By, ; — W is an isomorphism.

Put Py, = Uisiriiven B, N Eyyy- Since x’ € Py, Py, C Eyy has codimension 1 and
E{, — Wis finite and flat, the image P (Py, ) is a codimensional 1 closed subset of W
containing w. Sincey : W — A’S‘_1 is étale, the closure Z = y(\{w(Py,)) contains s x O
and has codimension 1 in Ag‘*] . By Proposition 3.4, we have an open dense subscheme
V of S and a morphism o: V — qu such that the compositionof 0: V — qu and
T A’§4 — S is the canonical injection, that S ¢ Z and that o(s) = s x O. Since S
is irreducible, 0~ '(Z) C V is a closed subset of S which does not contain the generic
point. Since s x O € y(W), the fiber product W x AN o V is non-empty. Let T be
the connected component of W x Ao V containing w. Let n be the generic point
of S and 7j an algebraic geometric point above n that factors through T. We have the
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following commutative diagram:

D D’ £l E/ E
0 O

X x X! Y/ Y.

A%% n

S 7T —

-1 Y
AY W —T
We put (E )n = E{y; XwT and put (H )n = H{y; XwT. Sincen ¢ o~ 1(Z), We have
= [ i (E Smce EWl — W is finite and ﬂat we have
(5.5.5) leng’chn = length, (EWl Xww) =my (y*((D])s

)
for any i € I\{1}. Since E{, ; — W is an isomorphism, we have (E{)7 = 7. Applying
[11, Theorem 7.2] to the relative curve P : Y’ = T, and the sheaf (j;F)ly:, we get

(5.5.6) D Z ey (1)) = e (GiF)lc).

iel ye(E

) =8B,
i

~

WeputXn =Xxs7,put Dy =D xsn,put( iJg =Di xsnforiel, putXTi]: X' %57,
put D = D’ xs7 and put (D{)q = D/ xs7 for i € I. Notice that (E{)5 [ [(H])q =
(D {)ﬁ 4 Y fori € 1. Applying Theorem 4.10 to the closed immersion Y; — X[ and
the sheaf (j,F) IX]% ramified along the divisor (D] )5, we have

(5.5.7) e, (1 F)x;) = e, (F)lvg ).
Applying Theorem 4.10 to the quasi-finite morphism Yni — Xq and the sheaf (j,F) IXﬁ
along the divisor (Dj)q (i € I\{1}), we have
(5.5.8) By, (1Fxy) = D cylliF)ly)-
ye(E)q
By (6.5.6), (5.5.7) and (5.5.8), we have

(55.9) o), (GFx)+B Y oy, (1F)xg) > e ((1F)le)-
iel\{1}

By (5.5.4) and (5.5.9), we have

(5.5.10) o), (GFx ) +B Y ey, (1F)x) = B -lep, ), (0571 F)-
iel\{1}

Since 7’ : X’ — X is tamely ramified along the divisor D; with degree 3, we obtain
that

(5.5.11) B -lepy), (G:F)x,) +1 =len, (1F)lx; )+ T = ey, ((1F)lx;)-
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By subsection 1.4, we have

(5.5.12) lepy, ((1F)x,) +1 = ¢y, ((1F)Ix, ), for i€ I\{1}.
By (5.5.10), (5.5.11) and (5.5.12), we have
(5.5.13) B ey, ((1F)x,) +B - ((I—=1)+1> B -lep,), (5 F).

iel
Divide both sides of (5.5.13) by 3 and pass 3 — +o0o0, we obtain
(5.5.14) > ey, (G:F)x,) +1) > Iep,), (035 F) + 1,

i€l

which implies (5.5.1). O
Proposition 5.6. There exists an open dense subset V of S, such that for each point s € V, we
have
(5.6.1) ps (GLCt(jiF) 4+ D) = LCx, ((1F)Ix,) + (Ds)rea-

Proof. By Proposition 3.5, we can find an open dense subset W C S such that, for any
s € W and any different indices i, € I, the fibers (D;); and (D,)s do not have same
irreducible components. Hence, we may assume that D is irreducible. Therefore, to
prove the proposition, it is sufficient to prove the existence of an open dense subset V
of S such that, for any point s € V, we have

(5.6.2) (lep,, (pnj1F)) - Ds = LCx, (51 F).

Notice that Ds my not be irreducible in general. By proposition 3.6, there exists a
connected smooth k-scheme S’ and an étale mapy : S’ — Ssuch that D’ =D xg S’ is
the disjoint union of its irreducible components and that every irreducible component
of D’ has geometrically irreducible fibers at each point of S’. By Lemma 4.3, Lemma
4.4(i) and the fact thaty : S’ — S is an open mapping, we can reduce to the case where
S is a connected, affine and smooth k-scheme and Dj is geometrically irreducible for
any s € S. We may further replace X by an affine neighborhood of the generic point of
D, Thus, we may assume that X and S are connected, affine and smooth and moreover
D is defined by an element g of I'(X, Ox) with geometrically irreducible fibers. Let 3
be a positive integer co-prime to p with 3 > (rkpaJ )2+ 1. Let

— Spec(Ox[T1/ (TP — g))

be a tame cover of X ramified along D of degree 3, h' : X’ — X the canonical projection,
f’: X" — S the composition of h' : X’ — Xand f: X — S and S’ the smooth divisor
on X defined by (T) = (X X5 S')eq- For any s € S, we denote by p{ : X, — X’ the
canonical injection, h{ : X; — X; the base change of h/ : X’ — X by ps : Xs — X. Notice
that f’ : X’ — Sand f'|p, : D’ — S are smooth and that h*(Ds) = 8 - D;. Applying
Theorem 1.8(i) to the morphism f’: X’ — S and the sheaf h'*j,;F, we can find an open
dense subset V of S such that, for any s € V, we have

(5.6.3) cpy (py"h"*j1F) - Dg = Cx; (hy"pghiF).
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In the following, let s be a point of V. By subsection 1.4 and Proposition 4.2, we have
(5.64) (B -lep, (p3j1F) +1) - Dg = (lep; (o m"51F) +1) - D¢ > cpy (py"h "1 F) - Dy

> 1CD;](Pé*h/*J’!3r) -Dg = (B - lep, (prj1F)) - Dy,
and
(5.65) h*(LCx, (p3:F)) + D/ = LCx; (h"p3jiF) + D! > Cx; (hlp3j,5)

> LCx; (" pijiF) = he* (LCx, (p51F)).

By (5.6.3), (5.6.4) and (5.6.5), we have
(566) (B -lep, (piiF) +1)- DL > hI*(LCx, (02iF)) = (B -lep, (pfjiF) — 1) - DL

It is equivalent to

‘r 1 r .. 1
(5.6.7) <chn(pn)z’f) + E) -Ds > LCx, (psj1F) 2 (chn(anz?) - E) - Ds.
Let Icy be a coefficient of LCx, (p3j1F). By (5.6.7), we have
1 1

6. Iy —1 )N = < -
(5.6.8) ley —lep, (ppjiF)| < B S T
By Proposition 4.1, we can find a positive integer 0 < 1 < (rkxJ)? such that

. 1

(5.6.9) ley —lep, (pj1F) € ;Z.
Combining (5.6.8) and (5.6.9), we obtain that, for any s € V, the equality (5.6.2) holds
which finishes the proof of the proposition. U

5.7. Proof of Theorem 1.8. L
For a non-closed point t of S, we denote by T the smooth part of {t}, which is an

open dense subset of {t}. We have the following commutative diagram

Ps

(5.7.1) X Xy = Xq
va O lfT
S+—T

where s € T is a point and 1, : X — X7 the base change of the inclusion s — T.

We firstly prove Theorem 1.8(i). It is divided into the following four steps:
Step 1. Combining Proposition 5.2 and Proposition 5.4, we can find an open dense
subset V C S such that

(5.7.2) s (GCe(51F)) = Cx, (1 TIx,)-

for each closed point s € V.

Step 2. Let V be the open dense subset of S in Step 1. For a non-closed pointt € V,
we denote by T the smooth part of {t}. We take the notation of (5.7.1). Note that TNV
is an open dense subset of T. By Step 1, for every closed point s € TNV, we have

(5.7.3) 1 (pT(GCr(3:F))) = pg(GC(:F)) = Cx, ((:F)Ix, )-
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Applying Step 1 to fr : Xy — T and (j;F)[x,, we can find an open dense subset
W C TNV such that, for every closed point s € W, we have

(5.7.4) ts (GC; ((1F)Ixy)) = Cx (1 F)Ix,)-
By (5.7.3) and (5.7.4)), we have
s (PT(GCt(717))) = G (GCrr (1T )Ixy)),

for any closed point s € W. Since both W and T are k-schemes and W is dense in T,
we obtain that p7(GC¢(j;F)) = GCs, (j:F|x, ). Applying ({ to both sides of the equation,
we get

Pt (GCt(5:F)) = Cx (1 F)Ix,)-
Combining with Step 1, we prove that
Pt (GCt(5:F)) = Cx (1 F)Ix,),

forany t € V.
Step 3. Let V be the open dense subset of S in Step 1. Let t € S —V be a point. If t is
closed, we have (Proposition 5.2)

(5.7.5) Pt (GCr(5:1F)) = Cx, (11 F1x,)-

When t is not closed, we denote by T the smooth part of {t} and we take the notation of
(5.7.1). Applying Step 1 to fr : X1 — T and (j;F)[x,, there exists an open dense subset
W C T such that, for any closed point s € W, we have

(5.7.6) L (GCrr ((1F)xr)) = Cx, (G:F)Ix,)-
By Proposition 5.2, for any closed point s € W, we have
(5.7.7) L (pT(GCr(3:F))) = p5 (GCe(jiTF)) = Cx, ((:F)Ix, )-
By (56.7.6), (5.7.7), we get
1 (PT(GCr (1)) = 5 (GCryr (31 Fxr ),

for any closed point s € W. Hence, we have
(5.7.8) p1(GCt(71F)) > GC¢, (1T Ix;)
Applying (i to both sides of (5.7.7), we obtain

pt (GDT¢(j,F)) > DTx, (i Flx,)-
In summary, forany t € S —V, we have

pt (GDT¢(j,9)) > DTx, (i Flx,)-

Step 4. We obtain Theorem 1.8(i) by the combination of Step 2 and Step 3.

Secondly, we prove Theorem 1.8(ii). It consists of the following three steps:
Step I. By Proposition 5.6, we can find an open dense subset W C S such that

(5.7.9) ps (GLCt(jiF)) = LCx, (51 Fx,)-
for each point s € W.
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Step II. Let W be the open dense subset of S in Step I. Let t € S — W be a point. If t
is closed, we have (Proposition 5.5)

(5.7.10) pt (GLCt(j1F) + D) > LCx, ((1F)Ix,) + (Dt)red-

When t is not closed, we denote by T the smooth part of {t} and we take the notation
of (5.7.1). We put Dt = D xs T. Applying Step 1 to fr : Xy — T and (j;F)[x,, there
exists an open dense subset V C T such that, for any closed point s € V, we have

(5.7.11) ts (GLCt, ((51F)Ix1) + (D1)red) = LCx, ((11F)Ix,) + (Ds)red-
By Proposition 5.5, for any closed point s € V, we have
(5.7.12) ¢ (p7(GLC((jiF) 4+ D)) = pg(GLCs(j,F) + D) = LCx ((j1F)Ix,) + (Ds)red-
By (6.7.11), (5.7.12), we get
ts (pT(GLCt(11F) + D)) 2 15 (GCyy (1FIx7) + (D1)rea)s
for any closed point s € V. Hence, we have
(5.7.13) p1(GLC((j1F) + D) = GLCy; (1 FIxy) + (D1)red
Applying i to both sides of (5.7.13), we obtain
Pt (GLC+(j1F) + D) = 4 (p7(GLCx(j1F) + D))

> 11 (GLC¢; (1FIx1) + (DT)red)

= LCx, (1FIx,) + ¢ ((D1)red) = LCx, (1 FIx,) + (Dt red-
In summary, for any t € S —W, we have

Pt (GLCt(j1F) + D) > LCx, (1 F1x,) + (Dt red-
Step III. We obtain Theorem 1.8(ii) by the combination of Step I and Step IL O

Corollary 5.8. Assume that S is integral and that the fiber Dy is geometrically integral for
each t € S. Then, for any point t € S, we have

cp(iF) = cp, ((1F)lx,) = co ((:F)Ix,) and lep(hF) = lep, ((1F)lx,) = lep (GiF)Ix,)-

In the corollary, the invariants cp (j;F) and lcp (j;F) are well defined since X and D
are smooth in a Zariski neighborhood of the generic point of D.

Proof. By Theorem 1.8, there exists an open dense subset V of S such that, for any point
s € V, we have

(5.8.1) cp, ((1F)lx,) = cp, (1F)Ix,) and lep, ((iF)Ix,) = lep, ((1F)Ix,),
and that, for any point t € S, we have
(5.8.2) cp, ((1F)Ix,) = co, ((1F)Ix,) and lep, ((:F)lx,) = lep, ((:F)x,)-

Let Vj be the smooth locus of V, which is open dense in V. Applying Theorem 4.10
and Theorem 4.11 to the closed immersion p, : X, — X and the sheaf j|F for a closed
point v € Vj, we have

(5.8.3) cp(71F) = ep, ((G:F)lx,) and lep(iF) > lep, ((1F)Ix,)-
Combining (5.8.1), (5.8.2) and (5.8.3), we obtain the corollary. O
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